
manuscripta math. © Springer-Verlag 2011

Yu. V. Namlyeyeva, R. M. Taranets

Backward motion and waiting time phenomena
for degenerate parabolic equations with nonlinear
gradient absorption

Received: 25 February 2010 / Revised: 18 March 2011

Abstract. We study energy solutions of a Cauchy problem for the p-Laplace evolution equa-
tion with nonlinear gradient absorption and nonnegative compactly supported initial data.
We obtain the sufficient local asymptotic conditions on initial data that imply the backward
motion and waiting time phenomena.

1. Introduction

We consider the qualitative properties of nonnegative solutions of the Cauchy prob-
lem for the viscous Hamilton–Jacoby equation:

ut − div
(
|∇u|p−2∇u

)
+ |∇u|q = 0 inQT , (1)

u(0, x) = u0(x), x ∈ RN , (2)

where QT = (0, T ) × RN , T > 0, N ≥ 3, and u0 ∈ L2(RN ) is a compactly
supported non-negative function. That kind of equations appear as the viscosity
approximation to the first order partial differential equations of Hamilton–Jacoby
type, in different physical settings.

From here on we assume that

p > 2 and q > 0. (3)

The case of p > 2 corresponds to the slow p-Laplacian diffusion. It is well-
known that the behaviour of solution to problem (1), (2) strongly depends on the
value of the parameter q > 0. The non-negative and integrable solution to the
Hamilton–Jacoby equations with the standard linear diffusion was investigated by
many authors (see, for example, [13] and references therein). In the special case
p = 2, the problem (1), (2) was extensively studied (in detail, see [6,16]).

The long-time behaviour of solution for the evolution Eq. 1 with nonlinear dif-
fusion and gradient absorption was studied in [17] where the infinite waiting time
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was proven for 1 < q < p − 1. In this situation the effect of localization arises
thanks to the influence of the Hamilton–Jacoby term |∇u|q . When the parameter
0 < q < 1 then the nonlinear absorption term becomes dominant and diffusion
plays a secondary role for the large times. It looks natural to expect a singular
phenomena like the finite time extinction for 0 < q < 1 (see [4,12]).

The main goal of this paper is to analyse the long-time behaviour of a non-
negative weak solution to the problem (1), (2) for all q > 0 in terms of the local
asymptotic of initial data. In comparison with works [3,4,12,17] our results are
more general. In particular, we obtain the waiting time phenomenon (briefly WTP)
for every q > 0, and not just in the super-linear range 1 < q < p − 1. This means
that for some (finite or infinite) time the solution’s support locally does not expand,
or shrink, or both, at a point y of its boundary. In most cases, the reason for the
WTP come as a consequence of initial data being sufficiently flat in a neighborhood
of y. Moreover, in the case 0 < q < 1 we show the backward motion phenomenon
(briefly BMP), and not just the finite time extinction (see, e.g. [5,9]). This means
that from some time the solution’s support locally shrinks at the point y, and the
reason for the BMP is the flatness of initial data in a neighborhood of y too. These
phenomena were studied for the p-Laplace evolution equation and other degenerate
parabolic equations in works [2,11,8,14,15,20–23] etc. We reference the reader to
the work [8] for more detailed discussion about these phenomena for the doubly
nonlinear degenerate parabolic equation with nonlinear (non-gradient) absorption.

The paper is organized as follows. In Sect. 2 the assumptions and main results
are formulated. It turns out, that the appearance of WTP and BMP depends strongly
on the local flatness conditions of initial data, i.e. the stronger flatness of initial data
the stronger influence of gradient absorption term. For example, if 0 < q < p − 1
then the WTP is possible for all times (see Theorem 1). For 0 < q < 1 the BMP
appears under the additional restriction on the initial data (see Theorem 2). Some
auxiliary integral estimates are shown in Sect. 3. The main results are proved in
Sects. 4 and 5. In Sect. 4, we show the finite WTP for q > p − 1 and the infinite
WTP for 0 < q < p − 1 to problem (1), (2). In Sect. 5, we obtain the BMP for
0 < q < 1 that implies the finite time extinction. The Appendix A contains the
proofs of several technical lemmas. Some auxiliary results from functional analysis
are placed in Appendix B.

2. Main results

We define a weak solution for the problem (1), (2) in the sense of [1].

Definition 1. A nonnegative function u is a weak solution of the problem (1), (2) if

(i) u ∈ C(0, T ; L2(RN )), |∇u|p, |∇u
q+1

q |q ∈ L1(QT );
(i i) the following identity holds

1

2

∫

RN

u2(t, x) φ(t, x) dx − 1

2

∫ ∫

QT

u2(t, x) φt (t, x) dx dt
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+
∫ ∫

QT

|∇u|pφ dx dt +
(

q

q + 1

)q ∫ ∫

QT

∣∣∣∣∇u
q+1

q

∣∣∣∣
q

φ dx dt

−
∫ ∫

QT

|∇u|p−2∇u u ∇φ dx dt = 1

2

∫

RN

u2
0(x) φ(0, x) dx (4)

for every function φ ∈ C1(QT );
(i i i) the function u attains the initial data in the following sense

u(t, ·) → u0 in L2
(

RN
)

as t → 0

where the compactly supported function u0 ∈ L2(RN ).

It is worth to mention that the definition above is different from the one intro-
duced in [17] for weak viscosity solutions.

Now we formulate some auxiliary definitions. For x, y ∈ RN let

x ′ = (x1, . . . , xi−1, xi+1, . . . , xN ), y′ = (y1, . . . , yi−1, yi+1, . . . , yN ).

For every s ∈ R1, i = 1, . . . , N , let us denote by

�(y)(s) :=
{

x ∈ RN : xi > yi + d(s + |x ′ − y′|), y ∈ ∂{supp u0}
}

(5)

a cone with vertex at y ∈ RN , opening angle d = d(y) > 0, and symmetry axis
parallel to the xi -axis. Let u be an arbitrary weak solution to (1), (2) in the sense
of Definition 1. Using (5), we define the function �(y)(t) as

�(y)(t) := inf{s ∈ R1 : supp u(t, ·) ∩�(y)(s) = ∅} (6)

for every y ∈ RN , t ∈ R+. At the point y = 0 we define

�(t) := �(0)(t).

Our main goal is to study the dependence between the evolution of support of
a weak energy solution u and the local asymptotic of initial data u0. We suppose
that u0 satisfies the following conditions:

u0(x) ≥ 0, (7)

meas{�(y)(s) ∩ supp u0} = 0 ∀ y ∈ ∂{supp u0}, s ≥ 0. (8)

We study the properties of solutions of problem (1), (2) under some extra restric-
tion on flatness of initial function u0 in a neighborhood of the boundary support.
We formulate this assumption in terms of the function h(y)0 (s):

h(y)0 (s) :=
∫

�(y)(s)

u2
0(x) dx, (9)

for an arbitrary point y ∈ ∂{supp u0} and for every y ∈ RN .



Yu. V. Namlyeyeva, R. M. Taranets

Remark 1. It follows from (9) and (8), that h(y)0 (s) is a nonincreasing nonnegative
continuous function satisfying the following property:

h(y)0 (s) ≡ 0 ∀ s ≥ 0, y ∈ ∂{supp u0}. (10)

Let us assume that the function h(y)0 (s) satisfies the flatness conditions. Hence,
for every s : s0 < s < 0 and p > 2, one of the following estimates

h(y)0 (s) ≤ χ (−s)N+ 2p
p−2 for q > 0; (11)

h(y)0 (s) ≤ χ (−s)N+ 2q+N (q−p+1)
p−2 for q ≥ q∗ := max

{
1,

N (p − 1)

N + 2

}
; (12)

h(y)0 (s) ≤ χ (−s)N+ 2p
p−q−1 for 0 < q < p − 1; (13)

holds true for some positive constant χ .
In this paper, we prove the infinite WTP if the condition (13) is satisfied and

the finite WTP if one of the conditions (11), (12) is valid.

Remark 2. Note, that the convexity of the support is not required as the conditions
(11–13) are local at y.

Let us proceed with the formulation of sufficient condition for the WTP.

Theorem 1. Assume that the initial data u0 satisfies the conditions (7), (8), the
point y ∈ ∂{supp u0} and the function h(y)0 (s) satisfies the condition (10) and one
of the flatness conditions (11–13).

Then for an arbitrary weak solution u of problem (1), (2) there exists the time
T ∗ = T ∗(χ) > 0 depending on the known parameters only such that

supp u(t, ·) ∩�(y)(0) = ∅ ∀ 0 < t < T ∗, (14)

where χ is the constant from the flatness conditions. Note, that T ∗ → +∞ as
χ → 0.

Moreover, if 0 < q < p − 1 and there exists a constant κ1 > 0 depending
on the known parameters only (see (54)), such that the constant χ of the flatness
condition (13) satisfies the following inequality

χ < κ1. (15)

Then the property (14) holds for all t > 0.

Remark 3. We do not give the proof of the finite WTP. This phenomenon fol-
lows from [11, Theorem 2.1] applied with (w, p, q, s, l, k) = (u, p, 2, p, 1, 1) for

q > 0, and (w, p, q, s, l, k) = (u
q+1

q , q, 2q
q+1 ,

pq
q+1 , 1, 1) for q ≥ q∗ directly.

Now we illustrate the conditions of Theorem 1 for 0 < t < T ∗ and stronger
regularity of initial data.
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Example 1. Let the initial function u0 ∈ C(RN ) satisfies one of the following
properties:
(1) if 0 < q < 1 then we require that

sup
x∈�(y)(s)

u0(x) ≤ χ (−s)
p

p−q−1 ;

(2) if q∗ ≤ q < q∗ := p − N
N+2 then we require that

sup
x∈�(y)(s)

u0(x) ≤ χ (−s)
2q+N (q−p+1)

2(p−2) ;

(3) if q ≥ q∗, p > 2 or 1 ≤ q < q∗, p > 2(N+1)
N then we require that

sup
x∈�(y)(s)

u0(x) ≤ χ (−s)
p

p−2 .

The requirements (1–3) will imply the flatness conditions (11–13) and hence
guarantee the WTP, i.e. the property (14) for solutions of problem (1), (2).

Under the proposed conditions on the parameters p and q, the influence of the
diffusive term in Eq. 1 is more stronger than nonlinear absorption term for the large
times for p > 2 and q ≥ 1. On the other hand, the nonlinear absorption term
dominates in the case 0 < q < 1. The upper and lower bounds on the waiting time
for the solution to the Cauchy problem for doubly nonlinear parabolic equations
were found in [11,10,20,21], and they coincide with our result for the case 3) when
the diffusive term dominates, i.e. for q ≥ q∗, p > 2 or 1 ≤ q < q∗, p > 2(N+1)

N .
Now we formulate the main result of the present paper about the sufficient

condition of backward motion. Let us denote by γ the following constant:

γ := N + 2p

p − q − 1
, (16)

which is the critical exponent from the right-hand side of estimate (13). Let H (y)
0 (s)

be a majorant of function h(y)0 (s), which satisfies condition (13) for all s : s0 <

s < 0, i.e.

0 ≤ h(y)0 (s) ≤ H (y)
0 (s) ≤ χ(−s)γ . (17)

Moreover, the following condition of the qualified monotonicity:

H (y)
0

(
s + K (H (y)

0 (s))
1
γ

)
≥ k H (y)

0 (s) ∀ s ∈ R1, (18)

holds true for some constants 1 < K < ∞ and 0 < k < 1 depending on the known
parameters only, and γ defined by (16).

Let us denote by f the following auxiliary function

f (s) := |s|1−μ(H (y)
0 (s))σ , (19)
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where

μ := 1 − 2p + N (p − 2)

2p + N (p − q − 1)
, σ := p(1 − q)

2p + N (p − q − 1)
.

This function characterizes the speed of backward motion.
The nonlinear absorption becomes strongly dominant when the parameter q ∈

(0, 1). In this case, the solution of the problem (1), (2) is not Lipschitz continu-
ous. It gives the grounds to expect the singular phenomena such as the finite time
extinction. The next theorem describes the condition for the BMP.

Theorem 2. Assume that for

0 < q < 1 (20)

the initial function u0 satisfies conditions (7) and (8), the point y ∈ ∂{supp u0},
and the majorant function H (y)

0 (s) satisfies flatness condition (17). Let also for the
constant χ from the flatness condition (17) the following inequality

χ ≤ κ2. (21)

be valid.
Then there exists a constant κ2 (see (67)): 0 < κ2 ≤ κ1 depending on q, p, N

and ‖u0‖L2(RN ) only, such that for �(y)(t) the following estimate

�(y)(t) < 0 (22)

is true for all t > 0.
Moreover, there exist positive constants κ3 and κ4 depending on N , p, q,

‖u0‖L2(RN ) only, such that the following estimate of the shrinking speed of support
holds

− �(y)(t) ≥ κ3 f −1(κ4 t) ∀ t > 0, (23)

where f −1(·) is the inverse function of f (·) defined by (19).

Remark 4. For compactly supported initial data u0 the finite time extinction follows
immediately from the estimate (23).

Remark 5. From the definitions κ1 and κ2 are defined by (54) and (67) accordingly,
there is an initial function u0 such that κ1 = κ2. Hence the condition (15) for the
infinite WTP and the condition (21) for the BMP coincide.

The next theorem describes the behaviour of a weak energy solution to the
problem (1), (2) with an initial functions decreasing at infinity.

Theorem 3. Under the hypotheses of Theorem 2, let the majorant H (y)
0 (s) satisfy

the flatness condition (17) and

H (y)
0 (s) ≤ H = const < +∞ ∀ s < 0. (24)

Then there exists a constant κ5 > 0 such that the following estimate

− �(y)(t) ≥ κ5t
1

1−μ (25)

is valid for all t > 0.
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We proceed with examples to illustrate the case of the BMP under different
kind of flatness conditions for the function (9). For the critical growth of the initial
data, the Example 2 explains the maximum asymptotic speed of backward motion
at large times.

Example 2. Let there exists a constant κ(0)2 : 0 < κ
(0)
2 ≤ κ2, such that the following

inequality

h(y)0 (s) ≤ κ
(0)
2 H (0)

0 (s) ∀ s < 0, (26)

holds for H (0)
0 (s) := (−s)γ , where the constant γ is the critical exponent defined

by (16). Then, in virtue of (23), we have

−�(y)(t) ≥ κ6tβ1 ,

where κ6 = κ3 (κ
(0)
2 )−σ (κ4)

β1 , β1 := (p−q−1)(2p+N (p−q−1))
(p−q−1)(2p+N (p−2))+p(N+2)(1−q) < 1.

The next example illustrates the asymptotic behaviour of the solution to the
problem (1), (2) for the case of subcritical growth of the initial function.

Example 3. Let there exists κ(1)2 : 0 < κ
(1)
2 ≤ κ2, such that the following inequality

h(y)0 (s) ≤ κ
(1)
2 H (1)

0 (s) ∀ s < 0, (27)

holds for H (1)
0 (s) := κ

(1)
2 (−s)γ̃ , γ̃ > γ , where the constant γ is the critical expo-

nent defined by (16). Then from (13) we obtain

−�(y)(t) ≥ κ7tβ2 ,

where κ7 = κ3(κ
(1)
2 )−σ (κ4)

β2 , β2 :=
(

1
β1

+ (γ̃−γ )p(1−q)(p−q−1)
2p+N (p−q−1)

)−1
< β1.

The following example illustrates the case of slow decreasing of the solution to
the problem (1), (2) under the logarithmic correction in the flatness condition for
the initial function.

Example 4. Let there exists κ(2)2 : 0 < κ
(2)
2 ≤ κ2, such that the following inequality

h(y)0 (s) ≤ κ
(2)
2 H (2)

0 (s) ∀ s < 0, (28)

is valid for H (2)
0 (s) := (−s)γ | ln (−s)|ϑ , ϑ ∈ R1, where the constant γ is defined

by (16). Then, in virtue of (13), we find

−�(y)(t) ≥ κ8tβ1 | ln (κ4 t)|−ϑσβ1 ,

where f (s) = (κ
(2)
2 )σ (−s)1/β1 | ln (−s)|σϑ , κ8 = κ3 (1 + |ϑ |)(κ(2)2 )−σ (κ4)

β1 .

Notation. From here on by C,C j , c j , c̃ j we denote generic constants that depend
on N , p, q only.
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3. Preliminary integral estimates

Below, without loss of generality, we suppose that y = 0 and i = 1 in (5). Let us
denote by h0(s) the following function

h0(s) := h(0)0 (s).

We define the families of sets:

�(s) := �(0)(s), Qt2
t1(s) := (t1, t2)×�(s), K (s, δ) := �(s) \�(s + δ),

K t2
t1 (s, δ) := (t1, t2)× K (s, δ), QT (s) := QT

0 (s), KT (s, δ) := K T
0 (s, δ). (29)

Further, we use the family of basic cut-off functions ϕs,δ ∈ C2(RN ) from
[22,23], which possess the following properties:

0 ≤ ϕs,δ(x) ≤ 1 ∀ x ∈ RN , suppϕs,δ(x) ⊂ �(s),

ϕs,δ(x) =
{

0 ∀ x /∈ �(s),
1 ∀ x ∈ �(s + δ),

∣∣∇ϕs,δ
∣∣ ≤ c̃

δ
,

∣∣�ϕs,δ
∣∣ ≤ c̃

δ2 ∀ x ∈ K (s, δ), (30)

with the positive constant c̃.
Now let u be an arbitrary weak solution to (1), (2) in the sense of Definition 1.

For every s ∈ R1, δ > 0, h > 0, T > 0, and τ, ω : 0 < ω < τ ≤ T we introduce
the energy functionals related to this solution:

ET (s, τ ) :=
∫ ∫

QT
T −τ (s)

u p dxdt, ET (s) := ET (s, T ); (31)

HT (s, τ, h) :=
T∫

T −τ

( ∫

�(s)

u2 dx

)h

dt,

HT (s, τ ) := HT (s, τ, 1), HT (s) := HT (s, T, 1); (32)

RT (s, δ, τ, ω) := δ−pET (s, τ )+ ω−1HT (s, τ ); (33)

MT (s, δ, τ, ω) := δ−pET (s, τ )+ ω−1HT −τ+ω(s, ω); (34)

PT (s, δ) := δ−pET (s)+ h0(s). (35)
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For every s ∈ R1, δ > 0, T > 0, let us denote by

LT (s + δ) := sup
t∈(0,T )

∫

�(s+δ)
u2(t, x) dx + 1

T

∫ ∫

QT (s+δ)
u2 dx dt

+
∫ ∫

QT (s+δ)
|∇u|p dx dt + c1

∫ ∫

QT (s+δ)

∣∣∣∣∇u
q+1

q

∣∣∣∣
q

dx dt, (36)

where the constant c1 = 2
(

q
q+1

)q
and u is an arbitrary weak solution of the

problem (1), (2).
Further, we prove the following preliminary lemmas.

Lemma 1. Assume that condition (3) is satisfied. Then there exists a positive con-
stant c2 such that the following estimate

LT (s + δ) ≤ c2PT (s, δ) (37)

is valid for all s ∈ R1, δ > 0, T > 0.

Proof. Testing integral identity (4) by

φ(x, t) = ϕs,δ(x) exp
(
−t · T −1

)
∀ T > 0

and making the simple transformations, we come to the following inequality

LT (s + δ) ≤ ε

∫ ∫

KT (s,δ)

|∇u|p dx dt + c(ε)

δ p

∫ ∫

KT (s,δ)

u p dx dt + h0(s), (38)

where s ∈ R1, δ > 0, T > 0. Choosing ε > 0 sufficiently small, e.g. ε = 2−1−p,

and iterating inequality (38), we obtain (37) for c2 = max{e, (p−1)p−1(2ec̃)p

21−p2 p p
}.

Lemma 2. Assume that condition (3) is satisfied. Let u be an arbitrary weak solu-
tion of the problem (1), (2). Then there exists a positive constant c3 such that the
following estimate

sup
t∈(0,T )

∫

�(s+δ)
u2(t, x) dx +

∫ ∫

QT
T −τ (s+δ)

|∇u|p dx dt

+ c1

∫ ∫

QT
T −τ (s+δ)

∣∣∣∣∇u
q+1

q

∣∣∣∣
q

dx dt ≤ c3MT (s, δ, τ, ω) (39)

is valid for all s ∈ R1, δ > 0, and τ, ω : 0 < ω < τ ≤ T .
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Proof. Let us define by ψ ∈ C1(R1) the cut-off function with the following prop-
erties:

ψ(t) =
{

0 for t ≤ T − τ − ω,

1 for t ≥ T − τ,
0 ≤ ψ(t) ≤ 1 ∀ t > 0,

∣∣∣∣
∂ψ(t)

∂t

∣∣∣∣ ≤
˜̃c
ω

∀ 0 < ω < τ < T, T > τ + ω. (40)

The function ϕs,δ(x) is defined by (30). Substituting the function φ(x, t) =
ϕs,δ(x)ψ(t) into the integral identity (4), after simple transformations we obtain

(39) for c3 = max{ ˜̃c, (p−1)p−1(2c̃)p

21−p2 p p
}.

Lemma 3. Let HT (s, τ, h) be the function defined by (32). Then there exists a
positive constant c4 such that the following inequality

HT (s + δ, τ − ω, h2) ≤ c4 HT (s, τ, h1)Mh2−h1
T (s, δ, τ, ω) (41)

holds for all s ∈ R1, δ > 0, τ, ω : 0 < ω < τ ≤ T , and h1, h2 : 0 < h1 < h2 <

∞.

Proof. We introduce the following auxiliary function:

Xh(t) :=
t∫

0

( ∫

�(s)

u2ϕs,δ(x)ψ(θ − ω) dx

)h

dθ,

where the functions ϕs,δ and ψ are defined by (30) and (40) accordingly. In view
of the Fubini theorem, the relation

Xh+1(T ) =
∫ ∫

QT
T −τ (s)

u2ϕs,δ(x)ψ(t − ω)
d

dt
Xh(t) dx dt

is valid. Let us define the function H̃T (s, τ, h) by H̃T (s, τ, h) := Xh(T ) for all
s ∈ R1, h : 0 < h < ∞, and τ : 0 < τ ≤ T . Substituting the function
φ(t, x) = ϕs,δ(x)ψ(t − ω)Xh(t) into (4) and using simple transformations, we
obtain the following recursive estimate:

H̃T (s, τ, h + 1) ≤ C H̃T (s, τ, h)MT (s, δ, τ, ω) ∀ h > 0.

Iterating this inequality, we find

H̃T (s, τ, h) ≤ C H̃T (s, τ, h − �)M�
T (s, δ, τ, ω) ∀ h > �, � ∈ N ,

whence, due to the Hölder inequality, it follows the relation:

H̃T (s, τ, h2) ≤ C H̃T (s, τ, h1)Mh2−h1
T (s, δ, τ, ω) ∀ h2 > h1 > 0.

It is also easy to see that

HT (s + δ, τ − ω, h) ≤ H̃T (s, τ, h) ≤ HT (s, τ, h).

Hence, taking into account the previous inequality, we obtain the estimate (41).
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4. Waiting time phenomenon

In this section, we find the condition on local behaviour of the initial data which
results into the infinite WTP for weak solutions of the problem (1), (2).

First we obtain an additional estimate for the functional ET (s) from (31).

Lemma 4. Assume that conditions (3) are satisfied. Then there exists the positive
constant c5 depending on the known parameters only, such that the following esti-
mate

ET (s + δ) ≤ c5�
μ0(T )P1+k0

T (s, δ) if 0 < q < p − 1 (42)

is true for all s ∈ R1, δ > 0, and T > 0, where c5 = ω
μ0
N

N , ωN is the volume of
the unit ball in RN , and

μ0 := 2pq

2p + N (p − q − 1)
, k0 := p(p − q − 1)

2p + N (p − q − 1)
.

Proof. Proof of Lemma 4 is based on the auxiliary Lemma 1. It is of a technical
character and is given in Appendix A.

Now we are ready to prove the Theorem 1.

Proof (Proof of Theorem 1). For q > 0 the finite speed of propagation for the
support of the solution follows, for example, from [19] where the equation without
absorption was analyzed. Because the absorption can only reduce the speed of prop-
agation the same proof is applicable. Our main interest is the case 0 < q < p − 1.

By Lemma 4, for every s ∈ R1, δ > 0 we obtain the following estimate for the
function ET (s):

ET (s + δ) ≤ c6(�
μ0(T )δ−p(1+k0)E1+k0

T (s)+ �μ0(T )h1+k0
0 (s)) (43)

if 0 < q < p − 1 and c6 = 2k0 c5. First, we introduce the notation

δT (s) :=
[
2 c6 �

μ0(T ) Ek0
T (s)

] 1
p(1+k0) .

Setting δ = δT (s) in (43), we have

ET (s + δT (s)) ≤ 1

2
ET (s)+ c6�

μ0(T )h1+k0
0 (s) for 0 < q < p − 1.

Taking both sides of the above inequality to the power k0
p(1+k0)

< 1 and multi-

plying them by (2 c6 �
μ0(T ))

1
p(1+k0) , we obtain

δT (s + δT (s)) ≤ ε δT (s)+ FT (s) ∀ s ∈ R1, (44)

where 0 < ε = 2
− k0

p(1+k0) < 1. Here

FT (s) := c7�
μ0
p (T )h

k0
p

0 (s) for 0 < q < p − 1,
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where c7 = (2
1

1+k0 c6)
1
p .

We set s = −2δ, δ = s′ > 0 in (43) and pass to the limit as s′ → ∞. Using
the boundedness of functions ET (s) and h0(s), in view of (43), we deduce

ET (−∞) ≤ c6�
μ0(T )h1+k0

0 (−∞). (45)

Hence, there exists s1 ∈ (−∞, 0) such that

δT (s) ≤ c8FT (s) ∀ s < s1 < 0, (46)

where the constant c8 > 1.
Below, we show the simple corollary from functional inequality (44) related to

the boundedness of the function �(t). In view of (10), we find from (44) that

δT (s + δT (s)) ≤ ε δT (s) ∀ s ≥ 0, 0 < ε < 1. (47)

Taking into account property (47), we apply Lemma B.3 of Appendix B to the
function δT (s) for s ≥ 0 and derive

δT (s) ≡ 0 ∀ s ≥ 1

1 − ε
δT (0). (48)

Now, from monotonicity of the function ET (s) we have

ET (0) ≤ ET (−∞).

Then from the definition of δT (s) and inequality (45) we deduce

δT (0) ≤ c9�
μ0
p (T ) h

k0
p

0 (−∞), (49)

where the constant c9 = 2
1

p(1+k0) c
1
p

6 . The upper estimate of the support boundary

�(T ) ≤ 1

1 − ε
δT (0) ≤ c9

1 − ε
�
μ0
p (T )h

k0
p

0 (−∞).

follows from (49). Hence, �(T ) satisfies

�(T ) ≤
(

c9

1 − ε

) p
p−μ0

h
k0

p−μ0
0 (−∞).

Then, using the definition (9), and k0, μ0, we obtain the following estimate:

�(T ) ≤ c10�0, (50)

were c10 =
(

c9
1−ε

) p
p−μ0 > 0, and

�0 = ‖u0‖
k0

p−μ0
L2(RN )

= ‖u0‖
p−q−1

2(p−q)+N (p−q−1)

L2(RN )
. (51)
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Remark 6. The estimate (50) is also valid for �(y)(t) in the sense that

�(y)(t) ≤ c10�0 for all t > 0 and y ∈ ∂{supp u0}. (52)

Now we proceed with the proof of the Theorem 1. For 0 < q < p − 1 from
estimate (50) and the definition of FT (s) we deduce

FT (s) ≤ c9(c10�0)
μ0
p χ

k0
p (−s) ≤ c11(−s) (53)

for all s < 0, 0 < χ <
(

c11 c−1
9 (c10�0)

−μ0
p

) p
μ0 . Next, we apply Lemma B.4 from

Appendix B to the functions δT (s). Indeed, the condition (a) from Lemma B.4 is
valid for f (s) := δT (s), g(s) := FT (s), γ := ε, due to the inequality (44). The
inequality (53) guarantees the validation of the condition (b) for d4 := c11. The
condition (c) of the Lemma B.4 follows from the inequality (46) for d5 := c8 >

(1 − ε)−1. Let us choose the constant c11 such that

c11 < c−1
8 (1 − ε − c−1

8 ).

Then we have

δT (s) ≡ 0 ∀ s ≥ 0, T > 0.

Taking into account c11 < (1 − ε)2, we derive

κ1 := 1

c11�0

(
(1 − ε)2

c9

) p
μ0 =

(
2

k0(p−μ0)−p(1+k2
0 )

p(1+k0)(2p−μ0) (2
k0

p(1+k0) − 1)

) p(2p−μ0)
μ0(p−μ0)

(
ωN ‖u0‖

k0 N
p

L2(RN )

) p
N (p−μ0)

. (54)

This completes the proof of Theorem 1.

5. Backward motion phenomenon

In this section, we find the local behaviour asymptotic condition on the initial data
which results into the BMP. Let us denote by

DT (s, τ ) := (|s|�q
0 )
�1E1+σ

T (s, τ )+ (|s|�q
0 )
�2H1+k0

T (s, τ )

an energy functional, where s ∈ R1, τ : 0 < τ ≤ T , and

�1 := (1 − μ)(1 + k0), �2 := �(1 + σ), � := �1 +�2.

Define g(s) as

g(s) := (|s|�1 + |s|�)�q�
0 (H (0)

0 (s))β, β = (1 + k0)(1 + σ).

Further, we formulate some auxiliary results connected with estimates of the
energy functionals ET (s, τ ), HT (s, τ ), ET (s), and DT (s, T ). The proofs of these
lemmas can be found in the Appendix A.
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Lemma 5. Assume that condition (3) is satisfied. Then there exist positive constants
c12, c13 such that the following estimates

ET (s + δ, τ − ω) ≤ c12 (|s|�q
0 )
� M1+k0

T (s, δ, τ, ω), (55)

HT (s + δ, τ − ω) ≤ c13 (|s|�q
0 )

1−μ M1+σ
T (s, δ, τ, ω) (56)

are valid for all s ∈ R1, δ > 0, and τ, ω : 0 < ω < τ ≤ T , where �0 is defined
by (51), and

� := 2p

2p + N (p − q − 1)
= μ0

q
, μ := N (1 − q)

2p + N (p − q − 1)
,

σ := p(1 − q)

2p + N (p − q − 1)
. (57)

Lemma 6. There exists a positive constant c14 such that the following estimate

ET (s) ≤ c14�
μ0
0 (H (0)

0 (s))1+k0 ∀ s < 0, T > 0 (58)

holds.

Lemma 7. There exists a positive constant c15 such that the following estimate

DT (s, T ) ≤ c15g(s) (59)

is valid for every s < 0.

Proof (Proof of Theorem 2).
We take both sides of the inequalities (55) and (56) to the powers 1 + σ and

1+k0 accordingly, and multiply them by |s|�q
0 with powers�1 and�2 respectively.

Summing the obtained inequalities and using (39), we obtain the estimate

DT (s + δ, τ − ω) ≤ c16 (|s|�q
0 )
�Mβ

T (s, δ, τ, ω)

≤ c17

(
(|s|�q

0 )
�2δ−pβD1+k0

T (s, τ )+ (|s|�q
0 )
�1ω−βD1+σ

T (s, τ )

)
(60)

for all s ∈ R1, δ > 0, and τ, ω : 0 < ω < τ ≤ T , where c16 = c1+σ
12 +

c1+k0
13 , c17 = 2β−1c16, β = (1 + k0)(1 + σ).

Remark 7. Let 0 < q < p − 1. If s ≥ 0 then, due to (14), u(t, x) = 0 for all
(t, x) ∈ R+ ×�(y)(s). Hence, we can consider the inequality (60) for s < 0 only.
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First, we introduce the notations

δT (s, τ ) :=
[
2c17 (|s|�q

0 )
�2Dk3

T (s, τ )
] 1

pβ
,

ωT (s, τ ) := [
2c17 (|s|�q

0 )
�1Dσ

T (s, τ )
] 1
β .

Setting δ = δT (s, τ ) and ω = ωT (s, τ ), we have the following main functional
inequality

DT
(
s + c18 (|s|�q

0 )
γ1Dρ1

T (s, τ ), τ − c19 (|s|�q
0 )
γ2Dρ2

T (s, τ )
) ≤ 1

2
DT (s, τ ) (61)

for all s < 0, τ < T , where c18 = (2c17)
1
pβ , c19 = (2c17)

1
β , and

γ1 := �2

pβ
= �

p(1 + k0)
, ρ1 := k0

pβ
; γ2 = �1

β
= 1 − μ

1 + σ
, ρ2 := σ

β
.

Let s′
0 be an arbitrary negative number such that s′

0 ≤ s0 < 0, where s0 is from
(17). Further, we will consider the estimate (61) for all s : s′

0 < s < 0.
Next, we apply Lemma B.5 from the Appendix B to f (s, τ ) := DT (s, τ ), k1 :=

c18(�
q
0 )
γ1 , k2 := c19(�

q
0 )
γ2 , γ := 1

2 , α1 := γ1, α2 := γ2, β1 := ρ1, β2 := ρ2,
and τ ′

0 = T . Due to Lemma B.5, from (61) it follows that for s0 ∈ [s′
0, 0) and

τ0 = T the following equality

DT (s, τ ) ≡ 0 (62)

holds

∀ (s, τ ) ∈
{

s0 + c182ρ1

2ρ1−1 (|s0|�q
0 )
γ1Dρ1

T (s0, T ) ≤ s < 0,
T − τ ≥ c192ρ2

2ρ2 −1 (|s0|�q
0 )
γ2Dρ2

T (s0, T )

}
.

Using (59), we derive

DT (s, τ ) ≡ 0 ∀ (s, τ ) ∈
{

s0 + c20(|s0|�q
0 )
γ1 gρ1(s0) ≤ s < 0,

T − τ ≥ c21(|s0|�q
0 )
γ2 gρ2(s0)

}
, (63)

where c20 = c18(2c15)
ρ1

2ρ1−1 , c21 = c19(2c15)
ρ2

2ρ2 −1 . Further, without loss of generality, we
suppose that −1 < s0 < 0. Then, due to (17), we find

s0 + c20(|s0|�q
0 )
γ1 gρ1(s0)

≤ s0 + c20�
q(γ1+ρ1�)
0

(|s0|γ1+ρ1�1 + |s0|γ1+ρ1�
)
(H (0)

0 (s0))
βρ1 ≤ S1(s0),

c21(|s0|�q
0 )
γ2 gρ2(s0) ≤ c23�

q(γ2+ρ2�)
0

(|s0|γ2+ρ2�1 + |s0|γ2+ρ2�
)
(H (0)

0 (s0))
βρ2

≤ S2(s0),

where
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S1(s) :=
(

1 − c22�
q(γ1+ρ1�)
0 χ

k0
p

)
s = C(χ)s, c22 = 2ρ1 c20,

S2(s) := c23�
q(γ2+ρ2�)
0 |s|γ2+ρ2�1(H (0)

0 (s))βρ2 , c23 = 2ρ2 c21.

Now, for C(χ)we impose the additional restriction C(χ) > 0. Note, C(χ) → 1
as χ → 0. Then χ from (17) has to satisfy the following condition

χ < κ̃2 :=
(

c22�
q(γ1+ρ1�)
0

)− p
k0 . (64)

Choosing in (63) s ≥ S1(s0) and T − τ ≥ S2(s0), we deduce

DT (s, τ ) ≡ 0 ∀ (s, τ ) ∈ {s ≥ C(χ) s0, T − τ ≥ S2(s0)} . (65)

As S2(·) is a monotone function then there exists an inverse function S−1
2 (·).

Hence, from T − τ ≥ S2(s0) we find that s0 ≤ S−1
2 (T − τ). Thus, choosing

s ≥ C(χ)S−1
2 (T − τ) in (65), we obtain

DT (s, τ ) ≡ 0 ∀ (s, τ ) ∈
{

s ≥ C(χ)S−1
2 (T − τ), T − τ ≥ S2(s0)

}
. (66)

From (66), taking into account that

βρ2 = σ, γ2 +�1ρ2 = 1 − μ, γ2 +�ρ2 = 1 − μ+ σ�

1 + k0
, μ0 = q�,

we find the estimate (23) for κ3 = C(χ) and κ4 = (c23�
q(γ2+ρ2�)
0 )−1. Moreover,

χ satisfies condition (21) with κ2 = min{κ1, κ̃1, κ̃2}, where κ̃1 is from (A.23), κ̃2
is from (64), and κ1 is defined by (54). Hence

κ2 := min

⎧⎨
⎩κ1, �

−μ0
k0

0

(
max

{
2, c22�

qk0(1−μ)
p(1+σ)

0

})− p
k0

⎫⎬
⎭

= min

{
κ1, 2−γ �

−μ0
k0

0

}
for �0 ≤ (2/c22)

p(1+σ)
qk0(1−μ) ,

= min

{
κ1, c−γ

22 �
−μ0

k0
− q(1−μ)

1+σ
0

}
for �0 > (2/c22)

p(1+σ)
qk0(1−μ) . (67)

This completes the proof.

The proof of Theorem 3 is similar to the one of Theorem 2 right up to (62).
The main difference is the estimate of the energy functional DT (s, τ ) at the point
(s0, T ) under the assumption that the initial data decrease at infinity.

Proof (Proof Theorem 3). Due to (45), (50) and (24), we find

ET (s) ≤ ET (−∞) ≤ c24�
μ0
0 h1+k0

0 (−∞) ≤ c24�
μ0
0 H

1+k0 (68)
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for all s < 0, T > 0, where c24 = c6cμ0
10 ,μ0 and k0 are from (42). Taking s = −2δ,

δ = s > 0 in (A.20) and passing to the limit as s → +∞, in view of (24), we
derive

HT (s) ≤ HT (−∞) ≤ c25(|s|�q
0 )

1−μh1+σ
0 (−∞) ≤ c25(|s|�q

0 )
1−μH

1+σ
(69)

for all s < 0, T > 0, where μ and σ are from (57). By virtue of (68) and (69), we
estimate the function DT (s, T ). As a result, we have

DT (s, T ) ≤ c26(|s|�1 + |s|�)�q�
0 H

β

for all s < 0, T > 0, where c26 = max{c1+σ
24 , c1+k0

25 }. Using this estimate in (62),
we obtain

DT (s, τ ) ≡ 0 ∀ (s, τ ) ∈
{

s0
(
1 − c27|s0|γ1−1 max{|s0|�1ρ1 , |s0|�ρ1}) ≤ s < 0,

T − τ ≥ c28|s0|γ2 max{|s0|�1ρ2 , |s0|�ρ2}
}
,

(70)

where

c27 = �
q(γ1+�ρ1)
0 H

βρ1 c18(2c26)
ρ1

2ρ1 − 1
, c28 = �

q(γ2+�ρ2)
0 H

βρ2 c19(2c26)
ρ2

2ρ2 − 1
.

Now we find admissible s0 ∈ (−1, 0) from the estimate

1 − c27|s0|γ1−1 max{|s0|�1ρ1 , |s0|�ρ1} = 1 − c27|s0|γ1+�1ρ1−1 ≥ C(χ).
If γ1 + �1ρ1 < 1 then s0 ≤ s1(χ), and if γ1 + �1ρ1 > 1 then s0 ≥ s1(χ),

where

s1(χ) := −
(

1 − C(χ)
c27

) 1
γ1+�1ρ1−1

.

Let
S3(s) := c28 max{|s|1−μ, |s|γ2+�ρ2}.

Taking into account that

γ2 +�1ρ2 = 1 − μ < γ2 +�ρ2, γ1 +�1ρ1 = 1 − μ

p

(
1 − ν

1 + k0
+ k0

1 + σ

)
,

we find

DT (s, τ ) ≡ 0 ∀ (s, τ ) ∈
{

s ≥ C(χ)S−1
3 (T − τ),

T − τ ≥ S3(s0)

}
, (71)

where C(χ) is from (66). For the case γ1 +�1ρ1 < 1 the statement of the theorem
holds for all T ≥ T ∗ = S3(s1(χ)). If γ1 + �1ρ1 > 1 then the one holds for all
T > 0. Thus, the necessary estimate (25) follows from (71). This completes the
proof of Theorem 3.
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Appendix A: proofs of auxiliary statements

A.1. Proof of Lemma 4

Applying Lemma B.2 from Appendix B to the function v = u in the domain
QT (s + δ) for p̃ = p > 2, r = q + 1, q̃ = 2, b = N (p−q−1)

2p+N (p−q−1) , and the
condition r ≤ p̃ leads to the restriction q ≤ p − 1. As a result, we have

∫ ∫

QT (s+δ)
u p dx dt ≤ d1

(∫ ∫

QT (s+δ)
|∇u|p dx dt

)b

×

(∫ ∫

QT (s+δ)
uq+1 dx dt

)1−b

sup
t∈[0,T ]

( ∫

�(s+δ)
u2 dx

) p(p−q−1)
2p+N (p−q−1)

. (A.1)

Using the Poincaré inequality

‖v‖q
Lq (�) ≤ (meas�)

q
N ‖∇v‖q

Lq (�)

with v = u
q+1

q , we deduce
∫ ∫

QT (s+δ)
uq+1 dx dt ≤ ω

q
N
N �q(T )

∫ ∫

QT (s+δ)
|∇u

q+1
q |q dx dt, (A.2)

where ωN is the volume of the unit ball in RN . The right side of (A.2) is finite
because the solution u is compactly supported (see, e.g. [19]). From (A.1) and
(A.2) we obtain (42).

A.2. Proof of Lemma 5

Applying Lemma B.1 from the Appendix B to the function v = u in the domain
�(s + δ) for a = d = p > 2, b = 2, i = 0, j = 1, and integrating with respect
to time, by Hölder’s inequality, we obtain the estimate

ET (s + δ, τ − ω) ≤ d p
1

( ∫

QT
T −τ+ω(s+δ)

|∇u|p dxdt

)ν
H1−ν

T (s + δ, τ − ω,
p

2
),

(A.3)

where ν = N (p−2)
2p+N (p−2) . To estimate H1−ν

T (s + δ, τ − ω,
p
2 ) we apply the interpo-

lation inequality from Lemma B.1 (see Appendix B) in �(s + δ) to the function
v := u for a = 2, d = p, b = q + 1 < 2, i = 0, j = 1. Then we derive

∫

�(s+δ)
u2 dx ≤ d2

1

( ∫

�(s+δ)
|∇u|p dx

) 2θ
p
( ∫

�(s+δ)
uq+1 dx

) 2(1−θ)
q+1

,
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where

θ := N p(1 − q)

2(N (p − q − 1)+ p(q + 1))
, q < 1.

We take both sides of this inequality to the power ξ > 0 and integrate them with
respect to time from T − τ + ω to T . After using Hölder’s inequality with the
exponents p

2θξ > 1 and p
p−2θξ , we obtain

HT (s + δ, τ − ω, ξ) ≤ d2ξ
1

( ∫ ∫

QT
T −τ+ω(s+δ)

|∇u|p dx dt

) 2θξ
p

×
( T∫

T −τ+ω

( ∫

�(s+δ)
uq+1 dx

) 2pξ(1−θ)
(q+1)(p−2θξ)

dt

)1− 2θξ
p

. (A.4)

Now we choose ξ from the following equality

2pξ(1 − θ)

(q + 1)(p − 2θξ)
= 1.

Then

0 < ξ = p(q + 1)+ N (p − q − 1)

2p + N (p − q − 1)
< 1. (A.5)

From (A.4) it follows

HT (s + δ, τ − ω, ξ)

≤ d2ξ
1

( ∫ ∫

QT
T −τ+ω(s+δ)

|∇u|p dx dt

)μ( ∫ ∫

QT
T −τ+ω(s+δ)

uq+1 dx dt

)1−μ
. (A.6)

Setting h2 = p
2 > 1, h1 = ξ < 1 in (41) (see Lemma 3), we deduce

HT

(
s + δ, τ − ω,

p

2

)
≤ c4 HT (s, τ, ξ)M

p
2 −ξ
T (s, δ, τ, ω), (A.7)

where ξ is defined by (A.5), MT (s, δ, τ, ω) is from (33).
To estimate the right-hand side of inequality (A.7) we use (A.6) and Lemma 2.
Eventually, we obtain

HT

(
s + δ, τ − ω,

p

2

)
≤ c29 Mμ+ p

2 −ξ
T (s, δ, τ, ω)

( ∫ ∫

QT
T −τ (s+δ)

uq+1 dx dt

)1−μ
,

(A.8)
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where c29 = cμ3 c4d2ξ
1 . Taking into account (A.8) and Lemma 2, we estimate the

second multiplier in the right-hand side of (A.3). As a consequence, using (A.2)
and (50), we have

ET (s + δ, τ − ω)

≤ d p
1 c1−ν

29 Mν+(μ+ p
2 −ξ)(1−ν)

T (s, δ, τ, ω)

( ∫ ∫

QT
T −τ (s+δ)

uq+1 dx dt

)(1−μ)(1−ν)

≤ c30 �
q(1−μ)(1−ν)
0 Mν+(μ+ p

2 −ξ)(1−ν)
T (s, δ, τ, ω)

×
( ∫ ∫

QT
T −τ (s+δ)

∣∣∣∣∇u
q+1

q

∣∣∣∣
q

dx dt

)(1−μ)(1−ν)
. (A.9)

where c30 = d p
1 c1−ν

29 (ω
q
N
N cq

10)
(1−μ)(1−ν).

Below we obtain an estimate of integral in the right-hand side of (A.9). For an
arbitrary fixed s0 ∈ R1 and δ > 0, we substitute s = si = si−1 + δ, i ∈ N in (39)
and sum the obtained inequalities. We arrive at

∫ ∫

QT
T −τ (s0+δ)

∣∣∣∣∇u
q+1

q

∣∣∣∣
q

dx dt ≤
+∞∑
k=1

∫ ∫

QT
T −τ (s0+kδ)

∣∣∣∣∇u
q+1

q

∣∣∣∣
q

dx dt

≤ c3

c1

+∞∑
k=1

(
δ−pET (s0 + k δ, τ )+ ω−1HT −τ+ω(s + k δ, ω)

)

≤ c3

c1

+∞∑
k=0

(
δ−pET (s0 + k δ, τ )+ ω−1HT (s0 + k δ, τ )

)

≤ c3

c1

+∞∫

s0

(
δ−pET (z, τ )+ ω−1HT (z, τ )

)
dz. (A.10)

It follows from the flatness condition (17) that

ET (0) = HT (0) = 0 ∀ T > 0.

Therefore, by monotonicity of functions ET (s, τ ) and HT (s, τ ), it follows from
(A.10) that for every s ∈ R1, δ > 0, and τ, ω : 0 < ω < τ ≤ T the inequality

∫ ∫

QT
T −τ (s+δ)

∣∣∣∣∇u
q+1

q

∣∣∣∣
q

dx dt ≤ c3

c1
|s| MT (s, δ, τ, ω) (A.11)

holds. Using (A.11) we estimate the right-hand of inequality (A.9), consequently,
we derive the estimate (55) for c̃12 = c30(c3/c1)

�, where

� = (1 − μ)(1 − ν), k0 =
( p

2
− ξ

)
(1 − ν). (A.12)
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Now we obtain a similar inequality for HT (s, τ ). Setting h2 = 1, h1 = ξ in (41)
(see Lemma 3), we deduce

HT (s + δ, τ − ω) ≤ c4 HT (s, τ, ξ)M1−ξ
T (s, δ, τ, ω) (A.13)

for all s ∈ R1, δ > 0, and τ, ω : 0 < ω < τ ≤ T . Using (A.6), we estimate the
right-hand of (A.13). Consequently, we infer

HT (s + δ, τ − ω) ≤ d2ξ
1 cμ3 c4 M1+μ−ξ

T (s, δ, τ, ω)

( ∫ ∫

QT
T −τ (s+δ)

uq+1 dx dt

)1−μ
,

whence, in view of (A.11), (A.2) and (50), we obtain the inequality (56) for c̃13 =
d2ξ

1 c3c4(ω
q
N
N cq

10/c1)
1−μ, where σ = 1 − ξ . This completes the proof.

A.3. Proof of Lemma 6

From (43), using (50) and (10), we obtain

ET (s + δ) ≤ c̃8�
μ0
0 δ−p(1+k0)E1+k0

T (s), ∀ s ∈ R1, δ > 0,

where μ0 = q�, c̃6 = c6cμ0
10 . Setting in the last inequality

δ = δ̃T (s) := [2c̃6�
μ0
0 Ek0

T (s)]
1

p(1+k0) ,

analogously to the proof of Theorem 1, we derive

δ̃T (s + δ̃T (s)) ≤ ε δ̃T (s)+ c31�

μ0
p

0 [H (0)
0 (s)] k0

p ∀s ∈ R1,

where c31 := (2
1

1+k0 c̃6)
1
p , 0 < ε = 2

− k0
p(1+k0) < 1. From the definition of δ̃T (s) we

obtain

ET (s) = (2c̃6)
− 1

k0 [δ̃T (s)]
p(1+k0)

k0 �
−μ0

k0
0 .

To estimate δ̃T (s)we apply Lemma B.4 (see Appendix B) to f (s) = δ̃T (s), g(s) =
c31�

μ0
p

0 [H (0)
0 (s)] k0

p , d4 = c31χ
k0
p �

μ0
p

0 , d5 = c8 >
1

1−ε , γ = ε. The conditions
(a–d) of Lemma B.4 are satisfied. Now we use the condition (18) of qualified
monotonicity for majorant H (0)

0 (s) for

k = (ε + c−1
8 )

p
k0 < 1, K = c8c31�

μ0
p

0 > 1. (A.14)

Note, that inequalities (A.14) are satisfied due to the choice of the constant c8

which was an arbitrary up to now. In this case, for the function H (0)
0 (s) the follow-

ing inequality

(
ε + c−1

8

)
H (0)

0 (s) ≤ H (0)
0

(
s + c8c31�

μ0
p

0 (H (0)
0 (s))

1
γ

)
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is true, where 1
γ

= k0
p = p−q−1

2p+N (p−q−1) . Then it is simple to check that condition
(e) of Lemma B.4 from the Appendix B is valid, and we obtain

δ̃T (s) ≤ c8c31�

μ0
p

0

[
H (0)

0 (s)
] k0

p ∀ s < 0, T > 0. (A.15)

Finally, from the definition of δ̃T (s) and the estimate (A.15), we derive (58) for

c̃14 =
(
(c8c31)

p(1+k0)

2c̃6

) 1
k0 .

A.4. Proof of Lemma 7

It obviously follows from the definition of HT (s) that the estimate

HT (s) ≤ HT (s, T, ξ)

(
sup

t∈(0,T )

∫

�(s)

u2(t) dx

)σ
, (A.16)

holds for every s ∈ R1 and T > 0, where σ = 1 − ξ, ξ is defined by (A.5). Using
(A.16) and (A.6), we derive

HT (s + δ) ≤ d2ξ
1

( ∫ ∫

QT (s+δ)
|∇u|p dxdt

)μ( ∫ ∫

QT (s+δ)
uq+1 dxdt

)1−μ

×
(

sup
t∈(0,T )

∫

�(s+δ)
u2(t) dx

)σ
,

where μ is from Lemma 5. From the definition of LT (s + δ) (see (36)) we deduce

HT (s + δ) ≤ d2ξ
1 Lμ+σ

T (s + δ)

( ∫ ∫

QT (s+δ)
uq+1 dxdt

)1−μ
(A.17)

for every s ∈ R1, δ > 0, and T > 0. By (37) and (A.2) in the right-hand side of
(A.17), we obtain

HT (s + δ) ≤ d2ξ
1 cμ+σ

2 Pμ+σ
T (s, δ)

(
ω

q
N
N �

q(T )
∫ ∫

QT (s+δ)

∣∣∣∣∇u
q+1

q

∣∣∣∣
q

dxdt

)1−μ
.

In Sect. 4, we obtained the uniform boundedness from above for �(t) (see (50)).
Thus, we find

HT (s + δ) ≤ c32 �
q(1−μ)
0 Pμ+σ

T (s, δ)

( ∫ ∫

QT (s+δ)
|∇u

q+1
q |q dxdt

)1−μ
(A.18)

for every s ∈ R1, δ > 0, and T > 0, where c32 = d2ξ
1 cμ+σ

2 (ωN cN
10)

q(1−μ)
N .
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To estimate the integral in the right-hand side of the inequality (A.18) we use the
same arguments as in the proof of the inequality (A.11). Then we derive

∫ ∫

QT (s+δ)

∣∣∣∣∇u
q+1

q

∣∣∣∣
q

dx dt ≤ c2

c1
|s|PT (s, δ) (A.19)

for every fixed s ∈ R1, δ > 0, T > 0. By (A.18), (A.19), (35), and (17) we have

HT (s + δ) ≤ c33

(
|s|�q

0

)1−μ P1+σ
T (s, δ) ≤ c̃19

(
|s|�q

0

)1−μ (
δ−pET (s)+ h0(s)

)1+σ

≤ c33

(
|s|�q

0

)1−μ (
δ−pET (s)+ H (0)

0 (s)
)1+σ

(A.20)

∀ s ∈ R1, δ > 0, T > 0, where c33 = c32(
c2
c1
)1−μ. In account of (58), we estimate

the right-hand side of (A.20). As a result, we have

HT (s + δ) ≤ c33
(|s|�q

0

)1−μ
(

c̃14δ
−p�

μ0
0

[
H (0)

0 (s)
]1+k0 + H (0)

0 (s)

)1+σ

(A.21)

for every s < 0, δ > 0, T > 0. Setting

δ = δ̂T (s) :=
[
�
μ0
0

[
H (0)

0 (s)
]k0

] 1
p

in (A.21), we obtain

HT

(
s + δ̂T (s)

)
≤ c34

(|s|�q
0

)1−μ (
H (0)

0 (s)
)1+σ ∀ s < 0, T > 0,

where c34 = c33(1 + c̃14)
1+σ . From the majorant inequality (17) we see

δ̂T (s) ≤ �

μ0
p

0 χ
k0
p (−s).

Then

HT

(
s

(
1 − �

μ0
p

0 χ
k0
p

))
≤ HT

(
s + δ̂T (s)

)
≤ c34

(|s|�q
0

)1−μ (
H (0)

0 (s)
)1+σ

(A.22)

∀ s < 0, T > 0. Let the constant χ from (13) be such that �
μ0
p

0 χ
k0
p < 2−1, i.e.

χ < κ̃1 :=
(

2�
μ0
p

0

)− p
k0 =

(
2�

μ0
p

0

)−γ
. (A.23)

Then it follows from (A.22) that

HT (2
−1s) ≤ c34

(|s|�q
0

)1−μ (
H (0)

0 (s)
)1+σ ∀ s < 0,
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whence, due to the inequality HT (s) ≤ HT (2−1s), we deduce

HT (s) ≤ c34
(|s|�q

0

)1−μ (
H (0)

0 (s)
)1+σ ∀ s < 0. (A.24)

In view of the definition of DT (s, T ), using the estimates (58) and (A.24), and
taking into account that μ0(1 + σ) = q�2, we infer the inequality (59) for c̃15 =
c̃1+σ

14 + c1+k0
34 .

Appendix B

Lemma B.1. [18] Let � ⊂ RN be a bounded domain with a piecewise-smooth
boundary, 0 < b < a, d ≥ 1, and 0 ≤ i < j, i, j ∈ N. Then there exist positive
constants d1 and d2 (d2 = 0 if � is unbounded) depending on �, d, j, b, and
N only such that the following inequality

∥∥∥Div

∥∥∥
La(�)

≤ d1

∥∥∥D jv

∥∥∥
θ

Ld (�)
‖v‖1−θ

Lb(�)
+ d2 ‖v‖Lb(�) ,

is valid for every v(x) ∈ W j,d(�) ∩ Lb(�), where θ = 1
b + i

N − 1
a

1
b + j

N − 1
d

∈
[

i
j , 1

)
.

Lemma B.2. [7]. Let � ⊂ RN , p̃ > 1, r > 0, r ≤ p̃, q̃ > 0, 1 − b =
p̃q̃ ( p̃q̃ + N ( p̃ − r))−1. Then for all v(t, x) ∈ L p̃(0, T ; W 1, p̃

loc (�(s))) and T > 0
the following inequality

T∫

0

∫

�

|v| p̃ ≤ d3

( T∫

0

∫

�

|∇v| p̃
)b( T∫

0

∫

�

|v|r
)1−b

sup
t∈[0,T ]

(∫

�

|v|q̃
) ( p̃−r)(1−b)

q̃

holds, where 0 < d3 = d3(N , p̃, q̃, r) is independent of T .

Lemma B.3. [20]. Let a nonnegative continuous nonincreasing function f (s) :
[s0,∞) → R1 satisfy the following functional relation

f (s + f (s)) ≤ ε f (s) ∀ s ≥ s0, 0 < ε < 1.

Then f (s) ≡ 0 ∀ s ≥ s0 + (1 − ε)−1 f (s0).

Lemma B.4. [20]. Let a nonnegative continuous nonincreasing function f (s) sat-
isfy the functional relation
(a) f (s + f (s)) ≤ γ f (s)+ g(s) ∀ s ∈ R1, 0 < γ < 1,
where g(s) ≥ 0 is a continuous nonincreasing function satisfying the estimation
(b) g(s) ≤ d4 (s0 − s) ∀ s < s0, 0 < d4 < ∞.

Also, let the following inequality
(c) f (s) ≤ d5 g(s) ∀ s < s1 < s0, d5 >

1
1−γ .

hold for some s1 ∈ (−∞, s0). If the parameter d4 from (b) satisfies the restriction

(d) d4 < d−1
5

(
1 − γ − d−1

5

)
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then
f (s) ≡ 0 ∀ s ≥ s0.

Moreover, if g(s) satisfies the extra condition
(e) g(s + d5g(s)) ≥ (γ + d−1

5 )g(s) ∀ s < s1

then
f (s) ≤ d5 g(s) ∀ s < s0.

Lemma B.5. [21]. Let a nonnegative continuous nonincreasing in both of its argu-
ments function f (s, τ ) satisfy the functional relation

f
(
s + k1 |s|α1 f β1(s, τ ), τ − k2 |s|α2 f β2(s, τ )

) ≤ γ f (s, τ ) ∀ s > s′
0, τ < τ ′

0,

where 0 < γ < 1, 0 < ki < ∞, αi ≥ 0, βi > 0, i = 1, 2. Then for arbitrary
s0 ≥ s′

0, τ0 ≤ τ ′
0, the following property

f (s, τ ) ≡ 0

is valid for every (s, τ ) such that

(s, τ ) ∈
{

s ≥ s0+ k1

1 − γ β1
|s0|α1 f β1(s0, τ0), τ≤τ0 − k2

1 − γ β2
|s0|α2 f β2(s0, τ0)

}
.
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