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Abstract
In this paper we consider the system of difference equations
Xp41= fn(xn), MmO =0, n=012,....

This system has the trivial (zero) solutigp = 0. Sufficient conditions of its asymptotic stability are
obtained in the cases when functiofijgx) are periodic and almost periodiciin
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1. Introduction

Difference equations have been studied in various branches of mathematics for a long
time. First results in qualitative theory of such systems were obtained by Poincaré and
Perron in the end of nineteenth and the beginning of twentieth centuries. The systematic
description of the theory of difference equations one can find in books [2,7,16]. Difference
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equations are a convenient model for discrete dynamic systems description and for mathe-
matical simulation of systems with impulse effect [8,12,14,15,19]. One of directions aris-
ing from applications of difference equations is linked with qualitative investigation of their
solutions (stability, boundedness, controllability, observability, oscillation, robustngess
[1,3-5,9,10,13,17].

Consider the discrete system of the form

xn+1=fn(xn)7 fn(o):O (l-l)
wheren = 0,1,2, ... is the discrete timex, = (x},x2,...,x)) e R?, f, = (fL, f2,

n’-wn’

., P e RP, f, satisfy Lipschitz conditions uniformly im: || f,(x) — £, <
L,||lx — y| for ||x|| <r, |lyll <r.System (1.1) has the trivial (zero) solution

X =0. (1.2)

Denotex; (ng, u) the solution of system (1.1) coinciding withundern = ng. We also
denoteB, = {x € R”: |x|| < r}. Suppose functiong;,(x) to be defined inBy where
H > 0 is some fixed number. According to [16] we denéte the set of nonnegative
integers.

2. Main definitionsand preliminaries

By analogy to ordinary differential equations [11,18,20], let us introduce the following
definitions.

Definition 2.1. Solution (1.2) of system (1.1) is said to be stable if for any 0, ng € Z+
there exists$ = §(e, ng) > 0 such thaf|x,, || < 8 implies|x,| < e for eachn > no.

Definition 2.2. The trivial solution of system (1.1) is said to be uniformly stablé if
Definition 2.1 can be chosen independenigni.e.,d = §(¢).

Definition 2.3. Solution (1.2) of system (1.1) is called attractive if for evegye Z,. there
existsn = n(ng) > 0 and for everg > 0 andx,, € B, there existsr = o (¢, no, xpy) € N
such that|x, || < & for anyn > ng + o. HereN is the set of natural numbers.

In other words, solution (1.2) of system (1.1) is attractive if

lim ||x,, (no, an)H =0. (2.2)
n—oQ

Definition 2.4. The zero solution of system (1.1) is called equiattractive if for ewgry
Z4 there exists; = n(ng) > 0, and for anys > 0 there iso = o (g, ng) € N such that
llxn (n0, Xno) |l < € for all x,,, € B, andn > no +o.
In other words, the zero solution of (1.1) is equiattractive if limit relation (2.1) holds
uniformly in x,,, € B;.

Definition 2.5. Solution (1.2) of system (1.1) is said to be uniformly attractive, if for some
n > 0 and anye > 0 there exist&r = o (¢) € N such that||x, (ng, x,,)|| < & for all ng €
Zy, Xpg € By,andn 2ng+o.
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In other words, solution (1.2) of system (1.1) is uniformly attractive, if limit relation
(2.1) holds uniformly imo € Z, xp, € By,.

Definition 2.6. The trivial solution (1.2) of system (1.1) is called:

— asymptotically stable if it is stable and attractive;
— equiasymptotically stable if it is stable and equiattractive;
— uniformly asymptotically stable if it is uniformly stable and uniformly attractive.

Definition 2.7 [11,18] Functionr : R4 — Ry belongs to the class of Hahn functiokis
(r € K) if r is continuous increasing function, an¢D) = 0.

A. Halanay and D. Wexler [12] proved the following theorems.

Theorem 2.1. Solution(1.2) of systen(1.1) is uniformly stable if there exists a sequence
of functions{V,, (x)}, with the following properties

a(||x||)<Vn(x)<b(||x||), aek,bek, neZ,, (2.2)
Vi (xn) = Vyy1(xn4+1) for every solutionx,. (2.3)

Theorem 2.2. Suppose that there exists a sequence of functigne:)}, with properties
(2.2)and

Va1 (xXn+1) — Va(xn) < _C(”xn ”), cel, (2.4)
|Va(x) = Va)| < Llx—=yl, n€Zi, x€By, yeBy, L>0. (2.5)
Then the zero solution of systéinl)is uniformly asymptotically stable.

In particular case, when system (1.1) is autonomous, fi,€x,) = f(x), the following
theorem is valid [12, p. 34]:

Theorem 2.3. If there exists a continuous functioi(x) such thata(|lx|)) < V(x) <
b(|lx]), ae K, b e, and

V(xn41) — V(xy) <0 (2.6)

for every solution:,, of systen{1.1), and equality sign itf2.6) holds in some set which does
not contain entire semitrajectories, then soluti@in?) of system(1.1) is asymptotically
stable.

The purpose of this paper is to obtain conditions of asymptotic stability of solution (1.2)
of system (1.1) assuming that sequenicgsx)} are periodic or almost periodic.
3. Stability in periodic systems

Definition 3.1. System (1.1) is said to be periodic with the peripi
fa(®) = fupq(x) foreachmeZ,, x € By. (3.1)
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Throughout this section we shall assume that system (1.1) is periodic with geriod
Theorem 3.1. If solution (1.2) of systen{l1.1)is stable, then it is uniformly stable.

Proof. Conditions (3.1) imply
xn+q(”0+5]vx)5xn(”07x)’ (32)

whence it is sufficiently to show that for amy> 0 there exist$ = §(¢) > 0 such that for
eachnp=0,1,...,9 — 1, x,, € Bs the inequality||x, (no, x,,) | < & holds forn > no.
According the assumption, for any> 0 there exist$; > 0 such that ifx, = x4 (0, x,)
satisfies condition, € Bs,, thenx, (¢, x,) € B, for n > ¢. Functionsf,, satisfy Lipschitz
condition with Lipschitz constant uniformly in n. Let us choosé = L~96;. If for any
0 < np < ¢ — 1 the conditionx,, € Bs holds, thenx, (no, x,,) € B.. This completes the
proof. O

Theorem 3.2. If the zero solution of syste(d.1) is asymptotically stable, then it is uni-
formly asymptotically stable.

Proof. Since solution (1.2) of system (1.1) is asymptotically stable, then in the set
no € Z4, Xng€ By (3.3)

wherea is positive number small enough, limit relation (2.1) holds. Since the periodicity
of system (1.1), we assume thaf satisfies the condition € ng < ¢ — 1. First we define
the number = n(¢) from the condition

||xn (no,an)H <e forx,, € By, n>no. (3.4)

This is always possible because of uniform stability of the zero solution. Let us show
that limit relation (2.1) holds uniformly imog, x,, from set (3.3), i.e., let us show that
for everye > 0 there iso = o (¢) € N such that the inequalityfx, (ng, xn,)|l < & holds

for all n > ng 4+ o. Suppose the contrary: there is not suchk: o (¢). Then for any large
natural numbern, there isn,, € N such thatn,, > mq and initial data(ng,,, x,,) such

that 0< ng, <g — 1, x4, € By, and

||xn,,, (nom, X”Om) ” > E. (35)

Since the sequencig,} is finite and{x,,, } lies in the compact set, the sequence
{nom, xom} contains a subsequence which convergeéitox,) where 0< n, < ¢ — 1,
x4 € B,.. Without loss of generality we can suppose that the sequi@ngé coincides with
n. and{x,,, } itself converges to,.. Hence for valuesg = n., x,, = x, limit relation
(2.1) is valid, whence it follows that there exists sufficiently lakge k(¢) € N such that
the inequality

1
”xn*-l-kq(n*» x*)” < 577(8) (3.6)

holds. Then, by virtue of continuous dependence of solutions on initial data, there exist
large enough values @i for which the inequality

Ix @1 < n(e) (3.7)
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holds where x®) = x,,, +kq(mom, Xom). Inequalities (3.7) and (3.4) imply that
X0 (om, x®)|| < & for all n > ng,. According to (3.2) and the property of uniqueness
of the solution, this implies

D=

&= ”xn (nom> x(k)) ” = ”anrkq (nom +kq, x ”anrkq (n0m s Xng,,) ” .

This inequality contradicts to assumption (3.5) because there axistach that:,, > kq.
The obtained contradiction proves that limit relation (2.1) holds uniformhgirx,,. This
completes the proof. O

Definition 3.2. The sequence of numbelig, } ;2 , is called finally nonzero if for any natural
numberM there exist& > M such that; # 0.

Theorem 3.3. Suppose that there exists a periodic sequence of functigns)} with
period g each term of which satisfig®.2), (2.3), and Lipschitz conditionthe sequence
{Vi(xn) — Var1(xn+1)} is finally nonzero for each nonzero solution of sys{ér). Then
the zero solution of systeth.1)is uniformly asymptotically stable.

Proof. Theorem 2.1 implies that solution (1.2) of system (1.1) is uniformly stable, i.e. for
everye > 0 there exist$ = §(¢) > 0 such that for anyig € Z, x,, € Bs, n > ng the
inequality ||x, (no, xny) |l < € holds. Let us show that each trajectagy= x, (no, x,,) with
such initial conditions has property (2.1).

Consider the sequende,} wherev, = V,(x,(no, x,,)). This sequence does not in-
crease and is bounded from below, therefore there exisis,lipw, = n > 0. Let us show
thatn = 0. Assume the opposite: let

n=lim V, (x,, (no, xno)) > 0. (3.8)
n—oo

Consider the sequen¢e®} wherex® = x,, 11, (10, X4,)- From [x® | < & < H we can
conclude that there exists its subsequence which convergesda,. Without loss of
generality we suppose that the sequefc®)} itself converges tor, # 0. SinceV,, (x)

are periodic inz, and eachV, (x) is continuous inx, the equalityV,,,(x.) = n is valid.

Consider the semitrajectony, (no, x.) of system (1.1) fom > ng and the sequende;}

wherev; = V,,(x,(no, x+)). This sequence does not increase, &jd— v, ,} is finally

nonzero. It means that there existe N, n, > ng such that

Va, (xn,F (no, x*)) =n<n.

Since{x®} tends tox, ask — oo and continuous dependence solutions on initial condi-
tions,

|20, (n0, x4) — X, (n0, x*))|| <y

forall k > M(y) € N, for any smally > 0. Hence,
im Vi, (xn, (0, x©)) = n1. (3.9)
k— o0

Taking into account the periodicity of system (1.1), we can write

Xny (no, x(k)) = Xn, (n0, Xno+kq (no, xno)) = Xny+kq (no, xno)- (310)
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In fact, trajectories | and Il of system (1.1) with initial conditiofig, x©) and (ng + kg,
x®) for the discrete timeAn = n, — ng pass tav,, (no, x®) andx,, 1«4 (o, xn,), respec-
tively. This proves (3.10). The periodicity &, in n implies V,,, (x) = V,,41q (x), hence
condition (3.9), in view of (3.10), can be written as follows:

kILmoo Vn*+kq (xn*+kq (no, xno)) =Tn1. (311)

But limit relation (3.11) is in contradiction to the inequaliy (x, (no, x»,)) > n1, because

n1 < n. The obtained contradiction proves that assumption (3.8) was incorrect, and this
proves thaty = 0. Condition (2.2) implies limit relation (2.1). Using Theorem 3.2, we
derive that the zero solution of system (1.1) is uniformly asymptotically statte.

4. Stability in almost periodic systems

Definition 4.1. A sequenceu,} T is said to be almost periodic if for eveey> 0 there
exists/ =1(¢) € N such that each segmenl, (s + 1)/], s € Z contains an integen such
that ||u,1+m — unll < € for all n € Z. HereZ is the set of integers. Numbe#s with such
properties are callegtalmost periods of the sequengs,}.

Definition 4.2. A sequence of function§f,, (x)} is called uniformly almost periodic if for
everye > 0 there existd = /(¢g, r) € N such that each segment of the fofm, (s + 1)/],
s € Z contains an integen such that| f,, 1, (x) — fu(x)|| <eforalln e Z, |x| <r.

Lemma4.1[12, p. 125] Let sequenceﬁu,%}, {u,%}, ..., {u}} be almost periodic. Then for
everye > 0 there existd = I(¢) € N such that each segment of the fofs, (s + 1)/],
s € Z, contains at least one-almost period, common for all these sequences.

Lemma 4.2. If for everyx € By, a sequencéF;, (x)} is almost periodic, and each func-
tion F, (x) satisfies Lipschitz condition uniformly ine Z, x € By, then this sequence is
uniformly almost periodic.

Proof. FunctionsF;, (x) satisfy Lipschitz condition, hence
| Fo(x) = Fa(0)|| < Lallx = ylI, (4.1)

whereL1 is Lipschitz constant. Let be any positive numbeBy is bounded and closed,
therefore it is a compact. It means that there exists a finite set of paints, z3; such that
zj€By (j=1,..., M), and for anyx € By there exists a natural numbe(l <i < M)
such that
&
— - 4.2

x —zill < 3L, (4.2)
From Lemma 4.1 it follows that there exists= l(¢) € N such that every segment
[sl, (s + )11, s € Z, contains a numben € Z such that

| Fn(z) = Fagm(@)| < % (4.3)

forall1<i < M,neZ.
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Now let us show that for every € By, any integermn satisfying inequality (4.3) is
e-almost period of the sequentE, (x)}. Let z; be the same element of the s¢l. .., 7,
for which ||x — z¢|| < &/(3L1). Then (4.1)—(4.3) imply

” Fopm(x) — Fn(x)”
< ” Frim(x) — Fn+m(Zk)|| + ” Fpim(zi) — Fn(Zk)” + ” Fo(zi) — Fn(x)”
<=+4+2L1-— ==¢. (4.4)

Inequality (4.4) completes the proof of Lemma 4.23

Theorem 4.1. Let a sequence of continuous functigis(x)} satisfy conditions
a(llxll) < Va(x), a€k, x € By, V,(0) =0, (4.5)

and for everyng € Z, there existsA(ng) > 0 such that||x,,|| < A implies that the se-
quenceV, (x, (no, x,,))} monotonically does not increase and tends to zero. Then the zero
solution of systerfil.1)is equiattractive.

Proof. Pick arbitrarys = 8(ng) € (0, A). According to conditions of the theorem, for any
e >0, ng € Zy, andx,, € Bs there exists = o (¢, no, x,,) € N such that

Vno-i-a (xno+o (no, xno)) < 58-

Because of the continuity of functiorig, (x) and continuous dependence of solutions on
initial data, there exists a neighbourho@dyx,,) of the pointx,, in which the inequality

Vigto (xnoJr(, (no, y)) <e forye Q(xn) (4.6)

is valid. Since the sequen¢®,} monotonically does notincrease along solutions of system
(1.1), from (4.6) it follows

Va (xn(no» y)) <e forn>=no+o(e, no, Xng), ¥ € QXng).

So the compact se8; is covered by the system of neighbourho¢dsx,,)} from which,
by Heine—Borel's lemma, it is possible to select the finite subcovefing .., Q; with
corresponding numbets, ...,o;. Let

o(g,ng) =maxoz,...,o0;}

(0 depends only o andng). Then V,(x,(no, x,,)) < € for all n > no + o (¢, ng) if
lxnoll < 8(ng). This inequality proves that solution (1.2) of system (1.1) is equiattrac-
tive. O

Later on throughout this section, we shall assume that the seqgieé} in the right-
hand side of system (1.1) is almost periodic for every fixeel By, and functionsy, (x)
satisfy Lipschitz condition uniformly in.

Lemma4.3. Consider the solutiow, (1o, x,,) of systenfl.1). We suppose that, (no, x,,)
belongs toB, (0 < r < H) for n > ng. Let {&x} be a monotonically approaching zero
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sequence of positive numbers, gnd;} a sequence of;-almost periods of 1, (x)} (for
everygy there corresponds a#y-almost periodny). Then the limit relation

lim ||x, (no. x®) — x4y (m0, Xno)| =0, (4.7)
k—o0

holds wherex®) = Xno+my (M0, Xng), andny is a fixed natural number which is more than
no (ny > np).

Proof. Consider solutions

xn(ng, x®) (4.8)
and

X (no + mpg, x®) (4.9)

of system (1.1). AfterAn = n, — ng steps the point® passes tox,,, (no, x,,) along
solution (4.8), and®) passes to the point,, 1, (no + mx, x ) = x,, 1, (0, x,4) along
solution (4.9). Solution (4.9) of system (1.1) with initial conditiory + my, x*)) can be
interpreted as the solution of the system

Xn+l= ﬁ1+mk (xn) (4-10)

with initial data (ng, x®). The sequencéf, (x)} is almost periodic, and every function
Jfn(x) satisfies Lipschitz condition, hence right-hand sides of (1.1) and (4.10) differ arbi-
trary small from each other fdrlarge enough. This implies limit relation (4.7)0

Theorem 4.2. Suppose that there exists a sequence of functigns)} such that

(a) for every fixede € By, the sequencgV, (x)} is almost periodic

(b) each membeV, (x) satisfies conditiotf4.5)and Lipschitz condition uniformly in;
(€) Vu(xn) = Vyy1(x,+1) along any solution of1.1);

(d) the sequencéV,, (x,)} is finally nonzero along any nonzero solution(@f1).

Then the zero solution of systéinl)is equiasymptotically stable.
Proof. First let us show that solution (1.2) of system (1.1) is stable. Pick arbitrary
(0, H) andng € Z.. Let§ = (e, ng) > 0 be such thav,,,(x) < a(e) for x € Bs. Then

a(llxnll) < Va(xn) < Vig(ng) < a(e)

whence we havéx, || < ¢ for n > ng.
Now let us show that solution (1.2) is equiattractive. Take arbitsagye Bs. The se-
quence{V,, (x, (no, x»4))} monotonically does not increase, therefore there is the limit

lim v, (xn (no, xno)) =n2=0,
n—00

andV,, (x, (no, x,4)) = n for n > ng. Let us show that = 0. Suppose the opposite> 0.
Consider a monotonically approaching zero sequence of positive nufahgrsheres;
is sufficiently small. By Lemmas 4.2 and 4.1, for everythere exists a sequence of
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ei-almost periodsn; 1,m; 2, ..., Mjk, ... (Mik < mj j41, lIMg_ oo mj p = +00) for se-
qguenceq f,, (x)} and{V, (x)} such that inequalities
Vismin ) = Vo] <is || farmin ) — a0 | <&

hold for anyn € Z, x € B,. Without loss of generality one can supp@sg, < m;+1 x for
alli e N, k € N. Designateny = my .
Consider the sequenda®} where x® = x4, (10, xn) (k = 1,2,...). This se-
qguence is bounded, therefore there exists its subsequence which converges to some point
x*. Without loss of generality we suppose that the sequénéd} itself converges ta*.
The sequencgV, (x)} is almost periodic for every fixed € By, and each functiow, (x)
is continuous, hence

Vip(x) = IIm Vo (xp) = lim - Iim Vi, (xn)
n—oo k—oon—o0
= nll—>moo Vno-i—m,l (xn) = n|l>moo Vno—i-m,, (xno—i-mn (no, xno)) =n.

Consider the sequende,, (ng, x*)}. From conditions of the theorem, it follows that
there exists:, > ng (n4 € N) such that the inequality

Vi, (Xn, (n0. X)) =n1 <1
holds. Functiong, (x) satisfy Lipschitz condition, hence
lim | x,, (no, x*) = x,, (no, x*)|| =0
k—o00
because
lim |x® —x*|| =0.
k— 00
This implies
im V,,, (xn, (n0, x*)) = 1. (4.11)
k— o0
The almost periodicity of the sequengg, (x)} and limit relation (4.7) imply

(k))

”xn* (no, x — Xny+my (no, xno) “ < Vks (412)

wherey, — 0 ask — oo. Since the sequend®,} is almost periodic, we have

| Vi, (X) = Vi gom (0| < &1 (4.13)
for everyx € By, and conditions (4.11), (4.12) imply

| Vi, (Xt (0, Xng)) — m1| < &, (4.14)
where&;, — 0 ask — oco. From (4.13) it follows

| Vi, (Xm0, Xn0)) — Viotmy (Xntmy (10, Xng) )| < & (4.15)
Inequalities (4.14), (4.15) imply

| Vst (X my (10, Xng)) — M| < &k + &x, (4.16)

whereg; + ¢, — 0 ask — oo.
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On the other hand,
kILmoo Vn*+mk (xn*—i-mk (no, xno)) =1n. (417)

Inequality (4.16) and limit relation (4.17) are in contradiction to the inequality n. This
contradiction proves that= 0, hence, according to Theorem 4.1, we derive that solution
(1.2) of system (1.1) is equiasymptotically stablel

Theorem 4.3. Suppose that there exists a sequence of functigns)} such that for every
x € By, the sequencéV, (x)} is almost periodic, and each functidn, (x) satisfies Lip-
schitz condition uniformly im and next conditions

o [V,()| <b(lxID,beK,neZy,forx e By;
e foranyn € Z, andé§ > Othere isx € Bs such thatV,, (x) > 0O;
o Vit1(xut1) = Va(x,) along any solution,,.

Then solutiorn(1.2) of systen{1.1)is unstable.

Proof. Let ¢ € (0, H) be an arbitrary number. Take any € Z, and sufficiently small

§ > 0. Choosexg € B; by such way tha¥,,(x,,) > 0. From conditions of the theorem,
it follows that there exists) > 0 such thatV,,(x)| < V,,,(x,,) for everyx € B,. Con-
sider the sequencgV,} whereV,, = V,,(x,(ng, x,,)). This sequence does not decrease
i.e., Vi, (xn (0, Xng)) = Viy(xng) fOr n > no. This means thafx, (no, x,,)|l > n for every

n = ng. Let us show that there g € N (Np > no) such that|xy,(no, x,,) || > €. Assume
the opposite:

N < [ xn(no, xne) || <& (4.18)

for all n > ng. Using the conditions of the theorem and inequality (4.18), we obtain the
contradiction by the same way as in the proof of Theorem 4.2. We pass the literal repetition
of these reasonings. The contradiction shows that the solwjiorn, x,,) leavesB,. The

proof is complete. O

Example 4.1. Consider the system
Xptl= —Yn Sin(\/én), Vnt1l = X, Sinn (4.19)
and the functiorV,, (x,, y,) = x2 + y2.

Vit 1Ot 1, Yat1) — Vi G, yn) = —(C0€n) x2 — (coS v/3n) y2. (4.20)

According to Corduneanu [6], for any sufficiently smalk- O there exists a sequence
ni,n2,...,n0k, ... — oo such that

O<C0§nk<8, O<C052(\/§Vlk)<8 *k=12..).

This means that there is not a functior K such that the left-hand side of (4.20) satisfies
inequality (2.4), so Theorem 2.2 cannot be applied to this system. System (4.19) is not an
autonomous one, therefore Theorem 2.3 cannot be applied to the study of the stability prop-
erty of its zero solution. But this system is almost periodic, and right-hand side of (4.20) is
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negative for each nonzero solution of system (4.19). Hence, according to Theorem 4.2, the
zero solution of system (4.19) is equiasymptotically stable.

Example 4.2. Consider the system

Xp+l=Yn — x,%yn(Z — sirfn — co \/_Zn),

V4l = X —l—xny,%(Z— sifn — cos +/2n). (4.21)
If we chooseV, (x,, y,) = x2 + y2, then

Vit 1 (ot 1, Yut1) — VoG, yn) = x292(x2 4 y2) (2 — sirP n — cos /2n)?.

By Theorem 4.3, we can state that the zero solution of system (4.21) is unstable.

References

[1] R. Abu-Saris, S. Elaydi, S. Jang, Poincaré types solutions of systems of difference equations, J. Math. Anal.
Appl. 275 (2002) 69-83.
[2] R.P. Agarwal, Difference Equations and Inequalities, Dekker, New York, 1992.
[3] R.P. Agarwal, W.-T. Li, P.Y.H. Pang, Asymptotic behavior of nonlinear difference systems, Appl. Math.
Comput. 140 (2003) 307-316.
[4] A. Bacciotti, A. Biglio, Some remarks about stability of nonlinear discrete-time control systems, Nonlinear
Differential Equations Appl. 8 (2001) 425-438.
[5] C. Corduneanu, Discrete qualitative inequalities and applications, Nonlinear Anal. 25 (1995) 933-939.
[6] C. Corduneanu, Almost Periodic Functions, second ed., New York, 1989.
[7] S. Elaydi, An Introduction to Difference Equations, Springer, New York, 1996.
[8] R.I. Gladilina, A.O. Ignatyev, On the necessary and sufficient conditions of the asymptotic stability for
impulsive systems, Ukrainian Math. J. 55 (2003) 1035-1043 (in Russian).
[9] I. Gy6ri, G. Ladas, P.N. Vlahos, Global attractivity in a delay difference equation, Nonlinear Anal. 17 (1991)
473-479.
[10] I. Gy6ri, M. Pituk, The converse of the theorem on stability by the first approximation for difference equa-
tions, Nonlinear Anal. 47 (2001) 4635-4640.
[11] W. Hahn, Stability of Motion, Springer, New York, 1967.
[12] A. Halanay, D. Wexler, Qualitative Theory of Impulsive Systems, Mir, Moscow, 1971 (in Russian).
[13] J.W. Hooker, M.K. Kwong, W.T. Patula, Oscillatory second order linear difference equations and Riccati
equations, SIAM J. Math. Anal. 18 (1987) 54—63.
[14] A.O. Ignatyev, Method of Lyapunov functions in problems of stability of solutions of systems of differential
equations with impulse action, Sh. Math. 194 (2003) 1543-1558.
[15] V. Lakshmikantham, D.D. Bainov, P.S. Simeonov, Theory of Impulsive Differential Equations, World Sci-
entific, Singapore, 1989.
[16] V. Lakshmikantham, D. Trigiante, Theory of Difference Equations: Numerical Methods and Applications,
Academic Press, New York, 1998.
[17] P. Marzulli, D. Trigiante, Stability and convergence of boundary value methods for solving ODE, J. Differ.
Equations Appl. 1 (1995) 45-55.
[18] N. Rouche, P. Habets, M. Laloy, Stability Theory by Lyapunov’s Direct Method, Springer, New York, 1977.
[19] A.M. Samoilenko, N.A. Perestyuk, Impulsive Differential Equations, World Scientific, Singapore, 1995.
[20] A.Ya. Savchenko, A.O. Ignatyev, Some Problems of the Stability Theory, Naukova Dumka, Kiev, 1989 (in
Russian).



