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1. Introduction

Mappings with finite length distortion form one of the many interesting
classes studied in the modern theory of space mappings, in particular,
including quasiregular mappings or mappings with bounded distortion (BD),
cf. Theorem 4.7 in [1–3]. Mappings with finite length distortion (FLD) is a
natural generalization of mappings with bounded length distortion (BLD), see
[4]. The interconnections between the mentioned classes can be presented by
the next inclusions:

BLD � BD � FLD: ð1Þ

Finite length distortion is closely related to the class of mappings with finite
distortion (FD), see, e.g. [5,6] and Remark 4.3. In particular, every mapping f of
finite length distortion satisfies the inequality

M f�ð Þ �

Z
D

KIðx, f Þ � �
nðxÞdmðxÞ ð2Þ

for every family � of paths in D and every admissible function � for �, see e.g. [7,8]
and Theorem 6.10 in [1], where KI(x, f ) stands for the well-known inner dilatation
of f at x.
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For x2E�R
n and a mapping ’ :E!R

n, we set

Lðx, ’Þ ¼ lim sup
y!x, y2E

j’ðyÞ � ’ðxÞj

jy� xj
, ð3Þ

and

lðx, ’Þ ¼ lim inf
y!x, y2E

j’ðyÞ � ’ðxÞj

jy� xj
: ð4Þ

Below we assume that D is a domain in R
n, n� 2, and all mappings f :D!R

n are
continuous.

A mapping f :D!R
n is said to be of finite metric distortion, abbreviated as

f2FMD, if f has the Lusin (N)-property and

05 lðx, f Þ � Lðx, f Þ51 a:e: ð5Þ

Note that f2FMD if and only if f is differentiable a.e. and has (N)- and (N�1)-
property, see Corollary 3.14 in [1]. Recall that a mapping f :X!Y between spaces
with measure (X, �, �) and (X0, �0, �0) is said to have the (N)-property if �0( f(S))¼ 0
whenever �(S)¼ 0. Similarly, f has the (N�1)-property if �(S)¼ 0 whenever
�0( f (S))¼ 0.

A path � in R
n is a continuous mapping � :D!R

n where D is an interval in R.
Its locus �(D) is denoted by j�j. Given a family of paths � in R

n, a Borel function
� :Rn

! [0, 1] is called admissible for �, abbreviated as �2 adm�, ifZ
�

�ðxÞjdxj � 1

for each � 2�. The modulus M(�) of � is defined as

Mð�Þ ¼ inf
�2adm�

Z
R

n
�nðxÞdmðxÞ

interpreted asþ1 if adm�¼1. Thus, every family � which contains a constant path
is of infinite modulus. We say that a property P holds for almost every (a.e.) path �
in a family � if the subfamily of all paths in � for which P fails has modulus zero.

If � :D!R
n is a locally rectifiable path, then there is the unique increasing length

function l� of D onto a length interval D��R with a prescribed normalization
l�(t0)¼ 02D�, t02D, such that l�(t) is equal to the length of the subpath �j[t0,t] of �
if t4 t0, t2D, and l�(t) is equal to �l(�j[t,t0]) if t5 t0, t2D. Let g : j�j!R

n be a
continuous mapping, and suppose that the path e� ¼ g � � is also locally rectifiable.
Then there is a unique increasing function L�, g : D� ! D ~� such that

L�, g l�ðtÞ
� �

¼ l ~�ðtÞ 8t 2 D: ð6Þ

It is said that a mapping f :D!R
n has the (L)-property if the following two

conditions hold:

(L1) for a.e. path � in D, e� ¼ f � � is locally rectifiable and the function L�,f
has the (N)-property;
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(L2) for a.e. path e� in f(D), each lifting � of e� is locally rectifiable and the

function L�,f has the (N�1)-property.

A path � in D is called here a lifting of a path e� in R
n under f :D!R

n ife� ¼ f � �: Note that the condition (L2) is applied only to paths e� which have such

a lifting.
A mapping f :D!R

n is said to be of finite length distortion, abbreviated as

f2FLD, if f is FMD and has the (L)-property.
Recall that f2ACP if and only if L�,f is absolutely continuous on closed

subintervals of D� for a.e. path � in D. We say that f is absolute continuous on paths

in the inverse direction, abbreviated as ACP�1, if L�1�, f is absolutely continuous on

closed subintervals of D ~� for a.e. path ~� in f(D) and for each lifting � of ~�: By
Proposition 4.3 in [1], (L)-property for a discrete mapping f is equivalent to the

condition

f 2 ACP \ACP�1:

Let a mapping f :D!R
n be differentiable a.e. in D. Recall that f 0(x) denotes the

Jacobian matrix of f, J(x, f ) is its determinant and l( f 0(x))¼min{j f 0(x)hj : h2R
n,

jhj ¼ 1}. The inner dilatation of f at the point x is defined as

KIðx, f Þ ¼

jJðx, f Þj

l f 0ðxÞð Þ
n , if Jðx, f Þ 6¼ 0

1, if f 0ðxÞ ¼ 0

8><>: ð7Þ

and KI(x, f )¼1 at the rest points.
We remark that mappings of finite metric distortion are differentiable a.e. with

J(x, f ) 6¼ 0 a.e., see Proposition 3.7 in [1]. In particular, every mapping of finite length

distortion is differentiable a.e. with J(x, f ) 6¼ 0 a.e. Thus, KI(x, f ) is well-defined for

every FLD mapping.
Set R

n
¼ R

n
[ 1f g: The following definition was proposed in [9]. A homeo-

morphism f : D! R
n is said to be a Q-homeomorphism if

Mð f�Þ �

Z
D

QðxÞ � �nðxÞdmðxÞ ð8Þ

for every family � of paths in D and every admissible function � for �. The notion of

Q-homeomorphism is closely related to the conception of moduli with weights, cf.

e.g. [10–13], see also the book [14], where some closely related notions and facts can

be found. Every homeomorphism of finite length distortion is Q-homeomorphism

with Q¼KI(x, f ), see Theorem 6.10 in [1].

LEMMA 1.1 Let f :D!R
n be a mapping with finite length distortion. Then

Mð f�Þ �

Z
D

KI x, fð Þ � �nðxÞdmðxÞ ð9Þ

for every path family � in D and �2 adm�.
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One of the main goals of this article is to generalize the inequality (9) in the sense

of the well-known Väisälä inequality for quasiregular mappings, see e.g. Section 9

Chapter II in [15].
In connection with the topic of our investigation, it is also necessary to refer the

results of the papers [16,18], where the method of moduli was applied, the papers

[17,18] connected with some investigations of the mappings with finite distortion,

and papers [19,20] are connected with the study of some classes of homeomorphisms

with finite distortion.
Recall also that a mapping f :D!R

n is said to be of finite distortion if

f 2W1, n
loc and

k f 0ðxÞkn � KðxÞ � Jðx, f Þ a:e:, ð10Þ

for some finite-valued function K(x) :D! [1,1), cf. [5,6]. Here k f 0(x)k¼

max{j f 0(x)hj : h2R
n, jhj ¼ 1}. Sometimes they request the conditions f 2W1, 1

loc and

Jð�, f Þ 2 L1
loc instead of f 2W1, n

loc : In the work by Koskela and Onninen [21], some

modulus and capacity estimates for classes of mappings of finite distortion were

proved. However, these results are proved under very strong conditions on

integrability of inner dilatation, as well as conditions on the norm of derivative.

The main results there are formulated under such conditions that imply f 2W1, n
loc and,

moreover, they assume that the branch set of f has measure zero, cf. Remark 4.10

in [1]. The conditions in the present article do not include any assumptions on the

inner dilatation, moreover, we do not suppose that a mapping f belongs to the

Sobolev class.

2. Preliminaries

Let D be a domain in R
n, n� 2. A mapping f :D!R

n is said to be discrete if the

preimage f�1(y) of every point y2R
n consists of isolated points, and an open if the

image of every open set U�D is open in R
n. The notation G!D means that G is

a compact subset of D. We suppose that f :D!R
n is continuous and sense-

preserving, i.e. a topological index �(y, f,G)4 0 for any G!D and y2 f(G)n f (@G).
A neighbourhood of a point x or a set A is an open set containing x or A. Suppose

that x2D has a connected neighbourhood G such that G \ f�1 f ðxÞð Þ ¼ xf g: Then
�( f(x), f,G) is well-defined and independent of the choice of G for discrete open f

and is denoted by i(x, f ). In what follows, B(x0, r)¼ {x2R
n : jx� x0j5 r}, m(x)

denotes a Lebesgue measure in R
n. For f :D!R

n, and E�D, we use the multiplicity

functions

Nðy, f,E Þ ¼ card x 2 E : fðxÞ ¼ y
� �

, Nð f,E Þ ¼ sup
y2Rn

Nðy, f,E Þ:

A domain G!D is said to be a normal domain of f, if @fG¼ f(@G). If G is a normal

domain, then �(y, f,G) is a constant for y2 f(D). This constant will be denoted by

�( f,G). Let f :D!R
n be a discrete open mapping, then �( f,G)¼N( f,G) for every

normal domain G!D, see, e.g. Proposition 4.10 Chapter I in [15].
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A map ’ :X!Y between metric spaces X and Y is said to be Lipschitzian
provided

dist ’ðx1Þ, ’ðx2Þð Þ �M � distðx1, x2Þ ð11Þ

for some M51 and for all x1 and x22X. The map ’ is called bi-Lipschitz if,
in addition,

M	dist x1, x2ð Þ � dist ’ x1ð Þ, ’ x2ð Þð Þ ð12Þ

for some M*4 0 and for all x1 and x22X. Later on X and Y are subsets of R
n with

the Euclidean distance. The following lemma can be found in [1, Lemma 3.20].

LEMMA 2.1 Let f :D!R
n be an FMD mapping. Then there is a countable collection

of compact sets C	k � D such that mes B¼ 0 where B ¼ D n [1k¼1C
	
k and f jC	

k
is one-to-

one and bi-Lipschitz for every k¼ 1, 2, . . . and, moreover, f is differentiable at all points
C	k with J(x, f ) 6¼ 0.

Following [2], a condenser is a pair E¼ (A,C) where A�R
n is open and C is non-

empty compact set contained in A. A condenser E¼ (A,C) is said to be in a domain
G if A�G. For a given condenser E¼ (A,C), we set

capE ¼ cap A, Cð Þ ¼ inf
u2W0 Eð Þ

Z
A

jrujn dmðxÞ, ð13Þ

where W0(E)¼W0(A,C) is the family of non-negative functions u :A!R1 such that
(1) u2C0(A), (2) u(x)� 1 for x2C and (3) u is ACL. In the above formula
jruj ¼ ð

Pn
i¼1ð@iuÞ

2
Þ
1=2

, and cap E is called the capacity of the condenser E.
Let f :D!R

n be a discrete open mapping. Let � : [a, b)!R
n be a path and

x2 f�1(�(a)). A path � : [a, c)!D is called a maximal f-lifting of � starting at x,
if (1) �(a)¼ x; (2) f ��¼ �j[a, c); (3) c5 c0 � b, then there does not exist a path
�0 : [a, c0)!D such that �¼ �0j[a, c) and f ��0 ¼ �j[a, c0). Let f be a discrete open
mapping, then every path � with x2 f�1(�(a)) has a maximal f-lifting starting at
a point x, see Corollary 3.3 Chapter II in [15]. We need the following statement, see
Proposition 10.2, Chapter II in [15].

LEMMA 2.2 Let E¼ (A,C) be a condenser in R
n and �E be the family of all paths of

the form � : [a, b)!A with �(a)2C and j�j \ (A n F) 6¼1 for every compact F�A.
Then cap E¼M(�E).

Let x1, . . . , xk be k different points of f�1(�(a)) and

m ¼
Xk
i¼1

iðxi, f Þ:

We say that the sequence �1, . . . ,�m is a maximal sequence of f-lifting of � starting
at points x1, . . . , xk, if

(a) each �j is a maximal f-lifting of �,
(b) card { j : aj(a)¼xi}¼ i(xi, f ), 1� i� k,
(c) card { j : aj(t)¼ x}� i(x, f ) for all x2D and for all t.
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Let f be a discrete open mapping and x1, . . . , xk distinct points in f�1(�(a)). Then
� has a maximal sequence of f-liftings starting at points x1, . . . , xk, see Theorem 3.2

Chapter II in [15].
We further need the following statement, see Corollary 3.4, Chapter II in [15].

LEMMA 2.3 Let f :G!R
n be a discrete open mapping, G a normal domain,

m¼N( f,G), � : [a, b)! f(G) a path. Then there exist paths �j : [a, b)!G, 1� j�m,

such that:

(1) f ��j¼ �,
(2) card { j :�j(t)¼ x}¼ i(x, f ) for x2G\ f�1 �(t),
(3) j�1j [ � � � [j�mj ¼G\ f�1j�j.

Given a set E in R
n and a path � :D!R

n, we identify � \E with �(D)\E.
If � is locally rectifiable, then we set

l � \ Eð Þ ¼ jE� j,

where E�¼ l� (�
�1 (E)). Here jAj means the length (Lebesgue) measure of a set A�R

and l� :D!D� as in Section 1. Note that E� ¼ �
�1
0 Eð Þ, where �0 :D�!R

n is the

natural parameterization of � and l � \ Eð Þ ¼
R
D�
�E� ðsÞds:

3. The Väisälä type inequality

THEOREM 3.1 Let f :D!R
n be a discrete open mapping with finite length distortion,

� a path family in D, �0 a path family in R
n and m a positive integer such that the

following is true. Suppose that for every path � in �0 there are paths �1, . . . ,�m in �

such that f ��j�� for all j¼ 1, . . . ,m and such that for every x2D and all t the

equality �j(t)¼ x holds for at most i(x, f ) indices j. Then

Mð� 0Þ �
1

m

Z
D

KI x, fð Þ � �nðxÞdmðxÞ ð14Þ

for every �2 adm�.

Proof Let B and C	k be as in Lemma 2.1 and Bf be a branch set for f in D. Note that

mes Bf¼ 0, see Proposition 3.16 in [1]. Setting by induction B0¼B[Bf, B1 ¼ C	1n Bf,

B2 ¼ C	2 n ðB1 [ BfÞ . . . ,

Bk ¼ C	k n
[k�1
l¼1

Bl [ Bf

 !
,

we obtain the countable covering of D consisting of mutually disjoint Borel sets Bk,

k¼ 1, 2, . . . , with mes B0¼ 0. By the construction and (N)-property, mes f(B0)¼ 0.

Thus, by Lemma 2.13 in [1], l � \ fðB0Þð Þ ¼ 0 for a.e. � in f(D) and hence by (L2)-

property

l � \ B0ð Þ ¼ 0 ð15Þ
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also for a.e. � in f(D) and all � such that f � � ¼ �: Furthermore, we prove (15) for

a.e. e� 2 � 0 and all � such that f � � � e�:
Let us assume the contrary. Let �1 be a family of all paths � 0 2�0 with

l � \ B0ð Þ4 0 ð16Þ

such that f � �� � 0 for some �. By the assumption, M(�1)4 0. Let �2 be a family of

all subpaths � 00 of �1 which have a whole lifting � with the property (16). Note

that �25�1 and hence M(�2)�M(�1)4 0. This contradiction disproves the above

assumption.
Let �2 adm� and

e�ðyÞ ¼ 1

m
� �f DnB0ð ÞðyÞ sup

C

X
x2C

�	ðxÞ, ð17Þ

where

�	ðxÞ ¼
�ðxÞ=l f 0ðxÞð Þ, x 2 D n B0,

0, x 2 B0

�
ð18Þ

and C runs over all subsets of f�1(y) in D n B0 such that card C�m. Note that

e�ðyÞ ¼ 1

m
� sup

Xs
i¼1

�kiðyÞ,

where sup in (18) is taken over all {ki1, . . . , kis} such that ki2N, ki 6¼ kj if i 6¼ j and

all s�m, and

�kðyÞ ¼
�	 f�1k ðyÞ
� �

, y 2 fðBkÞ,

0, y =2 fðBkÞ

�
,

where fk¼ f jBk
, k¼ 1, 2, . . . is injective and f(Bk) is Borel. Thus, the function e�ðyÞ is

Borel, see, e.g. Section 2.3.2 in [22].
Suppose that � is a path in �0. There exist paths �1, . . . ,�m in � such that f ��j��

and for all x2D and t the equality �j(t)¼ x holds for at most i(x, f ) indices j. The

above conditions mean that curves �j are disjoint on Bk because i(x, f )¼ 1 for every

x2Bk, k¼ 1, 2, . . . . By Theorem 3.2.5 for m¼ 1 in [22], arguing piecewise on Bk,

we haveZ
�

e�ds �Xm
j¼1

Z
f��j

e� ds ¼Xm
j¼1

X1
k¼1

Z
f��jð Þ\fðBkÞ

e� ds
�

1

m
�
Xm
j¼1

X1
k¼1

Z
�j\Bk

� ðxÞ ds ¼
1

m
�
Xm
j¼1

Z
�j

� ðxÞ ds �
1

m
�m ¼ 1 ð19Þ

for a.e. curves �2�0. Consequently, e� 2 adm� 0 n �0 where M(�0)¼ 0 and hence

M � 0ð Þ �

Z
fðDÞ

e� nðyÞdmðyÞ: ð20Þ
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By Theorem 3.2.5 for m¼ n in [22], we obtain thatZ
Bk

KIðx, fÞ � �
nðxÞdmðxÞ ¼

Z
fðDÞ

�nkðyÞdmðyÞ: ð21Þ

By Hölder inequality for series,

1

m
�
Xs
i¼1

�kiðyÞ

 !n

�
1

m
�
Xs
i¼1

�nkiðyÞ ð22Þ

for each 1� s�m and every {k1, . . . , ks}, ki2N, ki 6¼ kj, if i 6¼ j.
Finally, by Lebesgue positive convergence theorem, we conclude from (20) and

(22) that

1

m
�

Z
D

KIðx, f Þ � �
nðxÞdmðxÞ ¼

1

m
�

Z
f Dð Þ

X1
k¼1

�nkðyÞdmðyÞ ð23Þ

�
1

m
�

Z
f Dð Þ

sup
k1, ..., ksf g, ki2N,

ki 6¼kj if i 6¼j

Xs
i¼1

�nkiðyÞdmðyÞ �

Z
f Dð Þ

e� nðyÞdmðyÞ �Mð� 0 Þ :

The proof is complete.

4. Applications

We adopt the following conventions. Given a family of paths � in R
n, denote

MKIð�, fÞð�Þ ¼ inf
�2 adm�

Z
R

n
�nðxÞKIðx, f Þ dmðxÞ :

Let E¼ (A,C) be a condenser and ! is a non-negative measurable function. We

define the !-weighted capacity of E by setting

cap! E ¼ cap! ðA,CÞ ¼ inf

Z
A

jruðxÞjn !ðxÞ dmðxÞ, ð24Þ

where inf in (24) is taken over all functions u 2 C10 ðAÞ and u� 1 on C. Note that,

if !
 1, then cap! E coincides with cap E in the sense of the definition given in (13),

see Lemma 5.5 in [2].
Given a mapping f :D!R

n and a condenser E¼ (A,C), we call

Mð f,CÞ ¼ inf
y2 fðCÞ

X
x2 f�1ðyÞ\C

iðx, f Þ

the minimal multiplicity of f on C.
The following statements generalize the well-known modulus and capacity

inequalities for quasiregular mappings, see, e.g. Sections 9 and 10 in [15].
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THEOREM 4.1 Let f :G!R
n be a discrete open mapping of finite length distortion,

where G is a normal domain for f, �0 be a path family in G0 ¼ f(G), � be a path family �
in G such that f ����0 and m¼N( f,G). Then

Mð� 0Þ �
1

Nð f,GÞ

Z
G

KI x, fð Þ � �nðxÞ dmðxÞ

for every �2 adm�. In particular,

Mð� 0Þ �
1

Nðf,GÞ
MKIð�, fÞð�Þ :

Proof The proof follows directly from Theorem 3.1 and Lemma 2.3.

THEOREM 4.2 Let f :D!R
n be a discrete open mapping of finite length distortion,

E¼ (A,C) be a condenser in D. Then

cap fE �
1

Mðf,CÞ
capKIð�, fÞ E: ð25Þ

Proof Let E¼ (A,C) be a condenser in D, then f E¼ ( fA, fC) is a condenser in f(D).

Let �E and �fE such as in Lemma 2.2. Set m¼M( f,C). Let � : [a, b)! f(A) be a

path in �fE. Then C\ f�1(�(a)) contains points x1, . . . , xk such that

m0 ¼
Xk
l¼1

iðxl, f Þ � m:

By Theorem 3.2, Chapter II in [15], there exists a maximal sequence of f jA-liftings

�j : [a, cj)!D of �, 1� j�m0, starting at the points x1, . . . , xk. Then each �j
belongs to �E. It follows that �¼�E and �0 ¼�fE satisfy Theorem 3.1. Hence, by

Lemma 2.2 and Theorem 3.1,

cap fE �
1

Mðf,CÞ
MKIð�, fÞð�EÞ: ð26Þ

Finally, (25) follows, because

MKIð�, fÞð�EÞ � capKIð�, fÞ E, ð27Þ

as is easily seen by considering �(x)¼ jru(x)j for a given test function u for

capKI (�, f )
E.

Remark 4.3 Let f :D!R
n be an open discrete mapping of finite distortion with

KðxÞ 2 Ln�1
loc : Then f is of finite length distortion provided that mesBf¼ 0, see

Remark 4.10 in [1]. The above conclusion can also be obtained from the results of

[21] because in this case f is absolutely precontinuous on paths. By Remark 4.3,

all the results of Sections 1–4 hold for open discrete mappings with finite distortion

such that mesBf¼ 0. In particular, it means that Theorem 4.1 from [21] and

consequences from it are proved under more weak conditions in the present article.
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Remark 4.4 It is known that every mapping f :D!R
n of the class W1, n

loc such that
k f 0(x)kn�K(x) � J(x, f ) is open and discrete provided that KðxÞ 2 L

p
loc for p4 n� 1,

see [23,24] and, consequently, all results of the present article can be applied to this
Sobolev class, see also Remark 4.10 in [1].
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