
ON THE EXISTENCE OF LYAPUNOV FUNCTIONS IN 
PROBLEMS OF STABILITY OF INTEGRAL SETS 

A. O. I g n a t ' e v  UDC 517.925 

A nonautonomous system of ordinary differential equations is considered. If this system admits a uni- 
formly asymptotically stable integral seL then a neighborhood of this set contains a function similar to 
the Lyapunov function. 

Consider a system of  ordinary differential equations 

dx 
- -  = x ( t ,  x ) ,  (1) 
dt 

where x, X ~ R n and t ~ I= [0; o~). Assume that the conditions for the existence and uniqueness of  solutions to 

system (1) hold for  

( t , x )  e FH1 = IxBH1, BH1 = {X~ Rn: [IXH < HI}. (2) 

In what follows, we assume that Ilx[I = ( x  2 + x 2 + ... + x2)  1/2 and H i  is a positive number. Let  us introduce 

several definitions similar to those used in the books [1--6]. 

Definition 1. A set M in the space (t, x )  is called integral i f  the inclusion (t ,  x ( t ) )  ~ M, t >_ t o, holds 

for any point ( t  o, Xo ) e M; here, x ( t ) = x( t, t o, x o) is a solution of system (1) with the initial data x ( to ) = x o . 

Let M c I x R '~ . Denote by M s an intersection of this set with a hyperplane t = s and by 9 (x, M s) the dis- 

tance between the point x and the set M s. The set M is called periodic with period m if 

Ms = M,+~ (3) 

for any s e I .  W e  say that an integral set M is #~dependent of  time if (3) holds identically for aI1 s and o .  

Definition 2. An integral set M of  system (1) is called uniformly stable if, for all t o ~ I and e > O, there  

exists ~ = 6(e) > 0 such that the inequality P(xo, Mto) < ~ implies the inequality 9 ( x ( t ) , M r )  < ~ fi)r t >_ t o. 

Denote S ( M  t, r) = {x  ~ R n : 9(x, Mr) < r}, 

Definition 3. An integral set M is called uniformly attracting if, for some q > 0 and any e > O, there 

exists 6 = (y(e) > 0 such that the inequality p(x( t ,  to, Xo),Mt) < e holds for all t o ~ I, x o ~ S(Mto, ~) and 

t > t o + •  

An integral set M is called uniformly asymptotically stable if  it is uniformly stable and uniformly attracting. 
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We say that the region {(t, x)  ~ Rn+l : t ~ I, x ~ S (M t, 1"1)} belongs to the domain o f  attraction o f  the inte- 

gral set M.  

Following Lyapunov, we consider real functions v(t,  x )  of the variables t and x defined and continuously 

differentiable in the domain UH(M ) = {(t, x)E R '~+1. t e 1,x ~ S ( M  t, H)} such that UH(M) e FHc Unless other- 

wise stated, we suppose that 

v ( t , x ) =  0 for t a I and x e M t. (4) 

Definition 4. A function v ( t, x )  is called definitely positive with respect to the integral set M o f  system 

(1) i f  conditions (4) are satisfied and v (t, x )  > a(p(x,  Mr)), a ~ K, where K is the Hahn function class [5]. 

Similarly, the function v ( t ,  x )  is called definitely negative with respect to the set M i f  v ( t, x )  <_ - a ( p ( x ,  Mr) ), 

a ~ K .  

Def in i t ion5.  A function v (t ,  x ) admits an infinitesimal upper bound with respect to M in the domain 

U H (M)  if  there exists a function b ~ K such that [ v (t, x)[ < b (9 (x, Mr )). 

Let us examine the problem of existence for a function v satisfying the conditions of a theorem similar to the 
Lyapunov theorem on the uniform asymptotic stability of equilibrium state. To establish the existence of a function 

of this sort, we use the method of Krasovskii [7]. Let U n be a domain lying in FHI together with its closure U n. 

Below, we always assume that M is such that, for all positive h and H (h </-/), we have the inclusion U h G U H. 

In addition, we assume that the right-hand sides of Eq. (1) satisfy the Lipschitz conditions in the variables x in any 

closed domain U x c FH~, i.e., 

tXi(t, x t )  - Xi(t, x2) [ <_ IIxt -x2[I (i = 1 . . . . .  n; L~ = const). (5) 

Let T be a positive number. Assume that the entire trajectory determined by the solution x(t ,  t o, Xo) of system (i) 

lies in U--h for O< t o < t  < t  0+O, where 0 < 0  <T .  

L e m m a  1. Assume that 7> 0, T > 0, and 0 < h < H are arbitrary given numbers. Then there exists a 

function V(t, x )  continuous with all its partial derivatives with respect to x l, . . . ,  x n , and t in the region FH1 

and satisfying the conditions 

 fft, x )  = 0 for II x - x(t, to, Xo)]t >_ 7 and t e R,  

d V  _ ~ 3V 3V 
dt  i=1 ~ Xi + ~ t  > d for II x - x(t ,  to, xo)II < and t e [t0- '~; to+ 0],  

d V  
> 0 f o r  II x II < and  

dt  
t ~ ( - ~ ;  t o + 0 + ' t )  

and for Ilx - x ( t o + O ,  t0,Xo)l[ -> Y and t e  [ t o + 0 + x ;  to+0+2"c] ,  

w d f o r  IIx - x ( t ,  to, xo)ll < a and t e  [ to- 'C; t 0 + 0 ] ,  
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V = 0 for t ~ (- ,~; t o -2 ' r )U  ( to+O+2X; +~o), 
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where "c, o~, and d are positive constants whose bounds are determined by the choice o f  the numbers 7, T, h, 

and H but do not depend on the choice of the point x o ~ S(Mto, h). 

Consider an arc of the trajectory corresponding to the solution x(t ,  t o, x o) of system (1) and lying: in the region 

M h (M h c MH) for times t e [t o - 0, to], where 0 < 0 < T. Then the following statement is true: 

L e m m a  2. Assume that y> 0, T > 0, and 0 < h < H are arbitrary given numbers.  Then there exists a 

function V(t, x )  continuous with all its partial derivatives with respect to x 1 . . . . .  x n , and t in the region Ft41 

and satisfying the conditions 

V(t, x )  = 0 for 

d V  
~ > d for 
d t  

[Ix - x(t ,  to, Xo)[I >- 7 and t ~ R ,  

f i x -  x(t, to, Xo)[[ < ~ and t ~  [ to -O;  to+'C], 

d V  
>_ o for llxll < oo and t e  ( t o - O - z  ; ~ )  

d t  

and for 

V < - d  for  

V = 0 for 

Ilx- x(t ,  to, xo)][ > y and 

IIx- x(t,  to, xo)ll < cz and 

t ~ ( - ~ ;  t 0 - 0 - 2 1 : ) U  (t0+2~c; ,,o), 

t ~  [to-e-2z; to-0-z], 

t ~  [to-0; to+Z], 

Assume that 0 < h < H, ~-o = H, ~.k = 2-gH, k = 1, 2 . . . . .  and R (k) = Uh\U)ok. Introduce the following 
definition: 

Definit ion 6. We say that a property (A) holds in the domain U H with respect to the integral set M if, 

8kv I < N ~  ' 
[ aXlkl ... aXn k" at k.+l 

k = 1 , 2  . . . . .  

Remark  2. Assume that the functions X i (t, X) are uniformly continuous in time t in each domain U~. Then, 

for every natural number k, one can indicate a constant Ng > 0 such that there exists a function V satisfying the 
conditions of Lemma 1 (or Lemma 2) and the inequalities 

R e m a r k  1. In Lemmas 1 and 2, the functions V(t, x) possess partial derivatives ~ and Or 7x? of the first 

order, which are uniformly bounded by some constant N o, i.e., I Ov <No and I < NO, where the bound 

N o is determined only by the choice of the numbers 7, T, h, and H. 

where "c, ~, and d are positive constants whose bounds are determined by the choice o f  the numbers y, T, h, 

and H but do not depend on the choice ofthe point x o ~ S(Mto, h). 
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for any 0 < h < H and any natural number k, one can find a number Tk > 0 such that there is no segment 

o f  the trajectory x ( t ) =  x ( t ,  to, Xo), such that ( t , x ( t ) )  ~ U h f o r  t ~ [t o - Tk; to+  Tk] ,  t O > T k, and 

(to, Xo) ~ R(k). 

The property (A) with respect to M is a necessary condition for the existence of a function v admitting an in- 

finitesimal upper bound with respect to M and such that dv/dt is of fixed sign with respect to M .  We now prove 
this. 

Theorem 1. Assume that Uh is a domain lying with its closure in the domain U14. I f  it is possible to con- 

struct (in each Uh ) a funct ion v(  t , x  ) admitting an infinitesimal upper bound with respect to M in U h a n d  

having, by Eq. (1), a derivative of  f ixed sign with respect to M, then the property (A) is satisfied in the domah~ 

U H with respect to M .  

m 

Proof. Let U h c UH. Assume that a function v(t ,  x)  having the properties indicated in the assertion of The- 

orem 1 is constructed in the domain U h . Choose s such that )~s < h (Ux, C Uh ), (to, Xo ) ~ R (s), and v( t o, Xo) > O. 

First, we show that within the period At = 0s, where 0 s is a fixed positive number, all the points on the trajectory 

x( t )  satisfy the condition 

9 ( x ( t ) , M t )  > Lsexp( -nL1- tOs)=  gs, (6) 

where L n is the Lipschitz constant. Let y( t )  = y(t, t o, Yo) ~ Mt be an arbitrary trajectory of system (1) belonging 

to the integral set. Further, we have 

n 

d ( l l x ( t ) -  y(t)ll) z = 2 ~ (x  i - Yi)(  dxi 
dt dt i=1 

t/ 

dYi ) = 2 ~ ,  (x  i - y i ) (Xi ( t ,x )  - Xi(t, y)  ) 
dt i=I 

_< 2 .~, I x ; -  y;ltx;(t.x)- x~(t, y)l  - 2 L . l l x -  y l l ~  Ix; - y;I < ~LHIIx- Ylt 2, 
i=1 i=1 

d ( l l  x - y II) 2 >_ -2LHn IIx - y II 2 (7) 

By integrating inequalities (7), we obtain 

Ilx0 - yoll e -zL~n('-t~ <- I l x ( t ) -  y(t)ll  <<- Ilx0 -y0 l l  eZ"Ln(~-'~ (8) 

whence, by virtue of the condition [I x0 - Y011 > )~s, we get inequality (6). 

Choose an arbitrary positive r satisfying the conditions r < h and U r c U h . Assume, for definiteness, that 

the function dv/dt is definitely positive with respect to M in U h �9 

Iv ( t , x ) l  <- b(p (x ,  Mt)) and dv > c (p (x ,  Mt)) ' b , c  ~ K .  (9) 
dt 

Taking conditions (6) and (9) into account and assuming that an arc of the trajectory given by the solution x(t ,  

t 0, Xo) of system (1) lies in Ur for t ~ [to; t o + 0s], we obtain 
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V(to+O~, X(to+O~, to xo)) >- O,c(g,). 0 o )  

Since the function v possesses an infinitesimal upper bound with respect to M, there exists a natural number 

N(s) such that b(LN(~) ) < c(g~)0 s . The role of N(s) can be played by an arbitrary natural number satisfying the 

inequality N(s) > log2H - l o g  2 b -] (C(gs)Os). 
Condition (10) and the definite positivity of dv/dt enable us to conclude that 

(t, x(t)) ~ Uh\UZN(, ) 

for any t > 0; this and the second inequality in (9) imply that dv(t,x(t))/dt > C(LN(s) ). Hence, ire inequality 

v( t , x ( t ) )  > C(gs)O s + C(~N(s))(t-Os)holds for t > 0s. Denote M] = b(r). It follows from the last inequality 

that the arc of the considered trajectory (t, x(t)) corresponding to t ~ [t  o ; to+ T,] may not lie entirely in the set 

Ur ; here, 

Ts = b(r)-C(gs)Os + Os" 
c()~N(,)) 

If v (t o, Xo) < 0, we act as above and investigate the variation of the function v(t  o, x(t, t o, :Co)) as time t de- 

creases. We can repeat all the estimates given above with t replaced by - t  ; as a result, we conclude that the re- 

gion U r may not contain the entire arc of the considered trajectory (t, xq, t o, Xo)) for t ~ [t o - T s ; t,}, where .~ 

has the same sense as before. This completes the proof of the theorem, because U r is an arbitrary a priori fixed 

domain in Uh. 

Thus, we have shown that property (A) with respect to M is a necessary condition for the existence of the func- 

tion v, which admits an infinitesimal upper bound and has the derivative dv/dt of fixed sign with respect to M. 
Let us show that this property is not only necessary but also a sufficient condition for the existence of the func- 

tion v with the indicated properties. 

Theorem 2. Assume that condition (A) with respect to M holds in the region U H (Utt C FHI ). 

Then, for any positive number h, h < H, the following statements are valid: 

(i) There exists a function v( t ,  x )  having, in view of  Eq.(1), the derivative dv/dt o f  f ixed sign with 

respect to M in the domain U h and admitting in this domain an infinitesimal upper bound with re- 

spect to M ; furthermore, the function v ( t, x )  has the partial derivatives Ov/Ot, Ov/3xi , i = 1, 2, 
. . . .  n, continuous and uniformly bounded in the region U~,. 

(ii) I f  the functions X i are uniformly continuous in time in the region U#  for  t > O, then the function 

v (t, x)  possesses the continuous partial derivatives of an arbitrary order with respect to ail arguments; 
moreover, all these derivatives are uniformly bounded in Uh (each derivative is bounded by its own 

constant). 

(iii) If X i are periodic functions of  time t with the same period 03, M is the periodic integral set with per- 

iod 03, and condition (A) with respect to M is satisfied, then the function v (t, x)  exists in the re- 

gion U h and is periodic in t with period 03 ; i f  the functions X i and the set M do not depend on 

time explicitly and condition (A) with respect to M is satisfied, then the function v (x ) exists and 
does not depend on t explicitly. 
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Proof.  Denote by y a natural number satisfying the inequality 7 < �89 (H - h).  Let  k be the first natural 

number such that )~k < h .  As before,  we denote R (s) = U h \ U z  ~, s > k .  First, let us show that, for any number 

s > k, one can find a number N(s )  such that the arc o f  the trajectory corresponding to the solution x( t ,  t o, Xo) and 

lying inside the domain U H for  t ~ [to; t*]  (or for t e I t*;  to]), where I t*  - tol -< T~, has no points inside the 

domain UN(s) provided that ( t  o, Xo) ~ R(s). Here and below, when saying "an arc of the trajectory x ( t )  lies in the 

domain U H ," we mean that (t ,  x ( t ) )  ~ U H . It follows from inequalities (8) that 

Ilx(t) - y(t)ll >- I l xo -Yo l l exp( -nLHTs) .  

The condition (to, Xo)~  R(s)  gives Hx 0 - Y0l[ > 2-SH.  Since y ( t )  is an arbitrary trajectory in M, this proves 

the assertion formulated above provided that the role of  N(s)  is played by the least natural number satisfying the 

inequality 2 -N(s) < 2 -s exp ( - n L H T  s ) .  

Let Ys be a number satisfying the inequalities 

"~s <- 2-N(s)-2 H, Ys < 7" 

Let us construct the function v( t ,  x ) .  Consider a point ( t o Xo) ~ R(s)  for s > k. Since condition (A) with respect 

to M is satisfied, one can indicate a number 0 such that (t  o + 0, x( t  o + O, t o, Xo)) ~ Uh.~,, where 10 t < Ts (or 

t o < T, ). Assume, for definiteness, that 0 > 0 .  Then, according to Lemma 1, there exists a continuous function 

V = v (t, x, t 0, x 0) defined in the domain R x BH1 with the continuous uniformly bounded derivatives ~v/3t and 

Ov/3x i , i = 1, 2 . . . . .  n .  Moreover ,  by setting 7 = "fs in Lemma 1, we guarantee, in view of  the the choice of Ys, 

the validity of  the following conditions: 

v ( t , x ,  to,Xo) = 0 in U)~Nr and FHI \Uh+2~ ' 

d v ( t ' x ( t ) ' t ~ 1 7 6  >_ 0 in 
dr 

U h, (11) 

d v ( t ' x ( t ) ' t ~ 1 7 6  > d s in Ilx-x(t ,  to, x0)ll < a~ for t ~  ( to- '~s;  to+Zs) ,  
dt 

where positive numbers ~x s, d s , and z s depend only on s but not on the choice of the point ( t  o, x o) ~ R (s); the 
dv(t,x(t),to,Xo) symbol dt denotes the total derivative of  the function v ( t , x ( t ) , t o ,  Xo); x ( t )  is a solution of the differ- 

ential equations (1). Taking the fact  that the derivatives dxi /dt  are uniformly bounded on the set Uh+ ~, and in- 

equalities (11) into account, we can guarantee, by reducing the numbers x s and ~s, the validity of  the inequality 

dv( t , x ( t ) , to ,Xo)  

dt 
> d s for IIx-x011 < as and t Uo- z s ;  t0+'cs). (12) 

Below, we assume that condit ion (12) is satisfied. If condition (A) with respect to M is satisfied for the point 

(t  o, Xo) ~ R(s) and t < t o, then it is necessary to investigate the function v (t, x, t 0, x0 ) = V in Lemma 2 by using 

the same procedure (in the case o f  t o < T s , one should also use Lemma 2 with 0 = - to). 

The intersection of the set R(s )  with the hyperplane t = t o is compact for any t o ~ I. Hence, one can indicate 

a finite set of  points X(o O, l = 1, 2 . . . . .  N s from this set such that the system of  neighborhoods 1] x - x q) I[ < a s ,  
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l = 1,2 . . . . .  N s , covers this intersection. Denote to (k) = �89 k % k = 0, 1 . . . . .  

struct a function v (t, x, t(o k) , x(o O) according to the rule given above. 
Consider a function 

For every pair (t (k), x(00), we con-  

Ns 

k=0 t=l 

(13) 

This function has the following properties: Us(t, x) = 0 in the domain UN(s)+I; the first partial derivatives of the 

function vs(t, x) are continuous and bounded with respect to all variables in the domain FH1. Indeed, a neighbor- 

hood of any point (t, x)  E FH1 contains, for any t > 0, at most finitely many nonzero terms on the fight-hand side 

of equality (13), and the number of points is bounded by a constant independent of the choice of the point. In the 
domain R(s), the derivative dvs/dt of the function Vs(t, x) is definitely positive with respect to M because 

- , rt( k~- to~k+I,~], every point (t, x) ~ R (s) belongs, at least, to one neighborhood of the form ]1 x Xo (t) II < c~s t e~ L 0 , 
where inequality (12) holds for the corresponding term in (13). 

Assume that the inequalities 

I N s  0v, 
-~xi I < Ps, I--~-t [ < Ps, IVsl < Ps (14) 

hold. The function 

v(t,x) = ~ k  2@s V s ( t , x ) =  (15) 

satisfies all the conditions of the theorem. Indeed, the series on the right-hand side of equality (15) and the series 

Ov s~ 1 Ors and Ov s~. 1 Ors 
Oxi =. 2s Ps Oxi Ot =. 2s Ps Ot 

are absolutely and uniformly convergent in the region FH1 in view of inequalities (14). This proves that the func- 

tion v exists and is continuously differentiable. The existence of the infinitesimal upper bound of the function 

v(t, x) and the positive definiteness of the function dv/dt (both with respect to M) follow immediately from the 
properties of the functions vs established above. The first assertion of the theorem is proved. 

Let us prove the second assertion of theorem. If the functions Xi(t, x) are uniformly continuous in t in the re- 

gion FH1, then, by virtue of Remark 2 to Lemmas 1 and 2, the partial derivatives of the functions V = v(t, x, t o, x o) 
of any order exist and are uniformly bounded with respect to all variables. However, in this case, the functions v s 

also possess the continuous partial derivatives of any order with respect to all variables, and the following inequal- 
ities hold: 

OkVs Ps(k). (16) 

Consider function (15) with the numbers Ps defined in the following way: 

Ps = maxP~ k) for g = 1,2 . . . . .  s; k = 1,2 . . . . .  s. (i7) 
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The function v given by (15) is defined in the domain FHz and has continuous bounded partial derivatives of 

any order with respect to all variables. Indeed, by virtue of inequalities (16) and the choice of numbers Ps in (17), 

the series on the right-hand side of (15) and all the series composed of the partial derivatives of an arbitrary order are 

uniformly and absolutely convergent in the region FHv This proves the second assertion of  the theorem. 

We now prove the third assertion of the theorem. Let M be a periodic integral set with period co and let 

Xi( t , x )  be co-periodic functions. In this case, summation in expression (13) for v s can be carried out over all values 

of k between _oo and + oo, and the number "c s in (12) may be regarded as a divisor of the number co. Then the 

functions vs(t, x)  are periodic in time t with period co and preserve the other properties established earlier, i.e., the 

function v(t,  x)  determined by expression (15) is also co-periodic in time. 

Assume that the right-hand sides of Eq. (1) do not depend on time explicitly. In this case, when constructing 

the function Vs, we first choose the numbers "Cs > 0 to be divisors of a number co > 0. The functions v s obtained 

as a result are denoted by v~l)(t, x). Consider a sequence of functions 1 -I v~O(t, x), I = 1, 2 . . . . .  where v~ are con- 

structed by using the numbers "c s 1-1 instead of 'c s. Clearly, the functions v~O(t, x) are periodic in time with period 

co 1-1. In addition, the functions v~ t) / l are uniformly bounded in I in the domain FHr The functions 

1 0%~ 0 
m 

l at 

are also uniformly bounded in l (each function is bounded by its own constant). Indeed, if the number of nonzero 

terms v (t, x, to, x0) in the formula for v~ 1) can be bounded by a certain constant N in the neighborhood of every 

point (t, x) e FH1, then the number of nonzero terms in the formula for v~O(t, x) can be bounded by the constant 

NI in the neighborhood of the same point. Since the expression --7- contains, in this case, the factor 1 / I, the as- 

sertion concerning the uniform boundedness of --7- and all partial derivatives of --7- is, in fact, proved. Every 

function --7-v' possesses in FHa the derivative 1l av~t3dt , which is definitely positive with respect to M and satisfies 

the inequality 

1 dv~ t) 

I dt  
> d s >0, d s = const, (18) 

uniformly in l.  Indeed, at any point (t, x)  ~ R(t),  the number of terms v(t ,  x, t o, Xo) in relation (13) for v~ t), 

which satisfy inequality (12), can be bounded from below by l. This proves inequality (18). The functions f , 

as well as all the functions 

1 Okv~ l) 
7 ~ k 1 -~ k n OX 1 . . . O X  n Ot  kn§ 

form a family of uniformly bounded equicontinuous functions. Therefore, one can construct a subsequence vqv)(t, x) 
such that the functions 

~k v~tv ) 
v~ l~) and 
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converge uniformly in F/4~ to certain functions 

IJ s 
and ~k V s 

Clearly, the limiting function v s does not depend on time t explicitly; moreover, this function satisfies the in- 

equality dvs/dt  >_ d~ for ( t , x )  ~ R(s). Function (15) with Ps chosen according to (17) is, clearly, a stationary 

function satisfying all conditions of the theorem. Theorem 2 is proved. 

Theorem 3. I f  the integral set M of the system of differential equations (1) is uniformly asymptotically 

stable with respect to M and the domain U h ties in the domain of  attraction, then the domain Uh contains a 

function v( t ,  x)  having, by virtue of  Eq. (1), the derivative dv/dt definitely negative with respect to M . The 

function v is definitely positive with respect to M,  admits an infinitesimal upper bound with respect to M,  
and possesses uniformly bounded continuous partial derivatives of  the first order with respect to all variables in 
this domain. 

I f  the functions Xi(t,  x )  are uniformly continuous in time t ~ I in the domain Uhl, hi > h, then the 

function v( t, x) possesses the partial derivatives of  an arb#rary order with respect to all variables, and these de- 
rivatives are uniformly bounded in the domain Uh (each is bounded by its own constant). 

I f  M and Xi( t ,  X) are periodic with period 03 or do not depend on time, then one can construct the J;,znc- 

tion v as periodic with period 03 or independent of  time, respectively. 

Proof. First, we show that there exists a positive number k > h such that M is uniformly asymptotically 

stable and Uz belongs to the domain of attraction. Assume that 0 < ~q0 < �89 h and t o e L By Definition 3, there 

exists a number H >  0 such that U/4 C FH1 and x(t, to, Xo) ~ S(M,,H) for t _> t 0, provided that x o r S(Mto, h). 

Denote by y a positive number satisfying the relation 27 < p(~FHI, ~ UH). According to Definition 3, we have 

X(to+ T(q0), to, Xo) ~ S(Mto+r(no~, rio) for all x o ~ S(Mto, h). By the choice of y, we get the inclusion UH+ ~ 

FH1. Denote )~ = h + y  and 2~5 = min(y, rlo ) exp(-nLzT(qo)), where L z is the Lipschitz constant in conditions 

(5) in the domain Uh+ v. If (t o, x~ ) ~ Uh+~ and (t o x~' ) ~ Uh+5, then the inequalities 

II x(t ,  to, x6)  - x(t, to, x6')l l  < II x6 - x6' II exp(nL~lt-tol) (19) 

hold along the trajectories x(t, t o, x 6 ) and x(t, t o, x b' ) for the values of t at which the arcs of these trajectories re- 
main entirely in the domain UH+ ~. Consider the trajectories defined by the solutions x( t, t o, x(~ ) and x(t ,  t o, x~)" ) 

for t e [ to; t o + T(rlo)]; here, x~' is chosen arbitrarily, namely, x~' r S (Mto, h + 5), and x~ lies on the segment 

connecting the points x~)' and Yo, where Yo is the point in Mto nearest to x~'. In addition, x~ satisfies the con- 

ditions x 6 e S(Mto, h) and [I x6" - x6 II < 26. Further, we take into account that (t, x(t, t o, x 6 )) E U H , since 

xO ~ S(Mt o, h). By using inequality (19), we obtain 

Ilx(t, to, x 6 ) -  x(t, to, xb')]l < 25exp(nLv] t - to l )  < y, (20) 

whence it is possible to conclude that x(t, t o, x 6' ) ~ S (M t, H + 7)- Moreover, relation (20) implies that X(to + 

TO]o), to, xo) ~ S(Mto+ T(no), 2rlo), i.e., x(t o + T(rl0), t o, %) ~ S(Mto+T(no), h) by virtue of the choice of the number 
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"q0. For t = to+ T(rlo), the trajectory defined by the solution x(t ,  t o, xO" ) belongs to 

tion 3, we have 

X(to + T(rlo) + t, t O, Xo) ~ S(Mto+r(rlo)+t,'q) 

A. O, IGNAT'EV 

Uh. Therefore, by Defini- 

for all t > T(rl), x o e S(Mto, ~,), and ~, = h + ~ .  

Hence, the domain U)~ satisfies all conditions of Definition 3 necessary for the uniform asymptotic stability of 

M if the constants T)~(q) for the initial conditions (t o, x 0) ~ U z are determined from the relation T~.(rl) = T(rl o) + 

T01), where T are the constants from Definition 3 for the initial conditions (t 0, x 0) in the domain U h . 

Let us show that property (A) with respect to M holds in the domain Ux. Indeed, let 

t o >- T~,(II) and Xo~ S(Mto,)~)\S(Mto, rl). (21) 

Then the point X(to-T)~( 'q) ,  t O, x O) cannot lie in S(Mt0_Tk(n ), ~) since, otherwise, 

x( to ,  t o - T~,(rl), x ( t  0 - T)~('q), to, xo) ) = x O, 

but this contradicts assumption (21). 
Thus, condition (A) with respect to M is satisfied in the domain Uz for the arcs of negative semitrajectories. 

By virtue of Theorem 2, we can now conclude that the domain U h contains a function v( t ,  x )  admitting an infini- 

tesimal upper bound with respect to M and having in this domain the bounded continuous partial derivatives Ov/~t 
and Ov/~xi ,  i = 1, 2 . . . . .  n; moreover, its derivative dv /d t  is definitely negative with respect to M. In this case, 

the role of the function v is played by the function in Theorem 2 with inverse sign. In the case where the right- 

hand sides of Eq. (1) and the integral set M are periodic with period co (or do not depend on time explicitly), the 

function v is also periodic with period co (does not depend on time). The definite positivity of the function v with 

respect to M in the domain U h can be established immediately, if we note that all the terms v(t ,  x, t(o k), x(o 0 ) in 

relations (13) and (15) for the functions from Lemma 2 are nonnegative and, in addition, at least one term v(t ,  x, 

t(o k), xg  ) ) in relation (13) satisfies, by virtue of condition (12) and the choice of to (k), the inequality 

v (t, x ,  t(o k), X(o t) ) < -As < 0, A s = const, 

atevery point (t, x ) ~  R(s). 
If the functions Xi(t,  x)  are uniformly continuous in t ~ I in the domain Uh t, h 1 > h, then Theorem 2 implies 

that the constructed function v (t, x) possesses partial derivatives of an arbitrary order with respect to all variables, 

and these derivatives are uniformly bounded in the domain Uh (each derivative is bounded by its own constant). 

The theorem is proved. 

Consider the autonomous system of differential equations 

dx 
- f ( x ) ,  x ,  f ~ R n,  (22) 

dt 

where the function f satisfies the Lipschitz condition. In this case, the following corollary of Theorem 3 is valid: 
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Corollary. I f  system (22) admits a bounded invariant asymptotically stable set G, then a neighborhood of 

G contains a function v(x) ,  which is definitely positive w#h respect to G; by virtue of  (22), its derivative 

dv/dx is definitely negative w#h respect to G. 
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