MATHEMATICAL NOTES, VOL. 80, NO. 4, 2006, pP. 491-499.
Translated from Matematicheskie Zametki, vol. 80, no. 4, 2006, pp. 516-525.
Original Russian Text Copyright © 2006 by A. O. Ignat’ev, O. A. Ignat’ev, A. A. Soliman.

Asymptotic Stability and Instability
of the Solutions of Systems with Impulse Action

A. O. Ignat’ev, O. A. Ignat’ev, and A. A. Soliman

Received July 26, 2005; in final form, February 8, 2006

Abstract—In this paper, we study the stability of the zero solution of a system of ordinary
differential equations subject to impulse action. Using the method of Lyapunov functions,
we obtain tests for asymptotic stability or instability of the system. Illustrative examples are
given.
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1. INTRODUCTION

In the mathematical description of the evolution of processes with short-term perturbations, it is
convenient, in the many cases, to neglect the duration of such perturbations and assume that these
perturbations are instantaneous. Such an idealization leads to the study of dynamical systems with
discontinuous trajectories or, in other words, to the study of differential equations with impulse
action. This problem was first studied in [1], [2]. The early work on differential equations with
impulse action was summarized in the monograph [3], in which the foundations of this theory
were described. In recent years, an increasing number of mathematical papers dealing with various
aspects of the theory of impulsive systems [4]-[16] have appeared, which is due to the needs of
modern technology. The present paper is devoted to the study of the stability of the solutions of
systems with impulse action. It is a continuation and further development of [17], [18].

2. DEFINITIONS AND PRELIMINARY RESULTS

Consider the following system of ordinary differential equations with impulse action:

dx
= ft t
dt f( 7$)> 7& Tk (21)
Aa:z[k(a:), t:Tk,
where t € Ry :=[0,00) is the time, k£ € N, (N is the set of natural numbers), the 75 are constants,

r € R", f: R"™ — R” and I: R® — R". Equations (2.1) describe the dynamics of the system
consisting of two parts: the continuous part (for ¢t # 74) described by the ordinary differential
equations and the discrete part (at times 7;) when the solutions of the system undergo stepwise

jumps. We denote
By = {ac ER™: x| = /22 + - + a2 <H},
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o0
Gy = {(t,m)ER”H:Tk,1<t<Tk, xGBH}, G := UGk.
k=1

Let us state Assumptions (A1)-(Ab) for system (2.1).

Assumption (A1). The function f = (f1,..., fn): G — R™ is continuous in each of the sets Gy,
k€N, f(t,0) =0, and there exists a constant L > 0 such that

lf(t,z)— f(t,y)|| < Llz— vy for (t,z) e G, (t,y)€G, x€ By, yé€E By.

Assumption (A2). The functions I: By — R", k € N, are continuous in By and I (0) = 0 for
ke N.

Assumption (A3). There exists a constant h € (0, H) such that if z € By, then  + I(x) € By
for k € N.

Assumption (A4). The constants 75 satisfy the conditions

O=mp < <T<" -, lim 75 = oo.
k—o0
Assumption (A5). The constants 7 satisfy the condition: for all 7' > 0 and ¢ > 0, the closed

interval [¢t,t + T] contains at most p constants 7 and the number p depends only on T and is
independent of t.

By x(t,to,x0), t > to, we denote the solution of system (2.1) such that x(¢o, %9, x9) = z¢ in the
case tg # T, k € N. But if tg = 74 for some natural number k, then by the expression x(t,to, x¢)
we shall mean x(t,ty + 0,20 + I (z0)) (for t > ¢).

Under Assumptions (A1)—(A3) system (2.1) admits the trivial solution

z=0. (2.2)
Definition 2.1. The trivial solution of system (2.1) is said to be stable if, for all € > 0, ty € R4,
we can indicate a 6 = d(e,tg) > 0 such that if ||zo| < 0, then ||z(t,tg, x0)|| < & for t > tq.

Definition 2.2. The solution (2.2) of system (2.1) is said to be attracting if, for any to € R,
there exists an 7 = n(ty) > 0 and, for all ¢ > 0 and z¢ € B,, there exists a 0 = o(e,tg,29) > 0
such that ||z(t,to, x0)|| < € for all t >ty + o.

Definition 2.3. The trivial solution of system (2.1) is said to be asymptotically stable if it is stable
and attracting.

Definition 2.4. We say that a function w: Ry — R, belongs to the class # (w € %) if it is
continuous, strictly increasing, and w(0) = 0.

Following [4], we introduce some definitions.

Definition 2.5. We say that a function V: Ry x By — R belongs to the class %, (V € %) if V
is continuous on any of the sets Gy, V(t,0) = 0 for t € R, the finite limits

V(to —0,29) = lim  V(t, ), V(to+0,29) = lim V(¢ )
(t,@)—(to,0) (t,x)—(to,x0)
(t,I)EGk (t,I)EGk+1

exist, and the relation V' (tg — 0,z0) = V (o, zo) holds.
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Suppose that f(t, ) is a C/~1-function: f: G — R", and V is a C’-function: V: R, x R" — R.
Let us define Vs: Ry x By — R™:

n

OV NV, B |
Vs(t,x) :== 9 +Z oz, fi(t, ), s=1,2,...,7,

for t # 1 and Vi (7x,x) = Vs(1 — 0, ), where Vy(t,z) := V (¢, z). In particular,

av

| oV §nov
dzx

Vi(t,z) = = + Sy
(2.1) ot i=1 O

fi(t, ZE)

Definition 2.6. We say that a function V: Ry x By — R belongs to the class ¥, (V € ¥,,) if
V is m times continuously differentiable on any of the sets G and the finite limits

Vi(tg — 0,x9) = lim V.(t,x), V.(tog+0,20) = lim V. (t,x), r=0,1,...,m.
(to 0) i (t,z) (to 0) . (t,z)
(t7m)EGk (t,I)EGk+1

exist. Here Vo = V.
It was shown in [10], [18] that if system (2.1) is such that Assumptions (A1)—(A4) hold and
there exist functions V' € 74, a,c € # for which
V(t,z) > a(||lz]) for (t,x) € Ry x By,
av
dt (2.1)

V(e +0,Ii(x) +x) = V(rg,z) <0 for keN,

< —c(||z]) for (t,z) € G, (2.3)

then the solution (2.2) of system (2.1) is asymptotically stable.

The goal of this paper is to derive less stringent conditions for asymptotic stability in the
situation where the function V satisfies the condition dV/dt < 0 instead of (2.3).

In what follows, we shall need the following assertion.

Lemma 2.1. Suppose that h(t) is a scalar function having points of discontinuity of the first kind
at

t=0b;, t=by, ..., where 0 < by <by <---, lim b; = o0,
h(b; —0) = h(b;), the function h(t) is j+1 times continuously differentiable in each of the intervals
(bi,bitv1), its derivatives W' (t),h" (t),...,hUTY are bounded for t € \J;2,(bi, bit1], the constants b,
satisfy Assumption (Ab), and the following limit relations hold:

lim [h(b; 4 0) — h(b; — 0)] = 0, lim [ (b; +0) — b (b, —0)] =0, r=1,...,j.

If
tlim h(t) =0, (2.4)
then

Jlim A (t) =0, r=1,2,...,7J.
Remark 2.1. By derivatives of any order at the points b; we shall mean left derivatives.

Proof the lemmas. Let us first show that

lim h/(t) = 0. (2.5)

t—oo
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Assume the converse: suppose that there exists a £ > 0 and instants of time 7,, € Ry, m € N
such that T,,, — oo as m — oo and |W/(T},)| > 2¢. This implies that either h'(T,,) > 2¢, or
W (T,,) < —2&. Since h”(t) is bounded and the condition

lim [ (b; + 0) — h'(b; — 0)] = 0

i—00

holds, it follows that there exists a ¢ > 0 and an M; € N such that

HOES: (2.6)
or 3
OER: (27)
for
te€Tm—¢ Tm+], m > M.

Hence, using the conditions of the lemma, we find that there exists an My € N, My > My, such
that, for m > Mos, the following inequality is satisfied:

h(Tm +¢) = h(Ton) +&¢ (2.8)

in case (2.6) or the inequality
h(Tm + C) < h(Tm) - é( (29)

in case (2.7). It follows from the limit relation (2.4) that there exists an M > Ty, > 0 such that
|h(t)| < £C/2 for t > M. On the other hand, inequalities (2.8), (2.9) imply the following inequalities:

W(To+ QI 2 56 for mEN, Tp>M

But these inequalities contradict condition (2.4). The resulting contradiction proves the limit rela-
tion (2.5).
Similarly, we can show that

lim A”(t) =0, ..., lim A9 (t)=0.

t—o0 t—oo

The lemma is proved. [

3. MAIN RESULTS

Theorem 3.1. Suppose that system (2.1) is such that f € C7 for (t,z) € G, Assumptions
(A1)—(A4) hold, and there exist V € Vi1, wi € K, wy € KX such that
(A) V(t,z) > wi(||z|]) for (t,x) € Ry x Bpy;
Vi(t,x) =dV/dt <0 for (t,z) € G,
the Vs(t,x), s=1,...,j+ 1, are bounded for (t,x) € G,
T V2(t,x) > wa(]|a)));
V(e + 0,2 + I(x)) = V(rg,2) <0 for x € By, k €N;
the constants Ty, satisfy Assumption (A5) and the following limit relations hold:

(B
(C
(D
(
(

~— — —

E
F
klim Vi(mk + 0,2 + I () — Vi(1k, 2)] = 0, r=0,1,...,7,

uniformly in x € By.
Then the solution (2.2) of system (2.1) is asymptotically stable.
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Proof. In view of [18], it follows from conditions (A), (B), (E) that the solution (2.2) of system (2.1)
is stable. Take arbitrary € € (0, H), to € R4 and xg € By, where § > 0 satisfies ||z(¢, to, xo)|| < € for
t > to. Denote v(t) = V (¢, z(t, to, z0))'. The function v(#) is positive and not increasing; therefore,
the limit lim;—, o v(¢) exists and is nonnegative:

tlim v(t) =n > 0. (3.1)
Let us show that
tlim vi(t) =0, (3.2)

where vy (t) = Vi (¢, z(t, to,zo)). Assume the converse, i.e., assume that the limit relation (3.2) does
not hold. Then there exists a # > 0 and a sequence {T;}2, (T; € Ry, i € N, T;41 > T;, and
T; — o0 as i — 00) such that v1(T;) < —28 < 0. By conditions (A), (B), (C), (F) of the theorem,
there exists a v > 0 and an M; € N such that v, (t) < —f for t € [T;,T; + 7], i > M;. It follows
from conditions (B), (E) that

o(Ti + ) < o(T3) — By (3.3)
for ¢ > M;. Since
lim o(T;) = n,

in view of (3.3), we have
lim o(T; +v) <n—Br.

1— 00

But since T; + v — oo as i — 00, the resulting inequality contradicts the limit relation (3.1). This
contradiction proves relation (3.2).
Using the limit relation (3.2) and Lemma 2.1, we find that

J
Jim vi(t) =0, (3.4)
e s=1
where vy (t) = Vi(t, z(t, to, o)). Let us now show that the zero solution of system (2.1) is attracting.
To do this, we must show that
(|2, to, o) || = 0. (3.5)
— 00

Assume the converse: suppose that there exists an « > 0 and a sequence {t;} (i € N, t; — oo as
i — 00) such that ||z(t;,to,x0)|| > a. It follows from condition (D) that

D w2(ts) > wa([[(ts, to, wo)|]) > wa(a) > 0.

The resulting inequality contradicts (3.4); hence the limit relation (3.5) holds. The theorem is
proved. [J

Remark 3.1. If, in this theorem, we set j = 1, Iy(z) = 0, k € N, x € By, then we obtain the
well-known Marachkov theorem [19].

Denote
Q= {(t,:L’) € Ry X By: V(t,:L’) > 0}

Theorem 3.2. Suppose that system (2.1) satisfies f € C7 for (t,z) € G, Assumptions (A1)-(A4)
hold, and there exist functions V € ¥j11 and w € J such that
(a) forallt e Ry, e € (0,H), the set Q. is not empty;

1By v(7%) we mean, as before, v(1, — 0).
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(b) V(t,x),Vi(t,x),...,Vjs1(t,z) are bounded in Qm;

(c) dV/dt =Vi(t,z) >0 in Qu;

(d) Sy VE(t2) > w(V(t,2));

(f) AVl]ier, = V(1 + 0,2 + Ix(2)) — V(7,2) > 0 for x € By, k € N;

(f) condition (F) of Theorem 3.1 holds.
Then the solution (2.2) of system (2.1) is unstable.

Proof. Choose arbitrary € € (0, H), to € Ry, and suppose that ¢ is an arbitrarily small positive
number. Let us show that there exists an z¢ € Bs and a t; > to such that ||z(¢1,t9,20)|| > . We
choose xg € Bs so that V (g, xo) > 0. Such a choice is possible by condition (a).

Assume the converse: for any t > tg, the following inequality holds:

H«T(t,to,{l}o)“ <g, (36)

whence it follows that (¢,2) € Q. and the function V(¢,z(¢,%0,20)) is bounded. From condi-
tions (c), (f), we obtain

U(t) = V(t,:l)(t,tg,ng)) > V(tg,mo) = ﬂ > 0.
The function v(t) is bounded and nondecreasing; therefore, the limit
tlim v(t)=n>pF>0
exists. As in the proof of Theorem 3.1, we can show that
1tlim vs(t) =0, s=1,...,7,
where vy = Vs(t,2(t,to,0)); hence we see that the limit relation (3.4) holds. It follows from
assumption (d) that
J J
Z U.?(t) = Z VSQ(tv ':L‘(tv lo, 1’0)) > w(V(tv ':L‘(tv lo, 1’0)) > ’U)(ﬁ) >0 (37)
s=1 s=1

for t > to. However, relations (3.4) and (3.7) contradict each other. This contradiction shows that
inequality (3.6) is false, i.e., the solution (2.2) of system (2.1) is unstable. [

Example 3.1. Consider the following system of differential equations with impulse action:

dx dy
JR— — =2

=—y—alt t k=1,2,...
dt y CL( ).T, dt 9 7& Tk, 9 4y ) (38)
X
A$|t:7k Ev Ay|t:7'k 07

where
a(t) = 2 — cos 2wt — cos(2m logy (t + 1)), T, =3k, keN

System (3.8) admits the trivial solution

To study the stability of this solution, we use the Lyapunov function
L o 2
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successively obtaining

dv A%

Vi= v = —a(t)z?, Vo = - = (2a® — a')x? 4 2axy,
dV2 / 2

ngﬁ:(Gaa—a —4a® + 2a)2* + (4’ — 6a®)zy — 2ay?,
dVs 2 " " 2 1 / 4 2\,.2

V= v = (6a"* + 8aa" — a"" — 24a”a’ + 6a’ + 8a” — 10a”)x

+ (—28ad’ + 6a” + 14a® — 8a)zy + (6a* — 6a’)y?

dav;

Vs = d—t‘* = (20a’a” + 10aa™ — """ — 60aa’® — 40aa” + 124"

+80a%a’ — 60aa’ — 16a® + 34a® — 8a )m2
+ (—40a"? — 50aa” + 8a”" + 118a%a’ — 32a’ — 30a* + 40a%)zy
+ (40aa’ — 124" — 14a® + 8a)y?
The derivatives of the function a(t) are of the form
sin(27 log, (t + 1)) cos(2m log,(t + 1))
(t+1)° LN E
where (s, vs, s € N, are constants, with 8, = 27/In2, v, =0,

a® (t) = ag(t) + Bs

o) = 27sin27t,  ap = (2m)%cos2nt, az = —(27)3sin2nt, oy = —(2m)* cos 27t.

The function a(t) is nonnegative, with a(t) =0 for t =1¢, =2" -1, (n =0,1,2,...).

Consider the function W = V2 + V2 + V2 + V2 + V2. Let us show that W (¢, z,y) is a positive
definite function with respect to x and y. Let us first show that W (t,,,z,y) is a positive definite
function. Taking the relations a(t,) = 0, a/(¢,,) = 0 into account, we successively obtain:

Viltn, 2,9) =0, Valtn,2,9) =0, Va(tn,2,y) = —a"(ta)2",
Viltn, 2, ) = —a" (£)2° + 6a” (t)2y,
Vs(tn,x,y) = (—a"”"(t,) + 12a" (t,))x? + 8a” (t,)xy — 12a” (t,)y>.
Note that vo = (27)2/In*2 > 0; hence we find
a’(tp) > (2m)2. (3.10)
Using (3.10), we obtain
Wt 2,) > VE(tn, 2, 9) + VE(tn 2,9) > @m)' + V2 (b, 2,1).

Using the relation Vj(¢,,0,y) = —12a”(t,)y?, and inequality (3.10), we see that W (t,,z,y) >
2w(z? + y?), where w € J# . The functions a(t) and a(®) (t), s = 1, 2,3, 4, are uniformly continuous
for t € Ry ; therefore, there exists an € > 0 such that

W(t,z,y) > w(x?® + 3?) (3.11)
for t, —e <t <t,+¢e. Let us show that, for
t & [tn —e,tn +¢, (3.12)

the function W also satisfies property (3.11) for any n € N. Note that, under condition (3.12),
there exists an w > 0 such that a(t) > w. Let us estimate W for such a ¢:

2
W(t’m’y)|t¢[tn7,€,tn+e} > (V72 + Vi) ‘t¢[t —e tn+e} > P(t,2,y)
= w?z* + [(6aad’ — o’ — 4a® + 2a)z* + (4d’ — 6a*)zy — 2a3°]?.
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Let us find ¢ (¢, z,y) for z = 0:
Y(t,0,y) = da®(t)y" > 4wy’

Since a(t), a’(t), a”(t) are bounded functions for ¢ € R, we find that, for t ¢ [t,, — e, t,, + €], the
function W is positive definite with respect to x, y. Therefore, there exists a w € % such that
inequality (3.11) holds for t € Ry, (x,y) € R?. Let us now find

1

1 z?
AV|t:Tk = [(ZL‘ + A$|t:7k)2 + (y + Ay|t:‘rk)2] - _(1'2 + y2) = - <1 — —> <0.

DN =

2 k 2k
Note that Vi, Vi, Vs, Vi, Vs, Vg := dV5/dt can be expressed as
Vi = Ep ()2 + P (H)zy + Qo ()12, m=1,2,3,4,5,0,

where F,,, P, Q. are bounded continuous functions of ¢. Therefore, these functions are bounded
for 2 + y? < H?, and

AV?ﬂ|t:7'k = Fn(7) [($ + A33|t:7'k)2 - $2] + Pr(T1) [(33 + A33|t:7'k)(y + Ay|t:7'k) - 339]
2

F Q0+ Bsl=n)? = 1) = Pl (1 5 ) =Pl

whence we obtain limg_,oc AV |i=r, =0, m=1,...,5.
Thus, conditions (A) —(E) and (F) of Theorem 3.1 are satisfied, and we can conclude that the
solution (3.9) of system (3.8) is asymptotically stable.

Example 3.2. Consider the following system of ordinary differential equations with impulse action

d d
—x:—y+a(t)aj, —y::L‘, t#m, k=12,...,
dt dt
. (3.13)
Ax|t:‘rk :E7 Ay|t:7'k =0,

where a(t) is the same as in the previous example. System (3.13) admits the zero solution (3.9).
Let us show that this solution is unstable. Consider the function
1

V = 5(%2 +y2)

We obtain av 2 ?
o A
% - CL(t){L’ > 07 AV‘tZTk_ k + 2k2 =

Just as in the example given above, we can show that there exists a w € J# such that

0.

W=VE+VE+VE+VE+VE>w@® +97).

Thus, all the conditions of Theorem 3.2 are satisfied; therefore, the zero solution of system (3.13)
is unstable.
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