Advanced Nonlinear Studies 6 (2006), xxx—xxx

Isolated Singularities of Solutions of Quasilinear

Anisotropic Elliptic Equations

Yuliya V. Namlyeyeva,
Andrey E. Shishkov*, Igor I. Skrypnik *

Institute of Applied Mathematics and Mechanics of NAS of Ukraine,
R. Luzemburg str. 74, 83114 Donetsk, Ukraine
e-mails: namleeva@iamm.ac.donetsk.ua
shishkov@iamm.ac.donetsk.ua

skrypnik@iamm.ac.donetsk.ua

Received 14 June 2006
Commumnicated by Laurent Véron

Abstract

We consider a wide class of degenerate quasilinear second order elliptic equations

n
with model representative ) (|uzi\pi72uzi)m =0,1<p <p2< ... < pa,
i=1 i
whose solutions have singularity at a point. There are established sharp point-
wise conditions for removable isolated singularity of solutions of such equations.
For solutions with non-removable point singularity (source type or fundamen-
tal solution), precise upper and lower estimates near the singularity point are

obtained.
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1 Introduction

The paper is devoted to the study of behavior of an arbitrary generalized solution
to quasilinear anisotropic elliptic equation of general form

" d ) )
Lu := Z Tmai (x,u, 82) —ag (x,u, 8Z> =0, VaeN{zo}, (1.1)

near the isolated singularity point ¢ € Q C R™, n > 2. Here €2 is a bounded domain.
We assume that functions a;(x,s,€), i = 0,1,...,n, are defined in Q x R* x R",
satisfy the Caratheodory conditions, and there exist constants K7, K5 such that for
every x € Q, s € R', € € R* the following inequalities hold:

Zai($,8,€)fi Z Kl Z ‘£l|p1 - g1($)|8|p - fl(x)a Kl > Oa
=1 i=1

1
1Pi

n _ 1
|ai(x,s,§)| < K> Zlfj'pj +92(x)|5|p(1 pi) +f2($)7 i=1,n, Ky < o0,

Jj=1

(1.2)

pi(1=5) 4 ga(2)]s[Pt + f3(x).

ao(l‘, 575) < th(x”fz
=1

Here nonnegative functions h;(x), gi(z), fi(x), i = 1,2, 3, j = 1, n, are contained in
certain definite Lebesgue classes over the domain  (see § 2),

I 11
I1<pr<pa<ps<...<pp <00, —:i1=-— —, p<n (1.3)

p ne<— pi

As the simplest model example of equation from (1.1) we can keep in the mind

"0 ou

i —2
P ou

8%) =0 in Q\{z}. (1.4)

In the case
1<p1:p2:...:pn:p§n (15)

equation (1.4) has the source type (fundamental) solution of the form
u(z) = o —xo| 7T, p<mi uw)=Inlz—w|, p=n; (1.6)

which exhibits the solution with ”minimal” singularity at @ = x¢. J. Serrin [6]
firstly proved that even for general isotropic equation of the structure (1.1) with
conditions (1.2), (1.5) singular at one point zg, a solution w(x) with the following
asymptotic

u(m):0<|x—x0|_g+5>, 0>0, 1<p<n, (1.7)
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u(x) :O(|hﬂ|33—3!:0||1_5)7 0>0, p=n, (1.8)

does not exist.

Further analysis of sufficient conditions for removability of singular solutions has
been made by many authors for different classes of nonlinear elliptic and parabolic
equations (see, for example, the book [8] and references therein). Firstly the precise
point-wise sufficient condition for removability of isolated singularity of solution to
general isotropic equation (1.1) (case (1.5)) was found in [5] in the form

max u(x)| = o T_ﬁ), 1<p<hmn, 1.9
e () ( p (1.9)

1
In—

r<|e—zo|<Ro r

max  |u(z)| = o (

) , p=n. (1.10)

As to anisotropic equation like (1.4), we do not know whether there exists explicit
source type solution in the form similar to (1.6). Existence of nonnegative funda-
mental solution to equation (1.4) was proved in [9] under the following additional
restriction:

l<p<p<...<pp<(n—1)(n—p)"'p if p<n. (1.11)

Moreover, it was proved ([9]) that such a fundamental solution belongs to the
anisotropic Sobolev space

u(x) € Wi (Q) := {v e whi(Q): % cL%(Q), i= 1,n} , (1.12)

where real ¢; must satisfy the following conditions

l<qg<nlp-Dptn—-1)"tp, i=T1n. (1.13)

It is easy to check that function

, I<p<mn,
p(pi — 1) +n(p —pi)

_n=p_§
n p—1 . 1
us(a) = (Z 21— 2o, b) , b= 2 1)
i=1
(1.14)
satisfies condition (1.12) with some ¢; = ¢;(d) from (1.13) for an arbitrary § > 0.
Here ¢;(6) — n(p — )p~'(n — 1)71p;, i = I,n, as § — 0. This fact yields the
following:

Conjecture 1.1. The function ug(z) define the asymptotic of an arbitrary remov-
able singularity point of solution to equation (1.1)

|u(z)| = o(up(x)), 1<p<n.

Conjecture 1.2. The function ug(x) (us(x) with 6 = 0) defines the asymptotic of
source type solution as for model anisotropic equation (1.4) and for general equation
(1.1) of the structure (1.2) as x — xo.
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In this paper we will exploit the method of local point-wise estimates elaborated
by I.V. Skrypnik [7] to get these results.

The paper is organized as follows. In Section 2 assumptions and main results are
formulated. The auxiliary integral estimates for solutions with isolated singularity
are established in Section 3. We prove the fundamental point-wise estimate for
solution in Section 4. Theorem on removable singulary is established in Section
5. In Section 6 the upper and below point-wise estimates showing the sharpness
of removability conditions from Theorem 2.1 for fundamental solution of equation
(1.4) are stated.

2 Formulation of assumptions and main results

Firstly we describe assumptions for the functions g;(z), f;(x), h;(x) from conditions
(1.2), which define the structure of equation (1.1). Namely let us introduce functions

n

Hi(w) i= Y h2(@) 401 (2)+95(@) + 1)+ fo(@), Halw) i= D (ga(@)+ fo(w)) 7T
i=1

i=1
and suppose that for some J, 0 < § < min((1,p; — 1),

Hi(z) + Hay(z) € L2 (2), 1<p<n. (2.1)

Definition 2.1. A function u(x) is siad to be a generalized solution of equation
(1.1) in N\{zo}, if u(z) € W(%)(Q’) =Ww! () for an arbitrary subdomain

T T P1,p25-Pn
Q' C Q such that ¢ & Q' and the following integral identity holds

- ou\ 0 ou
Zl/ai (x,m 8x> oz, (Yp)dx + /ao (axu, 81:) Y de = 0. (2.2)
= Q

Here p(z) € V%/%p)(Q), Y(x) € C1(Q) are an arbitrary functions. ¢ (z) is equal to

zero in a neighborhood of xg.

Now we introduce the family of subdomains

n by
b;
Qr)y:=<ze€Q:l(z):= (Z |z; — x07i|*’1> <rp,b from (1.14), 1 <p<mn,
i=1

Pr1

Qr) =<z eQ:l(x):= <Z|xz—xoz|§1> <ry V¥r>0, p=n. (2.3)

i=1

Let Ry be an arbitrary number satisfying the inequality

0 < Ry < {dist ({z0},dQ)}. (2.4)
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Define now the function M (r) connected with a solution u(x) of equation (1.1)
M(r) :=esssup {|u(z)|: xz € Q(Ro)\Q(r)}, 0<r < Rp. (2.5)

Regularity result from [1] yields that M (r) < oo for an arbitrary r > 0. Now we
shall formulate our main results.

Proposition 2.1. Let u(z) be an arbitrary solution of equation (1.1) in Q\{zo}
in the sense of Definition 2.1. Let (1.3), (1.11) hold. Suppose that function M (r)
satisfies the following conditions:

-1
n— 1
lm M(r)rv=t =0 if 1<p<n, or lir% M(r) <ln ) =0 if p=n. (2.6)
r— r

r—0

Then there exist positive constants Cy, 7y, which depend on known parameters only,
such that
n—p
M) <Cor v 7 ¥Vr:0<r<Ry l<p<mn; (2.7)

1—~
1
M(r) < Cy [ln} Vr:0<r<Ry, p=n. (2.8)
T

Theorem 2.1. Let u(x) be an arbitrary solution of equation (1.1) in Q\{xo}. Let
all conditions of Proposition 2.1 hold. Let additional structural conditions (1.2) be
satisfied with

g1(z) = fi(z) = 0. (2.9)
Then the singularity of solution u(x) at the point {xo} is removable and the integral

identity (2.2) holds for ¢(x) = 1.

Now we consider source type (fundamental) solution U(x) of equation (1.4), that
is weak solution of the boundary value problem

LoU =—06(x—x9) in Q, U(x)=0 on 090. (2.10)

If condition (1.11) is satisfied, then such nonnegative solution exists ([9]) and (1.12)

—Dpi .
holds. The validity of inequalities p; — 1 < M, i = 1,n follows from (1.11).

p(n—1)

Therefore (1.12) implies that

ou
al’i

c P (), i=1,n.

Then U (z) satisfies the following integral identity
z“: / ‘ U (x)
=19, O

for an arbitrary function p(z) € C}(9).

P2 9U (x) 9p(x)

dz = ¢(0), (2.11)
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Introduce now the following function, connected with fundamental solution U (z)
m(p) :=ess inf {U(x):2 €0 p)}, Vp>0, 1<p<n. (2.12)

The following statement proves Conjecture 1.2 with respect to the model anisotropic
equation.

Theorem 2.2. Let U(x) be a fundamental solution of equation (1.4). Then there

exist positive constants Ry, dy,d1, depending on parameters n,pi,...,p, only, such
that
dop™ 71 < M(p), m(p) < dip~» 1 ¥p<Ry, if 1<p<n, (2.13)
1 1 .
doln— < M(p), m(p) <diln—- VYp <Ry, if p=n. (2.14)
P p

3 Auxiliary integral estimates of the solution

We will realize our analysis of singularity satisfying condition (2.6) in some steps.
Firstly we deduce some integral estimates of solution under consideration. Without
loss of generality it can be assumed that the function M (r) satisfies

lim M (r) = oo. (3.1)

For the constant Ry suppose that
M(Ro) > 1. (3.2)
Let us set
ur(z) = (u(z) — M(R),0)4,
E(R) = {z € Q(R)\{xo} : u(z) > M(R)}, (3.3)

for an arbitrary R € (0, Ry).

Later on, by c, ¢;, C, C; we will denote different positive constants which depend
on known parameters of the problem under consideration only. Without loss of
generality it can be assumed that g = 0. Now we introduce the nonnegative cutoff
function ¥ (t) € C*°(R;) satisfying conditions

() =0 for t <1, ¥(t)=1 for t > 2, ’dqi)lit)‘ <2 for te[l,2]. (3.4)

Denote by #,.(x) our main cutoff function

n b1
b,
Yr(x) = [t (E xi|bl> Vr>0, 1<p<mn (3.5)
i=1
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n

Yp(z) :=2—2(In7) ' In (Z |24 p1> in Q(v/r)\Q(r),

=1
Pe(x) =0 in Qr), ¥.(z)=1 outside Q(v/r), Q(r) from (2.3), p=n.
(3.6)

It is easy to check:

mes Q(r) < er’™;
pi

/ ‘?;ir dxgcr(n i))ipﬁl) Vr>0, 0<p<nmn;
a(Re) (3.7)
8 Pi e
/ ‘ W dxgc(lnr_l) (s 1), Vr>0, p=n.
axi
Q(Ro)

Define also function w(r):

n—p\P1—1
w(r) = (M(r)rvfly , Vr>0, 1<p<m (3.8)

w(r) = (M(r) (lnr_l)fl)plil , Vr>0, p=n. (3.9)

Lemma 3.1. Assume that conditions of Proposition 2.1 are satisfied. Then there
exist positive constants C1 # C1(r, R), Ro # Ro(r, R) such that

Z / ‘5;‘ PP (z)de < CL{M (r)w(r) + MP"(R)}

Le(r)y

(3.10)

VrR:0<r<R<Ry, 1l<p<mn,
where w(r) is from (3.8) if 1 < p <n and from (3.9) if p =n.
Proof. Let us substitute into the integral identity (2.2) the test functions:

p(x) = up(@)er (@)1, W(z) = Pr(@),

where 1, (z) is defined by (3.5) if 1 < p < n and by (3.6) if p = n. After simple
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computations, using structural conditions (1.2) and the Young inequality, we deduce

/ ‘8%

PP (z)de < ¢ / Hy(x)ul ()P (x)da+

=1E(Rr) E(R)
+ i MP"(R) / <gl(1’) + g;;(x)) dx+
E(R)\Q(r)
(3.11)
- N
Jrcl; / uR( x) oz, + 957 (x)uP(x) | dz+

=lk(mnER)

+a / lfl(x) + 3 [fal)] 7T + fs(x)] d,
E(R)\Q(r) =t
where Hy(z) is from (2.1), K(r) := Q(2r)\Q(r) if 1 <p < n, K(r) := Q/r)\Q(r)
if p=n.
First we shall consider the case 1 < p < n. We estimate the first term in the
right-hand side of (3.11) using conditions (2.1), the Holder inequality, and inequality

(2.1) from lemma 7.1 with a3 = -+ = a;,, = 0. As result we obtain
/ M@ @i < [ i) e)dos
R\Q(r E(R)\Q(2r)

dx 4+ MP(r)rn=pPTo

- ou |?
+ / Hy(z)uby(x)da < e R / ‘ 7.

K (r) =lgrR)\Q(2r)

(3.12)
By using conditions (2.1), property (3.7), and the Hélder inequality we have

> / [uRu

pi

oot )T e)| de <

(3.13)

n
<c3 Z MP: (T)TH(M—U + e MP (r)rm—PFo,
i=1
Using assumption (2.1) we estimate the second and fourth integral terms in the
right-hand side of (3.11) by constant. Let us suppose that Ry satisfies the following

smallness condition also
creoRS <271, (3.14)

It is obvious that

pl—lzmin{p—l, in {p; — 1}, min {p(p_l)}} (3.15)

1<i<n Di
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It follows from inequalities (3.11)-(3.13), assumption (3.14), property (3.15), and

assumptions (2.6), (3.1) that (3.10) holds.
For the case p = n this statement can be proved in the same way. In this case

instead of inequalities (3.12), (3.13) we get:

2 ou

/ Hy (z)uly (2)yP (z)dz <cq R? Z / ’ax-
=lp®\an) ’
(3.16)

E(R)\Q(r)
ad}r pi

| T [92(55)}”?1#(@} do <

> [ [ww

<cs ZM’”(T) (lnr_l)_(pi_l) + s MP(r)r3.

i=1

Then using the same arguments completes the proof of Lemma 3.1.
For an arbitrary R < Ry we define the number py = po(R) by equality

M(po(R)) = max {2M(R), M (?) } , (3.18)

and the set
E(p,R) :={z € Q:0<ugr(x) < M(p)— M(R)} Vp < po(R). (3.19)

Lemma 3.2. Assume that conditions of Proposition 2.1 are satisfied. Then there

exists positive constant Co such that the following estimate holds

> ]

E(p,R)

x / {ilhj(iﬂ)

E(p)

DPi

ou

oz, U (z)dx < Cy(M(p)w(r) + MP"(R)) + CaM (p)x

(3.20)

ri(1-3)
+ gg(m)up_l(x)}wf" (x)dx, 1<p<n,

ou
&z:j

for every 0 < r < p < po(R).
Proof. Let us substitute into the integral identity (2.2) the test functions:

p(x) = min [ur(z), M(p) = M(R)] 2"~ (z), ¥(z) =¢r(z), 1<p<n (3.21)
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Using assumptions (1.2) and Young’s inequality we obtain

Z/ 33:1

¢p (x)dx < 1 / Hy (z)uly (2)YP (z)dz + e1 M (p) x
E(p,R)

E(p,R)
1—L
n n D; Pi .
<> [ ou +gz(w)up(1_”)+f2(:v)1 ’Zf Yl dat
=l (mNE(R) j=11""
n ou pi(1-3%)
vetlp) [ S m@ e e )+ fala) pt )k
B(p) ~I71 !

L e MP(R) / (f(@) + gs(2)) da.
E(p,R)

(3.22)
Consider the case p < m. The first term in the right-hand side of (3.22) we
estimate analogously to (3.12)

Hy (z)uly ()P (z)de <

E(p,R)

(3.23)

dx + Mp(r)r"*pﬂS

- ou |P
)
< e RZ / ‘axi

= E(p,R)\Q(2r)

By using the Holder inequality, Lemma 3.1, definition (3.8), and inequality (3.7),
we estimate the second integral term in the right-hand side of (3.22) as follows

1_

n
ou |* 8%« 1
on n= <
Z / Z/‘ax 0x; v @)de <
Slr@ner) T
pgl w (3.24)
n n ou pj 8¢r pi .
< 2 e (a)d d
<) > lgm| v [ 5] e <
=1 \g(nE(R) I=" K ()
< 032 T rzj'pi; < cuw(r).

By the same arguments and due to assumption (2.1), we deduce

n

> [ aeet e

=l ()NE(R)

PP (2)dx < esw(r). (3.25)
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Let us suppose that constant R, satisfies the following additional smallness

condition
c1eoRS < 271, (3.26)
Taking into account (3.23)—(3.25), we derive from (3.22) estimate (3.20).

The proof of inequality (3.20) in the case p = n is realized by the same argu-
ments, substituting into the integral identity (2.2) test function (3.21) with ), (x)
from (3.6). Similarly to the proof of inequalities (3.16), (3.17) it is not hard to show
analogues of estimates (3.23)—(3.25) for the case p = n. This concludes the proof.

Lemma 3.3. Let all assumptions of Proposition 2.1 be satisfied. Then there exist
positive constant Cs such that the following estimates hold:

n au pi n— p2 pp—1 5
Z | v @)de < Gy (w) + T 40t ) 1<p<m
- (3.27)
pi 1 *pp;
Z / up! Ou PP (x)dr < Cs (w(r) + {ln } ' +p26"> o P=Em
¢ ox; r
TE(p)

(3.28)
forall0 <r < p<po(R)<Ry. Hereq=1+2"1(n—p)"16ifl<p<mn, qg>1if
p=n.

Proof. Let us substitute into (2.2) the test functions

o) = {[M(p) = M(R))"™ — [max(un(z), M(p) — MCR)]'™} 4~ ),

where ¢, () is defined by (3.5) if 1 < p < n, and by (3.6) if p = n.
After simple computations, using structural conditions (1.2) and the Young
inequality, we obtain

g/ Ou

5391
+ fu(@)] v ) + e M9 (p) Z / {Z\axj

Di

@i <er [ upn) n@e@
E(p)

1

_|_
=L (rmnB(p)
+ ga(yu15) (2) +f2<m>} ‘aw’" o () da+

o) [ Zh” W7D (@) + gy @) (2) + fy(w) § 9P (@)d

(3.30)
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Let us set
n

A=Y [ W@ @ @),

I=1E(p)

It is easy to see that E(p) C Q(p) V p < po(Rp). Therefore due to condition (2.1),
Holder’s inequality, and assumption (2.6), we have

n—p+34 n—p+34

n n

T ,q;+5 (nfp)
bi) dx ,

a(p—1)n n
Ap<ecp / up " da <c3 /<Z |2
E(p)\Q(r) a(p) N1
where b; are from (1.14),1 < p < n;

)
5 b1 2
n Py qn(;(; ) n

a(p—1)n

A <cy / up ° (z)dr| <cs / In <Z|x1
=1

21) dx ,
E(p)\Q(r) Q(p) =

(3.31)

bp=mn;

here 0 <7 < p < po(R) < Ryp.
Introduce a new independent variables

. sis , (3.32)

Therefore after simple computations, by using (3.32), we estimate the right-hand
side of (3.31) as follows:

n—p+d
_gn(n—p) n
n n—p+4 n (iil)
Mze| [ (S Tl ay <
ylr<p Ni=l i=1
3 o nepke (3.33)
_94:_71*10 +Z 0 _1
<er /|y| TUET <espt, 1<p<m
0
2 —1ya(p—1) = o=
Ay < copr(Inp™7) < crop?, p=1n;
where 0 < r < p < po(R) < Rp. In the same way we deduce
g3(x)uP 1 (z) P (z)da < cllp%, l<p<n. (3.34)

E(p)
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Consider the first term in the right-hand side of (3.30)

/ g1(x)ug? (z)uP ()Y (z)dz < c1o / g1(x)uly I ()P (x)da+
E(p) E(p)
+ c12MP™%(p) / g1(z)dr < c13 (M”_q(p)P"_”+5 + pé(ﬁﬂ)) , 1<p<m
E(p)
[ ot ey @i < e (M) + (mp ) pR)  p =
E(p)

(3.35)
Using condition (2.1), we deduce easily too:
[f1(x) + f3(x)]dz < 015p"_p+%7 1<p<m (3.36)
E(p)
= 0, " nop pi-l _n-p .pi=l
Z / fa(x) c';/) dxgclgzr(p—lﬂ ri P < eppr 1) w1 Pol<p<ong
=15{p) " =
- Or _1y-p2Lt
Z / fg(JJ) a’ﬁ dx < C18 (lnr 1) Py , p=n.
e

(3.37)
Therefore after straightforward computation, by using (3.33)—(3.37) and inequal-

ities (3.24), (3.25) for 1 < p < n (and its analogues for p = n), we obtain (3.27),
(3.28) from (3.30). Lemma 3.3 is proved.

Now we introduce the main integral a priory estimate of solution.

Proposition 3.1. Let all assumptions of Proposition 2.1 be satisfied. Then there
exists positive constant Cy such that

> |

=B(p,R)

ou
Bxi

pi
e (@)do <

(3.38)

< Cy {M(p) {w(r) P +pg} + 1}, if 1<p<n;

> |

=B(p,R)

ou
Bxl-

pi
Y (@) de <

(3.39)

P11

1 Py 5
w(r) + (ln ) + p2n

r

< (4 {M(P)

Jrl}, if p=n.
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Proof. Let us estimate the second term in the right hand-side of (3.20) from Lemma
3.2 by inequality (3.27). Using Holder’s inequality and estimate (3.33), we obtain

pf(l_%) (11 _1
) [ @ |oel T e e @i <
E(p) !
<atp) | [ |5 i | | [ e @ | <
E(p) ! E(p)

p(n—p)(p1—1) 5 % s
< cM(p) <w(p) +r DT 4 p2> P
By this estimate and inequality (3.34), it follows from (3.20) that (3.38) holds.

In the same way we derive (3.39).

Corollary 3.1. Let all assumptions of Proposition 2.1 be satisfied. Then there exist
positive constant C3 such that

>/
=1E(p,R)

It is not hard to prove that this Corollary is an immediate consequence of Propo-
sition 3.1. Indeed, in virtue of assumption (2.6) we have that w(r) — 0 as r — 0.
Then, passing to the limit in (3.38), (3.39) as r — 0, we obtain (3.40).

ou
3xi

Di
dz < C4 (M(p)p%—l—l), i=1n, 1<p<n. (3.40)

4 Point-wise estimates of the solution

Let us define the new family of cutoff functions. Fix a positive numbers a;, i =
1,2,3,4,0 < a; < as < az < ay, and define function x23:%4(s) € C*(R!) such that

ap,a2

0<x%%(s) <1, VseR!,

al,a2

as,aq az,aq

Xaras(s) = Lin (az,a3), Xa7as(s) = 0 in R'\(a1, a4),

dXa3 a3 (5) ‘

o < cemax{(az —a1)"', (as —az)"'}.

Let us set
as,aq

Xl(m) = Xai.az (l(iﬂ)),
where function /() is from (2.3), 1 < p <n. It is easy to check that
xi(x) =1 in Q(a3)\Q(asz),
xi(x) =0 in R™\{Q(as)\Q(a1)},
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1-& -+ 1-2 -4
oxi(x a; tHay, U oay tHa,
(z) < cmax{ —* 2z 3 4 , (4.1)
63%- a9 — a1 ay — asg

where constant ¢ does not depend on a;, i =1,2,3,4, 1 <p <n.
Let u(x) be a solution from Theorem 2.1 and ur(z) is defined by (3.3) for an
arbitrary R,0 < R < Ry. Then we consider the family of sets

Ap(s,t) :={z € Q:ur(zx) >k} N (Q)\Q(s)), 0<s<t. (4.2)
Fix also a constant o € (0,271).

Lemma 4.1. Let all assumptions of Proposition 2.1 be satisfied. Then there exists
positive constant Cs # Cs(k,r,0) such that the following estimates hold:

3o

n ; 1_£+
ou | EETUE r 3r nt
Z = dr < Cso™Pn <mes Ag <2 5 )) ;
z:lAk(Tu;a)’s»«u;a))
1<p<hn,
n ; s
8 Di 3 P
Z Y1 de < Cso™Prr=0(Inr~ )P ((mes Ay ( =, or , p=
z:lAk(T(l;a)’sruz—a))
(4.3)
Proof. Let us substitute into the integral identity (2.2) the test functions:
p(a) = (ur(r) = k)4xP"H(x), ®(@) =xr(z), 1<p<mn,
where
Xr (%) = Xa2as(l(z)) with [(z) from (2.3), k>0, r >0,
and 3 3
r r r r
— _ = —(1 = —(1— = —. 4.4
@ =5, a2 2( +0), a3 2( 0), as 5 (4.4)
1 1-—
Denoting Ay, = Ak ; 3; s Apro = Ag <T( ;U), 31 ( 5 U)), using struc-

tural conditions (1.2) and Young’s inequality, we deduce after standard computa-

tions

+a /(fl( )+ fs(z d$+01z / u? ()

Ag r Ak,r\Ak,r,o

fe Z [ (2t + 1) ) 9[22

=1
Ak, r\Ak,r,o

x)dr < ¢y / Hy (z)uP (x)xP (z)dx+
A,

pi

Ixr () dot (45)

8@-

dx,
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where Hy(z) is from (2.1). Using conditions (2.1) and property (4.1), we estimate
integrals in the right-hand side of (4.5) as follows

/ H (@) ()t () < a0 (L) (ames Ap) HF (4.6)
Ak‘.r
/ (f1(@) + fo(@))dx < cs (mes Ay,)' 777 (4.7)
Ak,
Pi 8XT " —Pi —% Pi r
uPi(x) B dx < cqo™Pip™ o MPi (5) mes (Ag,\Ak ro), (4.8)
Ak, \Ak,r,o ’
[ (@0 4 1) nto) - 1) | 5 o < oot
Ak, \Ak,r, o ‘
(4.9)
r r\2(1-7) +1 1- 242 2D
X (M <§) +M (5) > [mes(Ak »\Ak r.o)] i i

Due to inequalities (3.7), it follows from Ay, C Q(2r) that mes Ay, < cr”. Using
this fact, condition (2.6), inequality (4.5), and estimates (4.6)—(4.9), we obtain (4.3).
This completes the proof of Lemma 4.1.

Let us fix constants kg > 0, o9 € (07 2’1)7 p > 0, and introduce the sequences:

kn=ko(2-2""), h=0,1,2,...

ty, = ;p(l—oo(l—Q_h)), h=0,1,2,... (4.10)
s = g(l too(1—27"), h=0,1,2,...
According to definition (4.2) consider the sequence of sets
Ap = Ag, (Sn,tn), h=0,1,.... (4.11)

Now we shall prove the following generalization of Theorem 5.1 ([2]) to the anisotropic
case.

Lemma 4.2. Let all conditions of Proposition 2.1 are fulfilled. Then there exists
positive constant Cg such that the following a priory estimates hold:

vraimax u(x p(1+3) _(14-200=p)\,
(Q(‘””’(l— o))\ﬂ(”((l)+ o))) < Cop (550 / up(x)de, 1<p<n,
2 g zlTo
2(30)\2(%)
(4.12)
vraimax u(x p(H—%) —on 1. 2n2 "
(9(3”0 o>)\ﬂ(”(<1)+ o>)> < Cop™"(lnp™) 8 / up(@)de, p=mn.
2 g zlTo
a(30)\2(%)

(4.13)
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Proof. Consider the case 1 < p < n. We introduce the additional sequences of
numbers:

_ 1 B 3. 1 3
th,Q(th+th+1)2p(l 00<1 72 >) h=0,1,...

1 3._
3y = 2(sh—|—sh+1)=g<1—|—ao <1—42 h)), h=0,1,...

Define the family of cutoff functions
as(h),as(h
Chia (@) = X2O e (@), h=0,1,2,...,

where aq(h) = Sp, as(h) = sp11, az(h) = thy1, as(h) = tp.
Due to Holder’s inequality and the embedding theorem defined by lemma 7.1,
we have

Jhy1 = / (ur(z) = kpg1)Pde < / (ur(z) = kn1)? Gy (2)da <

Apt1 Ak, 1 Grotn)
n—p
_ 2 np  _PT
< (mes Akh’Jrl (Eh, th)) " / (uR(:c) — kh+1) n—p Ch"_;f (l’)d$ <
Akp oy Gnotn)
o _ .z
< (mes Akh+1 (Sn, th)) "X
p
" ou |”* . O |
X H / (‘83: C}ﬁ-l(f) + (ur(2) = kny1)?” 3; dz
=t Ak, 1 Gnotn)
(4.14)

Using the embedding theorem with ¢ = %, we get such estimate for the case p = n.
It follows from Lemma 4.1, that there holds

ou P -
= Codr <
Fo / ‘81‘1 =

h+1

Ak, 1 Grotn) (4.15)
— p(n—p P33
<ciogmpT et )_52hp" (mes Akhﬂ(sh,th))l ntn
In virtue of property (4.1) and assumption (2.6) we have also
e b
R1 = / (UR — kh+1)Pz 72}.:; de S
Akh_*_l(ghygh)
(4.16)

< czoap’?pihp_%Mpi (Sn)mes A, (sn,tn) <

_ _pn=p)
< egoy Propnh = e 0 (mes Ay, ., (sn.tn

))17%+% .
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Using estimates (4.15), (4.16), we deduce from (4.14) that

7(@(]:*1))

5
Jhe1 < c42p”hp = +9) (mes Akh+1(3h7th))1+n . (4.17)

Estimate mes Ay, (sp,ts) from above as follows
Jn > / (ur — kp)Pdx > (kpy1 — kn)Pmes (Akh+1 (Sh,th)) =
Ak g (snotn)

= 2_p(h+1)kgmes (Ak?h+1 (Sha th)) .
By the last estimate, inequality (4.17) implies that
Ths1 < 0521’(2+n)hk*”(1+ >p—(7p(§:1”) +9) J,}f%, h=0,1,... (4.18)
Due to Lemma 7.3 it follows from (4.18) that
Jp, — 0 as h — oo, (4.19)

if Jy satisfies the smallness condition

n

_ 5 (n—p) 5 (2n+8)n
Jo < |eskyPUFR) pm s T pongae (4.20)
or, equivalently,
kg(w%) > o Fot ™ = () g, (4.21)

Estimate (4.12) follows immediately from (4.19), (4.21). To conclude the proof,
it remains to note that using the same arguments we obtain (4.13) for p = n. The
smallness condition for this case is the following:

2n

0 < [Cokg ™ b nptyr] T g ),

Now we are ready to prove Proposition 2.1, which is a main step on the way to
the proof of Theorem 2.1.

Proof of Proposition 2.1. Since 2 < ) \ Q( ) cCFE (g,R), by the Holder in-

equality, we obtain

I, = / ub(x)dx < cp? / up " (x)dx
2(30)\2(8) E(5.R)
Applying embedding Lemma 7.1 with a1 = a2 = -+ = a,, = 0, inequality (3.40)

from Corollary 3.1, and assumption (2.6), we deduce from the last inequality that

neary [ |

E"R

8 dz < ¢ (M(p)pp+% +pp> < cap 3RS
z;
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Inserting this estimate into inequality (4.12), we obtain after simple computations

_n—p

~ vraimax u(x) < cyp P (1l (4.22)
Q%2 (1-00))\( 5 (1+00))

From this estimate necessity of inequality (2.7) follows immediately. Proposition
2.1 is proved in the case 1 < p < n.

5 Proof of Theorem 2.1

Define

A:min{l-(pll)(pl)v nlp—pmpl—l}, (5.1)

2 n—p "n—p
where v is from (2.7).

Lemma 5.1. Let all conditions of theorem 2.1 are satisfied, then there exists positive
constant Cg such that

n Pi »
Z /(u — k)Mt gg dx < Cy (kar)‘*l +1) mes A}1€7;+%7 1<p<mn,
=14 ¢
~ ~ (5.2)
for every k > k. Here k depends on known parameters of the problem only.
Proof. 1t is easy to check the following property
_ ° R
v () == (u — k)j\rwi Hx) e W%@(Q(RO)) vk > M (2()) , 1> pn, (5.3)

where 1,.(z) is the cutoff function from (3.5). Due to property (5.3) we can substi-
tute into the integral identity (2.2) the test functions:

p(x) = vp(2), ¥ =1vr(2), k>M (];0) .

Using structural conditions (1.2), we obtain

n B au pi n N awr .
(u—k)M! YL(z)dr <c (u— k)P S0 gy
ra . [ @) @) + ) | 5| aot
'L:lAkn (54)
+c / [th)(m)(u — k;)if’—l—&-)\ + g3(x)(u — k)iup—l_i_
Ay =1

3

+ fa(@)(w = k)|l @)de = >,
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where A, = {z € Q(Ry) : u(x) > k}. Property (2.7), the Holder inequality, and
estimate (3.7) imply that

I < CQT%(plfl)(H%) I, < CsT%(lii)(lJr%é) (5.5)

) )

In

Is < ¢y (/ (u— If)n%]f—lz)H Y (z)n-» dm) ! (mes Ak)% +
Ay

+cq (K71 + 1) (mes Ak)l_%Jr% .

(5.6)

Applying Lemma 7.2 with a; =1 - X, i =1,n, q¢= ( np ) (1 + %), we deduce
n—p
NG EEN =
( / [(w— Ky (@)7 ] dz> <
A
n .
0 pi (Pi+A—1)
oo [ hp |G ) B e (5.7
=14 Ti
n ) Wpitr-1) | O pi 1 9
—k pi—1+A ” —pFa=1 P | 2T dr == I( ) I( )
+C5;/(u ) U () | A=Y+
=1}

Similarly to (5.5) we estimate I§2). Therefore from inequality (5.4), due to (5.5)—

(5.7), it follows
ou

u_k_)\—l
g/A< e

<cs (i/Ak(u—k)’\_l

i=1

Pi

P (z)da <

T

ou
8331’

rr-D(14525) |

Pi I(p;+X2—1)
'Q[Jr pFA=L dr | % (58)

X (mesAk)% +ogr? (e
pLs
+ cg (k;p"')‘_l + 1) (mesAk)l_ﬁ"_" .

This inequality yields to

I (2r) := Z / (u— k)’\_l

=1 A n@\Q2r)

Di

dr <

(’9:102-

< cg (mesAk)% I (r) + cop(r) + ceg(k), (5.9)
g(k) == (k:p+A_1 +1) (mesAk)l_%+% ,

_ 3o () )

R
S
=

|
.
—~
=
+
‘z\:
4
~

p(r)
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Starting from this estimate, we can use the same scheme as in Lemma 3.1. But we
propose here another way of proof.

Now we come back to the term I3 from (5.4) and estimate it using inequality
(2.7). As result, using additional condition (2.1), we obtain

Iy < exM(P (14 M) (mesA) =54 <

P

(5.10)
< cg (r_(ﬁ—V)(P“‘U + 1) (mesAg) "t .

Using now estimates (5.5), (5.10), we derive from inequality (5.4)

L2r) < co (r” +1) ¥r >0, 1/—<(Z:]13)—'y> (p+A—1)>0.  (5.11)

Thus, nondecreasing function Iy (r) satisfies both inequalities (5.9) and (5.11). We
shall prove that there exist number £ > 0 and sequence r; — 0 as i — 0o, such that

Ii(ri) < (mesAp) ™" (u(ry) + g(k)) Wk > k. (5.12)

The proof of (5.12) corresponds to scheme of analysis of nonhomogeneous func-
tional inequalities, (see Lemmas 5, 6, [10]). Let us suppose that (5.12) fails and,
consequently,

w(r) +g(k) < (mesAk)% I(r) Vr: 0 < r < ro. (5.13)
Using (5.13) and (5.9) yields
I (2r) < 2cq (mesA,;)% Ii(r) Yk >k, ¥Yr < rg. (5.14)
Iterating this relationship, we deduce easily the following estimate
s AN
I(r) > (2¢6) 7" (mesAy) " I(ro) (7‘0) Vr < 7o, (5.15)

where h(k) = (In2)~? (—1In(2¢6) — 2 In (mesAy)). Let k be a fixed number such
that the following inequality holds

h(k) = (In2)~! <2 In ((mesA,;)*l) - ln(2¢:6)> > v, (5.16)

where v is from (5.11). It is clear that estimate (5.15) contradicts to estimate (5.11)
for such k. Therefore our assumption (5.13) is not true and estimate (5.12) is proved
for k, satisfying condition (5.16). Substituting estimate (5.12) in the right-hand side
of (5.9) and passing to the limit as ; — 0, we obtain (5.2). Lemma 5.1 is proved
in the case 1 < p < n.

Proof of Theorem 2.1. Due to Lemma 7.2 witha=1—- X\, ¢ = nL_p(p—F)\ —1), we
deduce from (5.2) that

n—p

npia-1) - pie
/(u— k), " dx < kP (mesAy) T (5.17)

k
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Using the Holder inequality, we have additionally

AT
n(ptA—1) np
/(u —k)pdr < /(u —k), """ dx (mesAy)' "= . (5.18)
Ak k
Combining (5.17) and (5.18), we obtain
/(u — k)ydz < k (mesAy) TReD Vi > k. (5.19)

Ak

The boundedness of a solution u(z) in domain Q(Ry) follows from (5.19) (see Lemma
5.1, [2]). Using mentioned boundedness and property (3.7), we can pass to the limit
in inequality (3.11) as r — 0. Then

b

Let us take in the integral identity (2.2) as a test function ¢ (z) = 1, (x). Then due
to boundedness of solution and property (5.20), it is easy pass to the limit in (2.2) as

ou
6l‘i

Pi
dr < c. (5.20)

r — 0. Thus, we obtain validity of integral identity with an arbitrary ¢ € W%@(Q)

and 9(z) = 1. Theorem 2.1 is proved in the case 1 < p < n. These proofs results
can be repeated for the case p = n, using appropriate estimates from Section 3.

6 Point-wise estimates of source-type solution

Proof of Theorem 2.2. Let us introduce the family of cutoff functions

P (x) =1—.(x) Vr >0, (6.1)

where ¢, (x) is from (3.5). We fix now an arbitrary p > 0 and substitute into the

integral identity (2.11) the test function ¢ = @ép(x), [ > np. Using the Holder
inequality, we get

i OU P2 QU —i—1, Oy, (7)
1=1 . 20 gy <
Z; ow| Bt gy #S
=laup)\a(2p)
p;—1 1
n oU |Pi " 8@2 Di Pi
< clz / 7. Uz / yrei—1) 7” de |
= \aup)\a20) Q4p)\Q(20)
(6.2)

where 0 < A < 1. Let x,(z) be the cut-off function from (2.3) with

a; =p, ax=2p, az=4p, as = 6p.
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Substituting into the integral identity (2.11) the test function ¢(x) := Ul_’\(x)xlp(x)
yields

° U
> | s

I=10(4p)\0(2p)

Dj by

U=Mx)dr < ¢y i UPi=(x) ’E)xp(ac) dx. (6.3)

‘ ox;
I=10(6)\0(p) !

Estimating the first term in the right-hand side of (6.2) by (6.3) and using property
(3.7), we obtain

pi—1

[ _, eepeen L Gem =D 7
1§CBZ ZM(P)p] Ap e (M(Zp))‘(pl Dp 1 ) <
i=1 \j=1
s (6.4)
n n e\ P pPg
<a Y [> (Mp)pit)
i=1 |j=1

From (6.4) the first estimate in (2.13) follows immediately. Now we shall prove
the second inequality from (2.13). Let us introduce the following function v(z) €

o1
W 5(Q(Ro)), which was firstly used by J.Serrin, [6]:

0, u(z) < M(R)
o(@) = { u(w) - M(R),  M(R) < u(x) < m(p)
m(p) — M(R), u(@) > m(p).

Substitute into the integral identity (2.11) the test function ¢(x) = v(x). As result

we obtain
zn: / ou
81:1-

=M (R)<u(z)<m(p)

Pi

dx =m(p) — M(R). (6.5)

Due to Lemma 7.1 and (6.5) we have

( / |v<x>|de> <c(m(p) - M)}, g= 2. (66)
{u(z)>M(R)} n—p

It is easy to see that

=
L}
I

[ p@rar= [ @ i) - M) 60
{u(2)>M(R)} w(@)>m(p)
Combining (6.6) and (6.7) we obtain (2.13). Theorem 2.2 is proved in the case

1 < p < n. It is not hard to prove the same result in the case p = n by the same
arguments.
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7 Appendix

Lemma 7.1 ([1]). Let @ C R™, n > 2, be a bounded domain, function v(z) €
Wi(Q), and

n ov |Pi
> [l oo | de<oe, aizo, pizt
1 O0x;
=ta
) np 1 2 o
If 1<p<mn,pisdefined by (1.3), then v(z) € Ly(Q), ¢ = 1+=> —
n—p N i=1 Pi
and the following inequality holds
()
n ; 19
| ov |P mei\tta Xy
< K. X — - Nl
ol < KT [ [ et | 5| do SN (a8
i=1 Q
where the constant K3z depends on n,c;,p;, © = 1,...,n only. If p = n, then
v(z) € Ly(Q) for an arbitrary ¢ > 1 and inequality (7.1) holds with the constant K

depending on n, i, p;,q, 1 =1,...,n only.

It is easy to prove the following statement by obvious computations using Lemma,
7.1.

Lemma 7.2. Let v(z) € W1(Q) and

> [

=1 ¢

av Pi )
e der <oo, a; >0, p; >1, a;<p;, 1=1n.
K3

13w .
If1 <p<mn, then v(z) € Ly(Q), ¢ = np (1 = Z) and the following
=
inequality holds

ov

8xi

ol < Fa ] { [ ot
=1\

with some positive constant K3 depending on n, oy, p;,i = 1,n only.
If p = n, then u(z) € Ly(Q) for any ¢ > 1 and inequality (7.2) holds with the
constant K3 depending on n, oy, p;,q, Qi = 1,n.

Lemma 7.3 ([2]). Let sequence y;, L =0,1,2,... of nonnegative numbers satisfies
the following relationship

Y1 < cblylprs7 [=0,1,...

where positive constants ¢ > 0,6 > 0,b > 1 do not depend on l. Then the following

estimate is true
a+e)l-1 a+el-1_ 1
e 2 =

yw<c
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Particularly, if

1
2

Yo < 0 :=c bz

then y; < 0b— = and, consequently, y; — 0 as | — oo.
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