ON THE EXISTENCE OF LYAPUNOYV FUNCTIONS IN
PROBLEMS OF STABILITY OF INTEGRAL SETS

A. O.Ignat’ev UDC 517.925

A nonautonomous system of ordinary differential equations is considered. If this system admits a uni-
formly asymptotically stable integral set, then a neighborhood of this set contains a function similar to
the Lyapunov function.

Consider a system of ordinary differential equations

dx
i X x), ¢))

where x, X € R” and ¢ € I=[0; o). Assume that the conditions for the existence and uniqueness of solutions to
system (1) hold for

(,x)eTy =1IxBy, By ={xeR": |x|l<H}. 2
In what follows, we assume that ||x[| = (¥% + x3 + ... + x2)¥? and H| is a positive number. Let us introduce

several definitions similar to those used in the books [1-6].

Definition 1. A set M in the space (t, x) is called integral if the inclusion (t,x(¢)ye M, t2 1y, hoids
for any point (19, xg) € M; here, x(t) = x(t, t3, Xg) is a solution of system (1) with the initial data x(ty) = Xg.

Let M C Ix R". Denote by M, an intersection of this set with a hyperplane 7 = s and by p(x, M,) the dis-
tance between the point x and the set M,. The set M is called periodic with period ® if

M, =M., 3

forany s /. We say that an integral set M is independent of time if (3) holds identically for all 5 and .

Definition 2. An integral set M of system (1) is called uniformly stable if, for all 1ty € I and €> 0, there
exists & = 6() > O such that the inequality p(xy, M) < 8 implies the inequality p(x(t), M,) < ¢ for t 2 1,.

Denote S(M,, r) = {xe R": p(x,M,) < r}.

Definition 3. An integral set M is called uniformly attracting if, for some W > 0 and any €> 0, there
exists 6 = O(g) > 0 such that the inequality p(x(z, 1y, xp), M,) < € holds for all 1y € I, x5 € S(M,O, N and
t>1ty+0.

An integral set M is called uniformly asymptotically stable if it is uniformly stable and uniformly attracting.
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We say that the region {(t,x)e R™': te I, xe SM,n)} belongs to the domain of attraction of the inte-
gral set M.

Following Lyapunov, we consider real functions v(r,x) of the variables  and x defined and continuously
differentiable in the domain Uy (M) = {(z,x) e R™l.1elxe S(M, H)} such that UyM) e er Unless other-
wise stated, we suppose that

v(1,x)=0 for rel and xeM,. 4)

Definition 4. A function v (t, x) is called definitely positive with respect to the integral set M of system
(1) if conditions (4) are satisfied and v{t,x) = a(p(x,M,)), a € K, where K is the Hahn function class [5].
Similarly, the function v{(t, x} is called definitely negative with respect 1o the set M if v(t,x) < —a{p{x, M,)),
ae K.

Definition 5. A function v (¢, x) admits an infinitesimal upper bound with respect to M in the domain
Uy (M) if there exists a function b € K suchthat |v(t, x)| < b(p(x,M,)).

Let us examine the problem of existence for a function v satisfying the conditions of a theorem similar to the
Lyapunov theorem on the uniform asympfotic stability of equilibrium state. To establish the existence of a function

of this sort, we use the method of Krasovskii [7]. Let Uy be a domainlyingin I'y, together with its closure Uy.
Below, we always assume that M is such that, for all positive » and H (h < H), we have the inclusion U, € Uy.
In addition, we assume that the right-hand sides of Eq. (1) satisfy the Lipschitz conditions in the variables x in any
closed domain Uy € Ty, ie.,

X6, x) = X660 < llxg ~xll G=1,..., n; L = const). 3

Let T be a positive number. Assume that the entire trajectory determined by the solution x(z, ty, xp) of system (1)
liesin I, for 0 < 2y <t<1,+6, where 0 <6 < T.

Lemma 1. Assume that Y>0, T>0, and 0< h <H are arbitrary given numbers. Then there exists a
function V(t, x) continuous with all its partial derivatives with respect 10 Xy, ... , X, , and t in the region T'y,
and satisfying the conditions

Vit,xy =0 for  Nx-xt . x)l =y and t€R,
av 3 ézXi + v >d for lx-x@ttx)ll<a and relty-T; tp+6],
dt {5 9% ot
% >0 for x|l < oo and 1€ (= tH+0+1T)
and for |lx = x@o+8, to,x)|l =¥ and teltg+0+7 p+0+21],

V>d for  |lx = x@t, 15, %) || < @ and te[1y-1; 15+0],
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V=20 for  t e (=eo tg=20) U (15 + 0 +21; +o0),

where T, O, and d are positive constants whose bounds are determined by the choice of the numbers v, T, h,
and H but do not depend on the choice of the point xy € S(M,, h).

Consider an arc of the trajectory corresponding to the solution x(z, 7y, x5) of system (1) and lying in the region
M, (M, C M) fortimes t & [z, 0, 5], where 0< 0 <T. Then the following statement is true:

Lemma 2. Assume that Y>0, T >0, and O0< h <H are arbitrary given numbers. Then there exists a

function V(t, x) continuous with all its partial derivatives with respect t0 X, ..., X, , and t in the region T'y,
and satisfying the conditions

Vi, x) =0 for lx - x@ 20, )]l = v and teR,
dv
= >d for lx - x@ 1t x| < and tely-0; n+1],
% >0 for x|l < e and te (1p~-0-1; )
and for x = x@ 0. x)ll = 7 and te [15-0-21; 1p-8-1],
V< ~d for Hx = x@ to. xp)ll < @ and teln-0;n+1],
V=20 for te (—eo; 1p—-0-21)U (79 + 21; ),

where T, O, and d are positive constants whose bounds are determined by the choice of the numbers ¥, T, h,
and H but do not depend on the choice of the point xo € S(M,, h}.

Remark 1. In Lemmas 1 and 2, the functions V(z, x) possess partial derivatives aa—‘r/ and g;f—} of the first
order, which are uniformly bounded by some constant Ny, ie., I % l < Ny and -g{— i < Ny, where the bound

N, is determined only by the choice of the numbers v, 7, &, and H.

Remark 2. Assume that the functions X; (¢, x) are uniformly continuous in time ¢ in each domain Ugs. Then,
for every natural number %, one can indicate a constant N; > 0 such that there exists a function V satisfying the

conditions of Lemma 1 (or Lemma 2) and the inequalities
ofv
Ak . dxkn g

<N, k=12,....

Assume that 0<h<H, Ay =H, = 27H, k= 1,2, ..., and R (k) = U,\Us,. Introduce the following
definition:

Definition 6. We say that a property (A) holds in the domain Uy with respect to the integral se: M if,
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for any O < h < H and any natural number k, one can find a number Ty > O such that there is no segment
of the trajectory x(t) = X (t, to, Xo), suchthat (t,x(@) € Uy for t € [ty — Ty; to+ Tx), tg = Ty, and
(to, Xp) € RE).

The property (A) with respect to M is a necessary condition for the existence of a function v admitting an in-
finitesimal upper bound with respect to M and such that dv/dr is of fixed sign with respectto M . We now prove

this.

Theorem 1. Assume that Uy is a domain lying with its closure in the domain Uy . If it is possible to con-
struct (in each Uy) a function v(t,x} admitting an infinitesimal upper bound with respectto M in U, and
having, by Eq. (1), a derivative of fixed sign with respect to M, then the property (A) is satisfied in the domain
Uy with respectto M.

Proof. Let U, C Uy . Assume that a function v (¢, x) having the properties indicated in the assertion of The-
orem 1 is constructed in the domain U, . Choose s such that A <h ((7;” C U, (t, xg) € R(s), and (2, xp) 2 0.

First, we show that within the period Ar = 68;, where 9 is a fixed positivenumber, all the points on the trajectory
x(2) satisfy the condition

p(x(2),M,) > hyexp(-nLy8;) = i, ©

where Ly, is the Lipschitz constant. Let y(z) = y(z, #, yo) € M, be an arbitrary trajectory of system (1) belonging
to the integral set. Further, we have

d 2 2203 (x oy (P - DY 0% (x - UK x) - X,
& (O =3I = 23 =3 G = 50) = 23 (=060 = X,6.7)
<23 Ix - %lIX @0 - Xenl < 2Lgllx -y 1Y 1% - vl < 2lyllx - yIP
i=1 i=1

L1k -yI? 2 ~22ynllx - y I )
By integrating inequalities (7), we obtain
1% - Yoll e 2570~ < Jlx(r) — y@ll < [1xo = yoll 2" 55¢~®, (8)
whence, by virtue of the condition ||xy — yol| = A;, we get inequality (6).

Choose an arbitrary positive r satisfying the conditions r <k and U,C U,. Assume, for definiteness, that
the function dv/dr is definitely positive with respectto M in Uj:

[v(s,x)] < b(p(x,M;)) and % > c(p(x, M), b ceKkK. )

Taking conditions (6) and (9) into account and assuming that an arc of the trajectory given by the solution x(z,

to, Xp) of system (1) lies in U, for ¢ € [#); 15+ 6], we obtain



On the Existence of Lyapunov Functions in Problems of Stability of Integral Sets 1035
U(Zo'{" Gs, X(to'{"es, o Xo)) = GSC(IJS) ' 10)

Since the function v possesses an infinitesimal upper bound with respect to A, there exists a natural number
N(s) such that b(kN(s)) < c(l,)8,. Therole of N¢) can be played by an arbitrary natural number satisfying the
inequality N(s) > logy H —~logy b1 (c(,)6,).

Condition (10) and the definite positivity of dv/dr enable us to conclude that

(2, x(1)) € UNUy,

for any ¢ > 0; this and the second inequality in (9) imply that dviz,x(z))/d: = c(?\,N(s)). Hence, the inequality
v(t,x(2)) 2 c(u)6, + c(kN(s))(t—Gs) holds for ¢ > 6;,. Denote M; = b(r). It follows from the last inequality

that the arc of the considered trajectory (z, x(z)) correspondingto 7 € [#;; o+ T,] may not lie entirely in the set
U,; here,

7 = b)—c(p8,

+ 6
c(;\’N(s))

5 .

If v(zp,x9) < 0, we act as above and investigate the variation of the function v(#, x(z, g, Xp)) as time 7 de-
creases. We can repeat all the estimates given above with ¢ replaced by —; as a result, we conclude that the re-
gion U, may not contain the entire arc of the considered trajectory (¢, x(, 7, xp)) for ¢ € [ty — Ty ; 15], where T
has the same sense as before. This completes the proof of the theorem, because U, is an arbitrary a priori fixed
domain in Uj,. '

Thus, we have shown that property (A) with respect to M is a necessary condition for the existence of the func-
tion v, which admits an infinitesimal upper bound and has the derivative dv/d: of fixed sign with respectto M.

Let us show that this property is not only necessary but also a sufficient condition for the existence of the func-
tion v with the indicated properties. '

Theorem 2. Assume that condition (A) with respect to M holds in the region Uy Uy < rH-)-
Then, for any positive number h, h < H, the following statements are valid.

(i) There exists a function v(t, x) having, in view of Eq.(1), the derivative dv/dt of fixed sign with
respect to M in the domain U, and admitting in this domain an infinitesimal upper bound with re-
spect to M ; furthermore, the function v (2, x) has the partial derivatives ov/ot, ovfdx;, i = 1, 2,

... n, continuous and uniformly bounded in the region Uy.

(ii) If the functions X; are uniformly continuous in time in the region Uy for t > 0, then the function
v(2, x) possesses the continuous partial derivatives of an arbitrary order with respect to ail arguments;
moreover, all these derivatives are uniformly bounded in Uy (each derivative is bounded by its own
constant).

(iil) If X; are periodic functions of time ¢t with the same period ®, M is the periodic integral set with per-
iod ®, and condition (A) with respect to M is satisfied, then the function v (t, x) exists in the re-
gion U, and is periodic in t with period ®; if the functions X; and the set M do not depend on

time explicitly and condition (A) with respect 1o M is satisfied, then the function v(x) exists and
does not depend on t explicitly.
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Proof. Denote by Y a natural number satisfying the inequality v < %(H —h). Let k be the first natural
number such that A; < k. As before, we denote R(s) = U h\U;u, s 2 k. First, let us show that, for any number
§ = k, one can find a number N (s) such that the arc of the trajectory corresponding to the solution x(z, 7q, x5) and
lying inside the domain Up, for ¢ e [zp;2*] (or for 7 € [1%; 1g]), where |1* — #| < T, has no points inside the
domain Uy, provided that (7, xp) € R(s). Here and below, when saying “an arc of the trajectory x(z) lies in the
we mean that (z, x(¢)) € Uy. It follows from inequalities (8) that

k44

domain U He

[x() = yOl = llxo-yp llexp (—nLyTy).

The condition (#p, o) € R(s) gives ||xy — yoll = 27°H. Since y(s) is an arbitrary trajectory in M, this proves
the assertion formulated above provided that the role of N(s) is played by the least natural number satisfying the
inequality 27V < 275 exp (—nLyT,).

Let vy, be anumber satisfying the inequalities
v, < 7Ny <y

Let us construct the function v(z, x). Consider a point (1, xy) € R(s) for 5§ 2 k. Since condition (A) with respect
to M is satisfied, one can indicate a number 9 such that () + 6, x@+ 6, 7o, xp)) € Uy, where |ef< T, (or
to < T,). Assume, for definiteness, that © > 0. Then, according to Lemma 1, there exists a continuous function
V =v(t,x ty xp) defined in the domain R X By, with the continuous uniformly bounded derivatives dv/or and

ovfox;, i = 1,2, ...,n. Moreover, by setting Y = ¥, in Lemma 1, we guarantee, in view of the the choice of ¥,
the validity of the following conditions:

v(t, xt5%) = 0 in Upygrt  a0d - Ty U,

o xDloX0) 5 in U an
dr he

Q&ZI)’ZO—’@ > d in lx = xt 1, x) |l < o, for e (1p—1,; to+1,),

where positive numbers o, d,, and T, depend only on s but not on the choice of the point (zy, xo) € R(s); the
symbol 113(—3%@ denotes the total derivative of the function v(z, x{(z),7q, Xg); x(¢) is a solution of the differ-

ential equations (1). Taking the fact that the derivatives dx;/dt are uniformly bounded on the set Uj,, and in-
equalities (11) into account, we can guarantee, by reducing the numbers T; and «, the validity of the inequality

y o for Jlx-xll <o and e (-1 5t T). (12)
t

Below, we assume that condition (12) is satisfied. If condition (A) with respect to M is satisfied for the point
(g, %) € R(s) and 1 < t,, then it is necessary to investigate the function v (z, x, 15, xp) = V in Lemma 2 by using
the same procedure (in the case of #, < T, one should also use Lemma 2 with 8 = —1p).

The intersection of the set R(s) with the hyperplane ¢ = 1, is compact for any ¢y 1. Hence, one can indicate
a finite set of points x{P, { = 1,2,...,N, from this set such that the system of neighborhoods || x -xP 0 < oy,
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l=1,2,...,N,, covers this intersection. Denote z(()k) = %k T k = 0,1, .... For every pair (t((,k), x(()l)), we con-

struct a function v (s, x, 19 x(()’)) according to the rule given above.
Consider a function

w N,
v, (2, x) = z Z v(1, x, t(()k),xg)). (13)
k=0 I=1

This function has the following properties: v,(¢,x) = 0 in the domain U NGy 1 the first partial derivatives of the
function v (z, x) are continuous and bounded with respect to all variables in the domain I'y,. Indeed, a neighbor-

hood of any point (¢, x)e I'y, contains, for any ¢ > 0, at most finitely many nonzero terms on the right-hand side
of equality (13), and the number of points is bounded by a constant independent of the choice of the point. In the
domain R({s), the derivative dv,/dr of the function v (s, x) is definitely positive with respect to M because
every point (¢, x) &€ R(s) belongs, at least, to one neighborhood of the form |[jx — xg) l<a,, te {ték); t(()k )y,
where inequality (12) holds for the corresponding term in (13).

Assume that the inequalities

av
==l <p, | <P mi<p (14)
hold. The function
— 1 .
vt x) = z —— V{7, X) (15
s=k 2 s

satisfies all the conditions of the theorem. Indeed, the series on the right-hand side of equality (15) and the series

oS 1w oo 1w
— = b d —_— = s
ax, 2:; P ox, 0 ; P, ar

4
are absolutely and uniformly convergent in the region I'y, in view of inequalities (14). This proves that the func-
tion v exists and is continuously differentiable. The existence of the infinitesimal upper bound of the function
v (¢, x) and the positive definiteness of the function dv/dr (both with respect to M) follow immediately from the
properties of the functions v, established above. The first assertion of the theorem is proved.

Let us prove the second assertion of theorem. If the functions X;(z, x) are uniformly continuous in 7 in the re-
gion Iy, then, by virtue of Remark 2 to Lemmas 1 and 2, the partial derivatives of the functions V = v(z, x, 7, Xo)

of any order exist and are uniformly bounded with respect to all variables. However, in this case, the functions v,

also possess the continuous partial derivatives of any order with respect to all variables, and the following inequal-
ities hold:

A ®)
axh aksnakm < BT
X ...0x," Ot

(16)

Consider function (15) with the numbers P defined in the following way:

Py =maxB® for p=12..,5% k=125 (17)
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The function v given by (15) is defined in the domain I'y; and has continuous bounded partial derivatives of

any order with respect to all variables. Indeed, by virtue of inequalities (16) and the choice of numbers P; in (17),
the series on the right-hand side of (15) and all the series composed of the partial derivatives of an arbitrary order are

uniformly and absolutely convergent in the region I'y,. This proves the second assertion of the theorem.

We now prove the third assertion of the theorem. Let M be a periodic integral set with period @ and let
X;(t,x) be o-periodic functions. In this case, summation in expression (13) for v, can be carried out over all values
of k between —eo and +eo, and the number T, in (12) may be regarded as a divisor of the number ®. Then the
functions v, (#, x) are periodic in time ¢ with period ® and preserve the other properties established earlier, i.e., the
function v(¢, x) determined by expression (15) is also ®-periodic in time.

Assume that the right-hand sides of Eq. (1) do not depend on time explicitly. In this case, when constructing
the function v,, we first choose the numbers 7; > 0 to be divisors of a number ®> 0. The functions v, obtained
as aresult are denoted by vg)(t, x). Consider a sequence of functions /- vg)(t,x), [=1,2,..., where v, are con-
structed by using the numbers 7,/~! instead of T,. Clearly, the functions vgl)(z, x) are periodic in time with period
/-1, In addition, the functions vgl) /1 are uniformly bounded in / in the domain I'y,. The functions

0
axf1...x"n grfrt

!
!

are also uniformly bounded in / (each function is bounded by its own constant). Indeed, if the number of nonzero
terms v(t, X, to. Xp) in the formula for v?) can be bounded by a certain constant N in the neighborhood of every

point (z,x)e T, Hy then the number of nonzero terms in the formula for vgl)(z, x) can be bounded by the constant

o
NI in the neighborhood of the same point. Since the expression v; contains, in this case, the factor 1//, the as-

() )
sertion concerning the uniform boundedness of 1;— and all partial derivatives of ”; is, in fact, proved. Every

% . s dvl I - . . .
function %~ possesses in Iy the derivative +<%—, which is definitely positive with respect to M and satisfies

the inequality

L
!

> d; >0, d; = const, (18)

uniformly in /. Indeed, at any point (z, x) € R(z), the number of terms v (¢, x, tp, Xp) in relation (13) for v(l)
o

vs

which satisfy inequality (12), can be bounded from below by /. This proves inequality (18). The functions ——,
as well as all the functions

k(D)
a"v;
axfL...oxkn e

I
!

form a family of uniformly bounded equicontinuous functions. Therefore, one can construct a subsequence vz, x)
such that the functions

k()
) dv
vs and a kl a Skn kn+l
X! ...0x," O




On the Existence of Lyapunov Functions in Problems of Stability of Integral Sets 1039

converge uniformly in T'y, to certain functions

k
2"v
XL ... axn grfen

v, and

Clearly, the limiting function v, does not depend on time ¢ explicitly; moreover, this function satisfies the in-
equality dv /dt 2 d, for (t,x)e R(s). Function (15) with P, chosen according to (17) is, clearly, a stationary
function satisfying all conditions of the theorem. Theorem 2 is proved.

Theorem 3. If the integral set M of the system of differential equations (1) is uniformly asymptotically
stable with respect to M and the domain U, lies in the domain of astraction, then the domain U, contains a
function v{(¢t, x) having, by virtue of Eq.(1), the derivative dv/dr definitely negative with respect to M . The
function v is definitely positive with respect to M, admits an infinitesimal upper bound with respect to M,
and possesses uniformly bounded continuous partial derivatives of the first order with respect to all variables in
this domain.

If the functions X;(t, x) are uniformly continuous in time t € [ inthe domain Uy, hy > h, then the
function v(t, x) possesses the partial derivatives of an arbitrary order with respect to all variables, and these de-

rivatives are uniformly bounded in the domain U, (each is bounded by its own constant).
If M and X;(t, x) are periodic with period ® or do not depend on time, then one can construct the func-

tion v as periodic with period ® or independent of time, respectively.

Proof. First, we show that there exists a positive number A > % such that M is uniformly asymptotically
stable and U, belongs to the domain of atiraction. Assume that 0< 1, < % h and t, € /. By Definition 3, there
exists a number H >0 such that UH C I‘H1 and x(z, ¢y, xo) € S(M,, H) for t = #,, provided that x, € S(My, h).
Denote by Y a positive number satisfying the relation 2y < p(dl'y, dUy). According to Definition 3, we have
x(tg+ T(Mo)s tg. Xp) € S (M,0+T(n0), Mo forall xo & S(M,;, h). By the choice of 7y, we get the inclusion Uy o &
I'y,. Denote A = h+7Y and 28 = min(y, no) exp (—nL, T(No)), where L, is the Lipschitz constant in conditions
(5) in the domain Uj,.,. If (75, xp) € Unss and (#p X5 )€ Unes, then the inequalities

1 x(2, 19, ) = x(2, 20, x| < [l %6 — x5 fexp (nLy 12 ~10]) 19

hold along the trajectories x(z, #y, x5 ) and x(z, 7, xg ) for the values of ¢ at which the arcs of these trajectories re-
main entirely in the domain U Hey- Consider the trajectories defined by the solutions x(z, 75, x5 ) and x(z, 1o, x7 )
for te [#p; 1o+ T(Mp)]; here, xg is chosen arbitrarily, namely, x§ € S(M, h+ d), and x{§ lies on the segment
connecting the points xy and y, where y, is the pointin M, nearestto xg. In addition, x{ satisfies the con-
ditions x5 € S(M,

w7 and ] x§ —xg (| < 28. Further, we take into account that (z, x{z, 7, x5)) € Uy, since

xp € S(M,, h) . By using inequality (19), we obtain

l1x(2, 10, %) = x(2, 10, 25| < 28exp (nL,l1-1g]) < ¥, (20)

whence it is possible to conclude that x(z, 2y, x5 )€ S(M,, H+ 7). Moreover, relation {(20) implies that x(f,+
T(Mo) 9, Xp) € SMyy+T ey 2No)» 1.6, x{tg+ T(Mp)s fp, Xp) € S(M,O+Tmo), h) by virtue of the choice of the number
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no. For ¢ = 15+ T(np), the trajectory defined by the solution x(t, #p, xg ) belongs to U, . Therefore, by Defini-
tion 3, we have

x(tg + T(p) + ¢ 1o, Xp) € SMyyeT@g+M)

forall >T(M), xe SMy,A), and A= h+3,

Hence, the domain U, satisfies all conditions of Definition 3 necessary for the uniform asymptotic stability of
M if the constants 75 (n) for the initial conditions (14, x9) € U, are determined from the relation Ty () = T(n) +

T(m), where T are the constants from Definition 3 for the initial conditions (to, Xo) in the domain U, .
Let us show that property (A) with respect to M holds in the domain Uj;. Indeed, let

o2 T)Mm) and xpe S, M\S@HM,, ). 2D
Then the point x (t5— T3 (M), 1, Xp) cannot liein SM, 1, A) since, otherwise,

x (g tg — T, (M), x(o — Th(N), 29, X)) = Xps

but this contradicts assumption (21).

Thus, condition (A) with respect to M is satisfied in the domain U, for the arcs of negative semitrajectories.
By virtue of Theorem 2, we can now conclude that the domain U,, contains a function v(¢,x) admitting an infini-
tesimal upper bound with respect to M and having in this domain the bounded continuous partial derivatives dv/ot
and ov/dx;, i=1,2,...,n; moreover, its derivative dv/d: is definitely negative with respect to M. In this case,
the role of the function v is played by the function in Theorem 2 with inverse sign. In the case where the right-
hand sides of Eq. (1) and the integral set M are periodic with period ® (or do not depend on time explicitly), the
function v is also periodic with period @ (does not depend on time). The definite positivity of the function v with
respect to M in the domain U, can be established immediately, if we note that all the terms v(z, x, 15 xg)) in
relations (13) and (15) for the functions from Lemma 2 are nonnegative and, in addition, at least one term v(7, x,
t(()k), xg) ) in relation (13) satisfies, by virtue of condition (12) and the choice of zg‘), the inequality

v(s, x, z(()k), xg)) < -A; <0, A = const,

atevery point (z, x)€ R(s).

If the functions X;(z, x) are uniformly continuous in ¢ € / in the domain Uy, h; > h, then Theorem 2 implies
that the constructed function v(z, x) possesses partial derivatives of an arbitrary order with respect io all variables,
and these derivatives are uniformly bounded in the domain U, (each derivative is bounded by its own constant).
The theorem is proved.

Consider the autonomous system of differential equations

&

= f(x), x,feR", (22)
dr

where the function f satisfies the Lipschitz condition. In this case, the following corollary of Theorem 3 is valid:
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Corollary. If system (22) admits a bounded invariant asymptotically stable set G, then a neighborhood of
G contains a function v(x), which is definitely positive with respect to G; by virtue of (22), its derivative
dv/dx is definitely negative with respect to G.
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