International Applied Mechanics, Vol. 44, No. 2, 2008

NECESSARY AND SUFFICIENT STABILITY CONDITIONS FOR INVARIANT SETS
OF NONLINEAR IMPULSIVE SYSTEMS

R. I. Gladilina and A. O. Ignat’ev UDC 539.36

Necessary and sufficient conditions for the uniform asymptotic stability of the invariant set of a
nonlinear impulsive system are established

Keywords: stability, impulsive system, Lyapunov function, invariant set

Introduction. Systems of impulsive differential equations adequately model many real physical systems subjected to
short-term forces at certain instants of time. Impulsive systems are of interest due primarily to their numerous applications,
including those in mechanics. For example, such systems can be used in robotics, in space engineering, in modeling
vibropercussion machines, buffer units, etc. Intensive development of the theory of impulsive systems and their successful
application in applied problems require efficient stability criteria for solutions of such systems. The studies [1, 3,4, 6, 7, 9-17,
etc.] contributed a lot to the development of the theory of stability of impulsive systems. The Lyapunov-function method is one
of the most efficient techniques for stability analysis of nonlinear impulsive systems.

The overwhelming majority of published studies that use the direct Lyapunov method analyze the sufficient stability
conditions for solutions of impulsive systems, giving little attention to the issue of existence of Lyapunov functions. Whether
Lyapunov functions exist is the key question in the direct Lyapunov method because answering it would indicate whether it is
expedient to apply the Lyapunov-function method. The necessary conditions for the stability of solutions of impulsive systems
with respect to all variables were established in [2, 11].

The purpose of this paper is to derive the necessary and sufficient conditions for the uniform asymptotic stability of the
invariant set of a nonlinear impulsive system.

Problem Statement. Consider a system of differential equations with impulsive effect at fixed times:

dx
== f(t,x), t#1;,
i S(t,x) i

Ax=1;(x), t=1; (ieN) (1.1)

wheret eR_ ,xeQ cR", iR, xQ—>R",[;:Q—>R", f(¢,0)=0,and 7, (0)=0.

Denote the phase vector by x = (3, z),y € R™, z € R®, (m + s = n), and the vector functions f(¢,x)and /; (x)by f=(Y,Z)
and I; =(J;,J; ), respectively.

Let x(¢) = x(t, ty, xo) = 0/(t, ty, x0), 2(t, ), X)) be a solution of system (1.1) satisfying the initial conditions x(¢y) = x,. The
solution of system (1.1) is assumed left continuous at the points ¢ = 1;.

We will consider the problem in the domain

Q=Qy =BR xRS, (H>0), Bp={yeR™:||)|<H}
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We adopt the following hypotheses for system (1.1).
(Al). The function f(¢,x)is continuous and has bounded partial derivatives in the domain R, xQ:

of -
L(t,x <K, j=L..,n, k=1..,n (1.2)
8xk

(A2). The function /; (x)1is continuous and has bounded partial derivatives in the domain Q:

oI’ (x)

<K, j=L..,n, k=1...,.n (ieN). (1.3)
8xk

(A3). There exists a constant /7 € (0, ) such that if x €Q,, then
x+1;(x)eQy (ieN)
(A4). The sequence of times {t; } satisfies the following conditions:
0=t <1; <Tp <.y, T; 20 @S i—>©; T;-T,120>0 (ieN)

(AS). The solution of system (1.1) is z-continuable, which means [8] that any solution x(¢) is defined for all ¢ > ¢, such
that || (2,20 .x0 )|| < H.
(A6). There exists a constant 1 > 0 such that the inequality

1™ Geollzpl[p(x 0l ((eN) (1.4)

holds at t = 1;, where y *(t;, x) = y(t; + 0, x).
Let the set

M ={xy=0} (1.5)

be the invariant set of system (1.1), which means [8] that if ¢, >0,xy, € M, then x(z,¢y,xy )€ M forall t > ¢.

Let us introduce the following definitions.

Definition 1.1. The set (1.5) is called

(1) stable for any €> 0 and ¢(, € R if there exists 5(g, 7 ) > O such that || (¢, ,x )||< € follows from || y, || < dand
||z || < oo forall £ > #;

(i1) uniformly stable if there exists a number &(¢) > 0independent of .

Definition 1.2. The set (1.5) is called

(1) attracting if for any 7, € R, there exists a number A(z ) > 0 such that each solution x(¢,7,xq ) with || yo||< 2
||z || < oo is defined for all 7 > 7, and satisfies the condition

lim [[ y(2,29,x0)I[=0, (1.6)
t—0
(1) uniformly attracting if there exists a number A > 0 independent of ¢, and such that condition (1.6) is satisfied
uniformly in (%), x() from the domain

to €R, lyoll<h  lzgll<e0, (1.7)

i.e., for any e > 0 there exists a 8(e) > 0such that || y(¢,2¢ ,xq )||< € for (¢, xo) from the domain (1.7) for all 1 > ¢y + ©.

Definition 1.3. The set (1.5) is called

(i) asymptotically stable if it is stable and attracting;

(i1) uniformly asymptotically stable if it is uniformly stable and uniformly attracting.
Let us introduce the notation
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o0
Giz{(tyx)eRrH—l:Ti_l<t<Ti,x€BH}, G=UG[3
i=1

and the concepts of piecewise continuous and piecewise differentiable Lyapunov functions [11].
Definition 1.4. A function V: R, x By — R is said to belong to the class V if the function /' is continuous and
differentiable on each of the sets G; and V(z, 0) = 0 for ¢, € R, , and is left continuous at the points ;.
For (t,x)eG = UGk’ let us define a derivative of the function ¥ by virtue of (1.1):
k=1

7y 0= 27 0+ S (0 (e

Denote a discontinuity of the function ¥ for (1.1) at t =1, by
AV; =V(t; +0,x+1;(x))-V(t,x) (ieN).

In this case, the Lyapunov function along the solution x(¢, #j, xg) is denoted by v(¢) =V (¢,x (¢,2¢,x )).

In what follows, we will use the Khan class of K-continuous, strictly increasing functions a:R, — R that satisfy the
condition a(0) = 0.

2. Stability of Invariant Sets. The theorems below are valid for system (1.1).

Theorem 2.1. Let a function V' € V satisfying the conditions below exist for system (1.1):

a(|[yID<V(t,x) for (1,x)eR, xQ, aek, @2.1)
V(t,x)<b(||y|]) for (t,x)eR, xQ, beK, (2.2)
Van (£,x)<0 for (1,x)€G, 2.3)

V(‘ci +0,x+1; (x)) —V(t;,x)<0, ieN. (2.4)

Then the set (1.5) is invariant and uniformly stable.
Proof. For any £> 0, put 8(¢) = b~ (a(g)). It follows from inequality (2.2) that

V(tg,x0)<b(|yoll)<b (67! (a(e)) = ale)

forany || yo ||<8, ||zg||<+cand ¢y =0
By virtue of (2.3)—(2.4), the function V{(z, x) is not increasing along the solution. With (2.1), we get

a(|(z, tg, xo)|) < V&, x(2, 1o, xp)) < V19, x0) < a(e),

whence follows the inequality ||y(z, £y, x()|| < € for all # > ¢, i.e., the set (1.5) is uniformly stable.

Let us prove that it is invariant. Consider the solution x (¢, ¢, x() for yy = 0 and arbitrary 7, > 0 and z,. With (2.1)—(2.2),
we have (¢, 0, z,) = 0. Since the function V(z, x) is not increasing along any solution, V(¢, x(¢, ¢, 0, zy)) = 0, whence (2.1) leads to
V(2 1y, 0, zg) = 0, which means that the set (1.5) is invariant.

Theorem 2.2. Let a function V' € V' satisfying conditions (2.1), (2.2), and (2.4) and the condition

Van(t.x)<—(l[yl]) for (1,x)€G, ceKk, 2.5)

exist for system (1.1). Then the set (1.5) is uniformly asymptotically stable.
Proof. As follows from Theorem 2.1, the set (1.5) is invariant and uniformly stable. Let us prove that it is uniformly
attracting. Let 0 < p < Hand A =b""(a(p)). If £, > 0 and [l yo|I<A, then

a(|| (1, 19,0 1) <V (6,5(2,10,%0 ) <V (19,%0 ) £b(|| yo | 1) < (b7 (alp))) = alp)
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follows from inequalities (2.1) and (2.2) from the fact that, according to (2.4) and (2.5), the function V(¢ x) is not increasing along
any solution.

Thus, |[y(t, ty, xp)|| < p for ¢ > ¢,

For any given &> 0, we choose 8 =51 (a(¢))and set 5 =a(p)/ ¢(5). Let us show that there exists a time t €ltg.ty +0]

at which ||y(¢;, 9, xo)|| < 8. Assume by contradiction that |[y(z, ¢, x()|| = & and c(|[)(¢, ty, xo)||) = c(d) for all ¢ €[, ¢y + G}
With (2.4), we obtain the estimate

t
W(t) < (1o )+ j V' (¢)dt
)

forall t €[t ,t( + O}
Considering conditions (2.1) and (2.5), we obtain

t t
O<a(]| y(t,tg,xp)l|) SV (t,x(¢,t0,x0 ) Sty )+ J. v(t)dt <v(t )—j c(d)dt <a(p)—c(d)o=0
ly ly

att = t5 + o. This contradiction means that there exists a time #; €[#,¢( + c]such that ||y(¢;, ty, xp)|| <& and b(|[y(#1, ¢, X)) <

b(d) = a(e). Since the function ¥ is not increasing along the solution for all ¢ > #, + ¢ > ¢, we have

a([[ (2, 20,%0 1) <V (8,x(2, 10,0 ) <V (21,x(21 59 ,X0 ) < b(|[ ¥(t1,29 %0 )|[) <a(e)

whence it follows that ||y(z, ¢, x()|| < &, which means that the limit (1.6) holds uniformly in ¢, and x(, from the domain (1.7).
Therefore, the attraction is uniform (Definition 1.2). Since the set (1.5) is uniformly stable and uniformly attracting, it is
uniformly asymptotically stable. The theorem is proved.

3. Existence of Lyapunov Functions. Whether Lyapunov functions exist is the key question to answer in using the
direct Lyapunov method. Also of interest is to establish whether the behavior of trajectories defined by a Lyapunov function with
certain properties is sufficient to ascertain the existence of a function with such properties.

The problem of existence of Lyapunov functions naturally arises in analyzing the stability of impulsive systems with
respect to certain variables.

Theorem 2.2 provides sufficient conditions for the asymptotic stability of the invariant set (1.5) of the impulsive system
(1.1). Let us prove that this theorem is reversible. To this end, we will first prove the following lemma.

Lemma 3.1. Let conditions (A1)—(A5) be satisfied. Then the estimates

Mo+ 500X pr(), k=Tm, 3.1

8x0k

are valid for T > 0, where M(t) is a monotonically increasing, positive, continuous function.

ax(t,to ,XO )

Proof. According to [1; 11, p. 51], the derivatives u(¢)= (1< k <n) satisfy the following system of

X0k
variational equations with respect to the initial data:
du
—=A(t)u, t#+r;,
dt
Au=B;u, t=1;, i€eN, 3.2)

w ,B. = M with the initial conditions

where A(t)=
(1) ox ! ox

t=1;

u(ty) = e, (3.3)
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where ey is the kth unit vector of the space R”, i.e., the vector with the kth component equal to unity and the remaining component
equal to zero.
The solution u(f) = u(t, ), xy) of this system can be represented as

t
u(t)=ug + j A(u(t)dt+ Y Bu(t;).

to ty<t <t

Then we have the inequality

t

(] |<]lug |1+ [ 1 A(Du(o)l [ de+ 3 ||Byu(x;)])

to fy <t <t

Using the Cauchy—Bunyakovsky inequality, we get

t
IIM(I)IISIIMOIHIHz‘l(f)l\l\u(r)\la’T+ 2B u(e;)lL

N 1y <t <t

Considering (1.2) and (1.3) for the elements of the matrices 4 and B;, we obtain

t
Hu(t)llﬁ\luoHJrnsz||u(1)||d1+n21< D el
to ty<t <t
Applying Lemma 2.2 [9, p. 17] when C = ||upl|and B =y = n2K yields the estimate
(Ol ug || (14 Ly )P B 010,

where L, = n’K and p is the number of points t; on the interval [z, #y + 7).
Note that ||ug|| = 1 by virtue of (3.3). Since the expression (1 + L)’ monotonically increases with increase in t = ¢ — ¢,

the above inequality means that the estimate (3.1) is valid.

8x(t,t0 » X0 )

Since system (3.2) is the same for all the groups of derivatives, the estimate is valid for any u(¢) = k=1n

ox 0k
Theorem 3.1. Let conditions (A1)—(A6) be satisfied, the set (1.5) be invariant and uniformly asymptotically stable, and
the domain Qp (0 <p <H) fall into the domain of attraction of this set. Then there exists a constant P> 0, functions a, b, c €K, and
a function V: R . x Q, — R, that satisfy the conditions

ov
Gx(t’x)< <P for (t,x)eR, xQp, t#15, (34
a([ly[)<V(t,x) for (t,x)eR, xQ,, a€ek, 3.5)
V(t,x)<b([y[) for (¢,x)eR, xQ,, beK, (3.6)
Vay(tx)<=c(|yl)) for (t.x)eR, xQ,, t#1;, ceKk, (3.7)
V(t; +0,x+1; (x)=V(t;,x)<0, x €Q, (i eN). (3.8)

If, moreover, system (1.1) is periodic with period w, then the function ¥(, x) can also be chosen periodic with period ®.
Proof. Since the set (1.5) is uniformly asymptotically stable, |[v(z, 79, xo)|| —> 0 as £ — oo uniformly in 75 > 0, x5 €€,
Therefore, the inequality

It + 5, to, X0)II* < @(s) 3.9)
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holds in this domain. Here ¢(s) is a monotonically decreasing, continuous, scalar function that satisfies the condition

limg_ ., o(s)=0.Indeed, if we take an infinite sequence {g; }‘l?‘):l (¢; > 0)decreasing and converging to zero, then for any €; from

this sequence there exists a number c; (¢; ) such that [[y(z, ), x)|| <g&; forall t> 1, + 5, (¢; ). The sequence ; is diverging, i.e., 6,4 |

> o;. Let us consider a monotonically decreasing positive function ¢(s) such that ¢(c; + ;) = ei2 (i € N). Such a function will

satisfy all the conditions required.

Let M: R . — R . be a monotonically increasing continuous function such that lim,_,, M (#)=+o. As shown in [5,

p. 314-315], there exists a continuously differentiable function g = g(p) such that g €K, g’ €K, and

jg((p(s))ds<N1 <+ (N >0),

0
[ &' (@M (s)ds <Ny <400 (N5 >0)
0

Let us define the function V as follows:

V(t,x)=[ g ¥(s.,0|P s = [ gyt +s,6,0)|2 s for (1,x) €R, xQp,

t 0
V(t;,x)=V(t; =0,x) for t=1;, xeQ, (ieN)
and show that it satisfies all the conditions of the theorem.
Estimates (3.9) and (3.10) yield
o0 o0
V(t,0)= [ gl )(t+5,0,0)| s < [ g(o(s)ds <Ny for (1,x) R, xQ,,
0 0

Hence, the integral (3.12) converges. Next, there exists

o0

lim jg(||y(s,t,x)||2 Yds=V(t; =0,x)=V(t;,x).
t—>1;-0 .

(3.10)

(3.11)

t#£1;, (3.12)

(3.13)

t#71;.

Hence, the function V{7, x) is defined and uniformly bounded in the domain R, x €, is continuous in this domain at 7 # t;, and is

left continuous at ¢ = 1;.

Let us prove property (3.4). Find the derivatives o and a att#1;

ox ot
oV oo, 0 s,1,%)| 2
Vet ) UHSEOI) oy,
6xk . axk

. . 0 s,1,%)|
Determine estimates for Ay 0N ) :

Xk

0

0
:’(y12+...+y,%1%:2 =2 i

axk

8xk

o | yGs,1,%)|* )
axk

o Vi
—+...+
(yl ka Ym axk

Since ||y|| < p, we finally obtain

0
<2yF2.
axk
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<2pM(s)=M(s), k

Il
—
S

‘a<||y<s,z,x)||2 ) 3.14)

0
<22
8xk 8

Xk

according to (3.1).
Considering estimates (3.11) and (3.14), we get

s
ka

Property (3.4) is proved.

o y(s,t,0)|* )

ds < [ g'(@(s)M (s)ds <Ny =P, k=1n.
8xk

t

<|[ g1y, )
t

Let us prove property (3.5). Let #, €(t; _ 1, T;). The solution x(#) = x (, ¢, xo) of system (1.1) at ¢ €[#,, T;] coincides with
one of the solutions of the system of ordinary differential equations

dx
E_f(tsx)'

Let us consider the first m equations of this system

an

dy
=Y, (t,x), ..., 2 =Y, (t,x)
ar 1(2,x) ot m (1,%).

Multiplying the kth equation by y; (k= 1, ..., m) and then summing these equations over k, we obtain

dyl dym
— =y Y, (t,x), ..., —— =y, Y (t,x
Y1 d nYi(t,x) Ym d Y Y (£,%),

2dt2yk Zkak =Y,

whence

1dl| P

<|yY| <l 1Y 3.15
7 Y [<IAIY - (3.15)

Since the set (1.5) is invariant, the identity Y (¢, 0, z) = 0 holds. Therefore, sequentially applying the mean-value

theorem, we get

Y (@&, D=V 1 s DNV G 1 Vi 2) =Y (80,9050 95 2))

+1Y 2,0,y s V0 »2) =Y (2,0,0, ¥3 5.0, ¥y » 2| +...+ 1Y (£,0,0,..., ¥, ,2)-Y(2,0,0,...,0,z)||

oY Y oY
:(taélyDyZ seees Vi 7Z)yl + 7(%0,@2)’2;% seees Vm ’Z)yZ +...+ 7([,0,0,...,(‘;,”)/"1 7Z)ym
2! 2 Wm
oY oY
V2 seees Vi Z) |y1|+ — (,0,82 32,3 5> Vi ,z% |y2|+...+ — (2,0,0,...,&,, v, 2) |ym |,
0y WV

where &;, €(0,1) (k=1,...,m).
Considering condition (1.2), we obtain

(t 0,.. ékyk""aymﬂz) =
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Hence,

m

I EDY

k=1

oY “
E;A—|yk|Sxﬁ;Kf§:|yk|SrnJ;ﬁ(HyH.
Vi k=1

Substituting this into (3.15) yields the estimate

d||ylI* 2
———<2L ,
7 2 (1]

where L, = m\/mK.
Separating variables and integrating yield

[1yolle™2070) <| (e, 9 ,x0)II<|| v 210,
Thus, the estimate
171,19 %021 ] v |21 10)
is valid for t; _ | <{( < t,. By virtue of (1.4), we have
135 + 0.0 x|yt 20,20 [ 2l yo |72 770,
The interval [¢, 7, + 6] contains no more than one point t; by virtue of condition (A4). Therefore,
|1 7(t,29 %0 )| |2 min(L )| yo|le 2070 for 1 e[tg,tq +6]

Denoting y = min(1,p ) yields

0 0
V(6,0)2 [ gyt +5,6,0)]2 s = [ (| y(0)|F y2e 2125 )ds 2 (|| w(0)] 1 y2 e >2)0 = a(| ],
0 0

Condition (3.5) is satisfied.
Let us prove property (3.6). Considering that the set (1.5) is invariant and using formulas (3.12) and (3.13), we get

V(t,0,2)=0.

Using the mean-value theorem and the proved fact that o
Xk

<P,k =1,n, we obtain

V(tyx)EV(taylr"yym >Z)_V(tsoyy2a'“aym 52)

+V(t,0,¥2 5003 Vi »2)V(£,0,0, 3 ,..., ¥, , 2)+...+V(2,0,0,...,0,¥,,,2)-V(£,0,0,0,...,2)

+ +...+

ov
ai(tso,os“'s&mym az)ym )

m

oV oV
< 7(t9a1y1?y2"">ym ?Z)yl 7(2‘:0»&.:2)/2’)}3 seees Vm aZ)yZ
M &)

where &, €(0,1)(k=1, ..., m).

Next,
m 8V m
V(t.x)< Dl |y | <2 P |y | < Pml| y 1= (] y1]).
i1l Vi k=1

Condition (3.6) is satisfied.
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Let us set up an expression for the total derivative V(l.l) (¢,x) by virtue of system (1.1)
; av

Vany (.x)= [Ch (T,x(t, t,x))}

T=t

Since the solution x(s, t,x(t,,x)) =x(s,,x) is unique, we have

Van @60 =| | [l ma@m o0l s || = ) [ 2y 00l ds
T T

=t =t

=—g(lyt,L0)|P )==c(yl]) for (1x)eR, xQy, 11,

i.e., condition (3.7) is satisfied.

Property (3.8) follows from y(t; +s5,7—0,x) = »(t; +5,7; + 0,x+1; (x))and from (3.12) and (3.13).

Assume that system (1.1) is periodic with period ®. Let us show that the function V(z, x) defined by (3.12) and (3.13) is
periodic with period o, i.c.,

V(t+o,x)=V(t,x)

Indeed,

0
V(t+o,x)= jg(||y(s,t+m,x)||2 s for  (t.x) R, xQ,.

+o

Changing the variable s = T + ® in the integral yields

V(t+ox)=[g(|y(t+o,t+ox)? ).
t

Using the property of solutions of periodic systems
Wt +o,tg +o,xq)= y(t,70,% )
we obtain
V(t+o,x)=V(t,x).

The theorem is proved.

4. Conclusions. The existence theorems for the Lyapunov function prove that the Lyapunov method is universal. This
implies with some certainty that Lyapunov functions are a suitable choice for solving relevant problems. It follows from our
study that the behavior of trajectories defined by a Lyapunov function is, according to Theorem 2, not only necessary but also
sufficient condition for the existence of such a function.
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