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Abstract. We study energy solutions of a Cauchy problem for the p-Laplace evolution equa-
tion with nonlinear gradient absorption and nonnegative compactly supported initial data.
‘We obtain the sufficient local asymptotic conditions on initial data that imply the backward
motion and waiting time phenomena.

1. Introduction

We consider the qualitative properties of nonnegative solutions of the Cauchy prob-
lem for the viscous Hamilton—Jacoby equation:

u; — div (|Vu|”_2Vu) +|Vul? =0 inQr, (1)
u(0, x) = up(x), x e RY, 2)

where Or = (0,7) x RN, T > 0, N > 3, and ug € L*(R") is a compactly
supported non-negative function. That kind of equations appear as the viscosity
approximation to the first order partial differential equations of Hamilton—Jacoby
type, in different physical settings.

From here on we assume that

p>2 and g > 0. 3)

The case of p > 2 corresponds to the slow p-Laplacian diffusion. It is well-
known that the behaviour of solution to problem (1), (2) strongly depends on the
value of the parameter ¢ > 0. The non-negative and integrable solution to the
Hamilton—Jacoby equations with the standard linear diffusion was investigated by
many authors (see, for example, [13] and references therein). In the special case
p = 2, the problem (1), (2) was extensively studied (in detail, see [6,16]).

The long-time behaviour of solution for the evolution Eq. 1 with nonlinear dif-
fusion and gradient absorption was studied in [17] where the infinite waiting time
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was proven for I < g < p — 1. In this situation the effect of localization arises
thanks to the influence of the Hamilton—Jacoby term |Vu|?. When the parameter
0 < g < 1 then the nonlinear absorption term becomes dominant and diffusion
plays a secondary role for the large times. It looks natural to expect a singular
phenomena like the finite time extinction for 0 < g < 1 (see [4,12]).

The main goal of this paper is to analyse the long-time behaviour of a non-
negative weak solution to the problem (1), (2) for all ¢ > 0 in terms of the local
asymptotic of initial data. In comparison with works [3,4,12,17] our results are
more general. In particular, we obtain the waiting time phenomenon (briefly WTP)
for every g > 0, and not just in the super-linear range 1| < g < p — 1. This means
that for some (finite or infinite) time the solution’s support locally does not expand,
or shrink, or both, at a point y of its boundary. In most cases, the reason for the
WTP come as a consequence of initial data being sufficiently flat in a neighborhood
of y. Moreover, in the case 0 < g < 1 we show the backward motion phenomenon
(briefly BMP), and not just the finite time extinction (see, e.g. [5,9]). This means
that from some time the solution’s support locally shrinks at the point y, and the
reason for the BMP is the flatness of initial data in a neighborhood of y too. These
phenomena were studied for the p-Laplace evolution equation and other degenerate
parabolic equations in works [2,11,8,14,15,20-23] etc. We reference the reader to
the work [8] for more detailed discussion about these phenomena for the doubly
nonlinear degenerate parabolic equation with nonlinear (non-gradient) absorption.

The paper is organized as follows. In Sect. 2 the assumptions and main results
are formulated. It turns out, that the appearance of WTP and BMP depends strongly
on the local flatness conditions of initial data, i.e. the stronger flatness of initial data
the stronger influence of gradient absorption term. For example, if 0 < g < p — 1
then the WTP is possible for all times (see Theorem 1). For 0 < ¢ < 1 the BMP
appears under the additional restriction on the initial data (see Theorem 2). Some
auxiliary integral estimates are shown in Sect. 3. The main results are proved in
Sects. 4 and 5. In Sect. 4, we show the finite WTP for ¢ > p — 1 and the infinite
WTP for 0 < ¢ < p — 1 to problem (1), (2). In Sect. 5, we obtain the BMP for
0 < g < 1 that implies the finite time extinction. The Appendix A contains the
proofs of several technical lemmas. Some auxiliary results from functional analysis
are placed in Appendix B.

2. Main results

We define a weak solution for the problem (1), (2) in the sense of [1].

Definition 1. A nonnegative function u is a weak solution of the problem (1), (2) if

+1
(i) u e CO, T; LARNY), |Vul?, |Vu's |9 € L'(Qr);
(ii) the following identity holds

%/uz(t,x)q)(t,x)dx— %//uz(t,x)qb,(t,x)dxdt
or

RN
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//|W|p¢dxdt+( )//

// IVulP>Vuu Ve dxdt = /ug(x)qs(o,x)dx 4)

Vu ‘7 ¢>dxdt

for every function ¢ € C1(Qr);
(iii) the function u attains the initial data in the following sense

u(t,-) = ugin L? (RN) ast — 0

where the compactly supported function ug € L>(RV).

It is worth to mention that the definition above is different from the one intro-
duced in [17] for weak viscosity solutions.
Now we formulate some auxiliary definitions. For x, y € R" let

/ /
X = (X1, ey X Xig Ly oo o5 XND)s Y = (Vs eves Yiels Yidlsooes YN)-

For every s € RY, i=1,..., N, letus denote by
QW (s) := {x eRN i xi>yi+ds+x' =Y, ye 8{suppu0}} ©)

a cone with vertex at y € RV, opening angle d = d(y) > 0, and symmetry axis
parallel to the x;-axis. Let u# be an arbitrary weak solution to (1), (2) in the sense
of Definition 1. Using (5), we define the function ') (z) as

IO :=inf{s € R' : suppu(r, ) N QY (s) = B} (6)
forevery y € RN, t € R*. At the point y = 0 we define
@) :=TO0).

Our main goal is to study the dependence between the evolution of support of
a weak energy solution u# and the local asymptotic of initial data ug. We suppose
that uq satisfies the following conditions:

uo(x) = 0, )

meas{Q® (s) Nsuppuo} =0 V y € d{suppug}, s > 0. (8)

We study the properties of solutions of problem (1), (2) under some extra restric-
tion on flatness of initial function u¢ in a neighborhood of the boundary support.

We formulate this assumption in terms of the function h(()y) (s):
h (s) = / ud(x)dx, ©9)
QO (s)

for an arbitrary point y € d{supp uo} and for every y € RV.
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Remark 1. 1t follows from (9) and (8), that h(()y) (s) is a nonincreasing nonnegative
continuous function satisfying the following property:

h(s)=0 Vs >0, yea{suppuo). (10)

Let us assume that the function h(()’v) (s) satisfies the flatness conditions. Hence,

forevery s : so < s < 0and p > 2, one of the following estimates

2p
h$(s) < x (—)N72 forg > 0; an
() N+ 2N ptD Np—1)
h < — =2 f > = 1, : 12
o () < x (=) or g > gy = max N3 (12)
2
héy)(s) <x (—s)NJrP*;*1 forO0<g<p—1; (13)

holds true for some positive constant .
In this paper, we prove the infinite WTP if the condition (13) is satisfied and
the finite WTP if one of the conditions (11), (12) is valid.

Remark 2. Note, that the convexity of the support is not required as the conditions
(11-13) are local at y.

Let us proceed with the formulation of sufficient condition for the WTP.

Theorem 1. Assume that the initial data uq satisfies the conditions (7), (8), the
point 'y € d{supp uo} and the function h(()y) (s) satisfies the condition (10) and one
of the flatness conditions (11-13).

Then for an arbitrary weak solution u of problem (1), (2) there exists the time
T* = T*(x) > 0 depending on the known parameters only such that

suppu(t, )N QY O) =0#v0 <1 < T% (14)

where x is the constant from the flatness conditions. Note, that T* — +00 as
x — O.

Moreover, if 0 < g < p — 1 and there exists a constant k1 > 0 depending
on the known parameters only (see (54)), such that the constant x of the flatness
condition (13) satisfies the following inequality

X < K1. (15)
Then the property (14) holds for all t > 0.

Remark 3. We do not give the proof of the finite WTP. This phenomenon fol-
lows from [11, Theorem 2.1] applied with (w, p, ¢, s,l, k) = (u, p,2, p, 1, 1) for

29 pq

gq+1
qg > 0,and (w, p,q,s,l,k)y = (u ¢ 4> G310 g1

1, 1) for g > g, directly.

Now we illustrate the conditions of Theorem 1 for 0 < ¢ < 7™ and stronger
regularity of initial data.
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Example 1. Let the initial function ug € C(RY) satisfies one of the following
properties:
(1) if 0 < g < 1 then we require that

sup  uo(x) < x (=) P

xeQW)(s)
(2) ifge <qg<q*=p— NL+2 then we require that
2g+N(g—p+1)
sup  ug(x) < x (=s) 2
xeQW)(s)
3) ifg>q*, p>2orl <qg <gqy, p> % then we require that

sup  up(x) < x (—s)ﬁ.
xeQW)(s)

The requirements (1-3) will imply the flatness conditions (11-13) and hence
guarantee the WTP, i.e. the property (14) for solutions of problem (1), (2).

Under the proposed conditions on the parameters p and ¢, the influence of the
diffusive term in Eq. 1 is more stronger than nonlinear absorption term for the large
times for p > 2 and ¢ > 1. On the other hand, the nonlinear absorption term
dominates in the case 0 < g < 1. The upper and lower bounds on the waiting time
for the solution to the Cauchy problem for doubly nonlinear parabolic equations
were found in [11,10,20,21], and they coincide with our result for the case 3) when
the diffusive term dominates, i.e. forqg > ¢*, p>2orl <q < g4, p > 2(1\17V_+1)

Now we formulate the main result of the present paper about the sufficient
condition of backward motion. Let us denote by y the following constant:

2p

y =N+ ——y,
p—q—1

(16)

which is the critical exponent from the right-hand side of estimate (13). Let Héy ) (s)

be a majorant of function h(()y )(s), which satisfies condition (13) for all s : 59 <
s <0,1ie.

0<hi’(s) < HY (5) < x(=9)". (17)
Moreover, the following condition of the qualified monotonicity:
MW@+wxM”mﬁ)>kamvSew (18)
0 0 = Ky )

holds true for some constants 1 < K < oo and0 < k < 1 depending on the known
parameters only, and y defined by (16).
Let us denote by f the following auxiliary function

F(s) = s H(HY ()7, (19)
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where
__2ptNp-2 p(l—q)
2p+Np—qg—-1" "~ 2p+Np—-qg-1°
This function characterizes the speed of backward motion.
The nonlinear absorption becomes strongly dominant when the parameter g €
(0, 1). In this case, the solution of the problem (1), (2) is not Lipschitz continu-

ous. It gives the grounds to expect the singular phenomena such as the finite time
extinction. The next theorem describes the condition for the BMP.

W=

Theorem 2. Assume that for
0<g<l1 (20)

the initial function uq satisfies conditions (7) and (8), the point y € d{supp up},
and the majorant function Héy ) (s) satisfies flatness condition (17). Let also for the
constant x from the flatness condition (17) the following inequality

X < k2. 1)

be valid.
Then there exists a constant k3 (see (67)): 0 < k3 < k1 depending on q, p, N
and ||u0||L2(RN) only, such that for T () the following estimate

r®u) <o (22)

is true for all t > 0.

Moreover, there exist positive constants k3 and k4 depending on N, p, q,
luoll L2(gny only, such that the following estimate of the shrinking speed of support
holds

~TY@W z k3 f 7 Gat) Vi >0, (23)
where f~1(-) is the inverse function of f(-) defined by (19).

Remark 4. For compactly supported initial data uq the finite time extinction follows
immediately from the estimate (23).

Remark 5. From the definitions x| and k» are defined by (54) and (67) accordingly,
there is an initial function u( such that x; = «». Hence the condition (15) for the
infinite WTP and the condition (21) for the BMP coincide.

The next theorem describes the behaviour of a weak energy solution to the
problem (1), (2) with an initial functions decreasing at infinity.

Theorem 3. Under the hypotheses of Theorem 2, let the majorant Héy)(s) satisfy
the flatness condition (17) and

H"(s) < H = const < +00Vs < 0. (24)
Then there exists a constant ks > 0 such that the following estimate
1
—TD(t) > kst TF (25)

is valid for all t > 0.
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We proceed with examples to illustrate the case of the BMP under different
kind of flatness conditions for the function (9). For the critical growth of the initial
data, the Example 2 explains the maximum asymptotic speed of backward motion
at large times.

Example 2. Let there exists a constant KZ(O) 0 < KZ(O) < k7, such that the following
inequality

h () <V HO(5) Vs <0, (26)

holds for Héo) (s) := (—s)7, where the constant y is the critical exponent defined
by (16). Then, in virtue of (23), we have

i al6)) (1) > K6tﬁ1 ,

_ (0)y— - (p—g=1)@2p+N(p—g—1))
where 6 = 13 (")~ (), B1 = G Ny v < I

The next example illustrates the asymptotic behaviour of the solution to the
problem (1), (2) for the case of subcritical growth of the initial function.

(1.

Example 3. Letthere exists i, * : 0 < Kél)

< k3, such that the following inequality
h (s) < ikSVH (5) Vs <0, Q27

holds for Hgl) (s) := Kél) (—s)?, 7 > y, where the constant y is the critical expo-
nent defined by (16). Then from (13) we obtain

_F(y) (t) Z K7tﬂ2,

- —1
Dy— - 1-¢)(p—q—1
where k7 = k()7 (k)2 B 1= (- + THRLGRR=l) T < g,

The following example illustrates the case of slow decreasing of the solution to
the problem (1), (2) under the logarithmic correction in the flatness condition for
the initial function.

(2

Example 4. Let there exists /<2(2) : 0 < K, < K2, such that the following inequality

h(s) < .k HP (5) Vs <0, (28)

is valid for Hé2) (s) := (—s)”|1In (—s)|?, ¥ € R', where the constant y is defined
by (16). Then, in virtue of (13), we find

—TO () > wgtP | In (kg 1)| 701,

where f(s) = (k32)% (=) /Pt In (=) |77, g = 13 (1 + |9 ) (e52) 7 (keg) P1.

Notation. From here on by C, C;, ¢;, ¢; we denote generic constants that depend
on N, p, g only.
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3. Preliminary integral estimates

Below, without loss of generality, we suppose that y = 0 and i = 1 in (5). Let us
denote by hg(s) the following function

ho(s) = h (s).
We define the families of sets:

Q(s) 1= QOV(s), QP () := (t1, 1) x Q(s), K(s,8) 1= Q(s)\ Qs +9),

K{(s,8) = (11, ) x K(5,8), Or(s):= Qf (s), Kr(s,8) := K] (5.8).(29)

Further, we use the family of basic cut-off functions @55 € C 2(RN ) from
[22,23], which possess the following properties:

0<gss(x) <1Vx e R, suppgssx) C Qs),

[0 vx¢Q,
gox,a(x)—[1 Vx e Q(s+9),

Voys| < g |Agss| < 5% Vx e K(s.5). (30)

with the positive constant c.

Now let u be an arbitrary weak solution to (1), (2) in the sense of Definition 1.
Forevery s € R, 8§>0,h>0,T>0,andt, w:0 <w <71 <T we introduce
the energy functionals related to this solution:

Er(s, ) :=/ / uPdxdt, Er(s) :=E&Er(s, T); 3D
07 _ ()
T h
Hr(s, T, h) = / (/ u2dx) dt,
T—t Qf(s)

Hr(s,t) :=Hr(s,t, 1), Hr(s) :=Hr(s, T, 1); (32)
Rr(s,8,7,0) :=8 PEr(s, 1) + w "My (s, 7); (33)
Mr(s,8,T,0) =8 PEL(s, T) + 0 "HT 110 (s, w); (34)

Pr(s,8) := 8 PEr(s) + ho(s). (35)
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For every s € R', § >0, T > 0, let us denote by

Lr(s+38):= sup / u(t x)dx—{——/ / u® dx dt
1€(0,T)

Q(s+6) Q7 (s+96)

+/ / |Vu|pdxdt+c1//

Or(s+9) 07 (s+9)

q
dx dt, (36)

g+l
Vu ¢4

q

q . . .
m) and u is an arbitrary weak solution of the

where the constant ¢; = 2 (

problem (1), (2).
Further, we prove the following preliminary lemmas.

Lemma 1. Assume that condition (3) is satisfied. Then there exists a positive con-
stant ¢ such that the following estimate

Ly (s +68) < c2Pr(s,9) (37)
is valid for all s € R, §>0, T >0.

Proof. Testing integral identity (4) by

DX, 1) = g5 5(x) exXp (—t : T_l) VT >0

and making the simple transformations, we come to the following inequality

Lp(s+6) 58/ / |Vu|pdxdt+%/ / u? dx dt + ho(s), (38)
K7 (s,8) K7(s,8)
wheres € R, § >0, T > 0. Choosing ¢ > 0 sufficiently small, e.g. ¢ = 2-1=p,

(p—DP~ ‘<2ec>1’}

and iterating inequality (38), we obtain (37) for ¢» = max{e, ST o
p

Lemma 2. Assume that condition (3) is satisfied. Let u be an arbitrary weak solu-

tion of the problem (1), (2). Then there exists a positive constant c3 such that the
following estimate

sup / u (1, x)dx+/ / |Vul? dxdt
1eO.7)

(5+6) 0r__(s+8)

g1 |4
—i—cl/ / ‘qu

oF__(s+9)

dxdt < czMr(s, 8,1, w) (39)

isvalidforallseRl, §>0andt, w:0<w<71t<T.
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Proof. Let us define by ¢ € C'(R!) the cut-off function with the following prop-
erties:

0 fort<T—-17—w,
lﬂ(t)=[l forr > T — 7. 0<vy@) <1 Vt>0,
Y (r ¢
‘1/;:)§£V0<w<t<T,T>r+a). (40)
w

The function @; s(x) is defined by (30). Substituting the function ¢ (x,t) =
@s.s(x)y(¢) into the integral identity (4), after simple transformations we obtain
(p=br'@e" )

(39) for ¢3 = max{c, Y

Lemma 3. Let Hr (s, T, h) be the function defined by (32). Then there exists a
positive constant c4 such that the following inequality
Hr(s +8,7 — o, ha) < caHrls, 7, h) MP"(s,8,7, ) @1

holdsforallseRl, §>0,1,w:0<w<t=<T,andhy, hp :0 < h] < hp <
0.

Proof. We introduce the following auxiliary function:

t

h
X (t) = / ( / Mz%,a(x)lﬁ(@—w)dx) de,

0 Q)

where the functions ¢; s and y are defined by (30) and (40) accordingly. In view
of the Fubini theorem, the relation

d
X1 (T) = / / Mz(ﬁs,é(x)lﬁ(f—W)EXh(f)dde
ol

is valid. Let us define the function Hz (s, 7, h) by Hr (s, T, h) := X(T) for all
se€R., h:0<h<oo,andt :0 <7 <T. Substituting the function
¢, x) = @55(x)Y(t — w)X,(¢) into (4) and using simple transformations, we
obtain the following recursive estimate:

Hr(s,t,h+1) < CHr(s, 1, h) Mr(s,8,7,0) VI > 0.
Iterating this inequality, we find
Hr(s,t,h) < CHr(s, t,h — ) M5(s, 8, 1,0) Vh > £, L€ N,
whence, due to the Holder inequality, it follows the relation:
Hr(s, T, ha) < CHr(s, T, hl)/\/lf}rh] (5,8, T,w)Yhy > hy > 0.
It is also easy to see that
Hr(s +8,7—w, h) < Hr(s, T, h) < Hr(s, 7, h).

Hence, taking into account the previous inequality, we obtain the estimate (41).
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4. Waiting time phenomenon

In this section, we find the condition on local behaviour of the initial data which
results into the infinite WTP for weak solutions of the problem (1), (2).
First we obtain an additional estimate for the functional £ (s) from (31).

Lemma 4. Assume that conditions (3) are satisfied. Then there exists the positive
constant c5 depending on the known parameters only, such that the following esti-
mate

Er(s +8) < esTR(T) Py (s,8) if 0<q<p—1 (42)

’“o
is true for all s € R, § >0,and T > 0, where c5 = a)A’,V , wN 1S the volume of

the unit ball in RN, and

2pq g PP=a=D
2p+N(p—gqg-1

Ho = .
2p+N(p—q—1)

Proof. Proof of Lemma 4 is based on the auxiliary Lemma 1. It is of a technical
character and is given in Appendix A.

Now we are ready to prove the Theorem 1.

Proof (Proof of Theorem 1). For ¢ > 0 the finite speed of propagation for the
support of the solution follows, for example, from [19] where the equation without
absorption was analyzed. Because the absorption can only reduce the speed of prop-
agation the same proof is applicable. Our main interest is the case 0 < g < p — 1.

By Lemma 4, forevery s € R!, § > 0 we obtain the following estimate for the
function &7 (s):

Er(s +8) < co(TH (T8 PIHIE 0 () 4 i (T)ng™0(s))  43)

if 0 < g < p — 1 and ¢g = 2K0¢s. First, we introduce the notation

1
57(5) = [2¢ TP E10) |
Setting 6 = 87 (s) in (43), we have
1
&@+&@»gE&unJMamﬁmwmm<q<p—L

Taking both sides of the above inequality to the power < 1 and multi-

ko
1 P(+ko)
plying them by (2 c¢ '*0(T')) »U+*0) | we obtain
S7(s +87(s)) < ed8r(s) + Fr(s) Vs € R, (44)

__ko
where 0 < ¢ =2 rU+k) < 1. Here

ko

Fr(s) =07 (TYh (s) for0 <q < p—1,
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1
where ¢7 = (2™ 0 ¢g) 7.
We set s = —28, § = s’ > 01in (43) and pass to the limit as s — oo. Using
the boundedness of functions £7(s) and hg(s), in view of (43), we deduce

E1(=00) < eI (T)hy ™ (—00). 45)
Hence, there exists 51 € (—o0, 0) such that
St(s) < cgFr(s)Vs <s1 <0, (46)

where the constant cg > 1.
Below, we show the simple corollary from functional inequality (44) related to
the boundedness of the function I'(¢). In view of (10), we find from (44) that

S7(s +387(s)) <edr(s)Vs >0, 0 <e < 1. 47)

Taking into account property (47), we apply Lemma B.3 of Appendix B to the
function 87 (s) for s > 0 and derive

1
Sr(s)=0Vs >
1—¢

o1 (0). (48)

Now, from monotonicity of the function £7 (s) we have
Er(0) < Er(—00).

Then from the definition of §7 (s) and inequality (45) we deduce

ko

87(0) < C9FM70(T)h07(—OO), (49)

1 1
where the constant cg = 270+ ¢;’. The upper estimate of the support boundary

ko

N(T) < 57(0) < lc%sr%"mhf (—00).

— &

follows from (49). Hence, I'(T) satisfies

c P—pTo ko _
r(T)s(1 98) h ™ (—o0).

Then, using the definition (9), and kg, (1o, we obtain the following estimate:

I'(T) < c1olo, (50)

)

were c1g = (10798) P7H0 5 0, and

ko p=q—1
Pk 2(p—q)+N(p—q—T1)
FO = ||u0||L2(]gN) = ”uO”LZp(IgN) e . (51)
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Remark 6. The estimate (50) is also valid for ') (r) in the sense that
I'O() < 1ol forall 1 > 0 and y € d{supp uo}. (52)
Now we proceed with the proof of the Theorem 1. For 0 < ¢ < p — 1 from
estimate (50) and the definition of F7 (s) we deduce

n k
Fr(s) < colcioTo) 7 x 7 (—s) < c11(—s) (53)

»
foralls < 0,0 < x < (011 cgl (clol"o)f%)) "0 Next, we apply Lemma B.4 from
Appendix B to the functions d7 (s). Indeed, the condition (a) from Lemma B.4 is
valid for f(s) := 87(s), g(s) := Fr(s), y := &, due to the inequality (44). The
inequality (53) guarantees the validation of the condition () for ds := cy;. The
condition (c¢) of the Lemma B.4 follows from the inequality (46) for d5 := cg >
(1-— 5)_1. Let us choose the constant ¢y such that

cl1 < cg_l(l —¢ —cg_l).
Then we have
Sr(s) =0Vs >0, T > 0.

Taking into account ¢y < (1 — )2, we derive
P2p—pq)

ko (p—110)—p(1+k3) X 1o (P—)
N 2 Py (2P0 — 1)
)MO

. (54)

1 ((1—8)2
Kl ' =—— | —

ci1lo c9 koN W
(CZ)N ||”0 ”LIZ](RN))

This completes the proof of Theorem 1.

5. Backward motion phenomenon

In this section, we find the local behaviour asymptotic condition on the initial data
which results into the BMP. Let us denote by

Dr(s,7) = (ST EF (s, 1) + (s 2 Hy (s, 1)
an energy functional, where s € R l'2:0<7<T,and
Ar:=0—wd+ky), Ap:=0(14+0), A:=A;+ A,
Define g(s) as
g(s) == (51 + 151 1§ (H (), B = (1 4+ ko) (1 + 0).

Further, we formulate some auxiliary results connected with estimates of the
energy functionals E7 (s, t), Hr (s, 1), Er(s), and Dy (s, T). The proofs of these
lemmas can be found in the Appendix A.
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Lemma 5. Assume that condition (3) is satisfied. Then there exist positive constants
c12, c13 such that the following estimates

Er(s+68,t—w) <cp2 (|s|1"g)g M1T+k°(s,8, T, w), (55)
Hr(s +8,7 — o) < ci3 (s| T Mz (5,8, 7, ) (56)

are valid for all s € R, §>0andt, w:0 <w <71 <T, where [ is defined
by (51), and

2p mo N —q)
U 2p+N(p—q -1

Q:: = —
2p+N(p—q—-1 ¢

o rd —q)
- 2p+Np—qg-1

(57)

Lemma 6. There exists a positive constant c14 such that the following estimate
Er(s) < T (H () *F0 vs <0, T >0 (58)
holds.
Lemma 7. There exists a positive constant c15 such that the following estimate
Dr(s,T) = c158(s) (59)
is valid for every s < 0.
Proof (Proof of Theorem 2).
We take both sides of the inequalities (55) and (56) to the powers 1 4+ o and

1+ ko accordingly, and multiply them by |s| Fg with powers A1 and Aj respectively.
Summing the obtained inequalities and using (39), we obtain the estimate

Dr(s+8,7— ) < 16 (5T M§ (5,6, 7, )

<ci ((|s|rg>A28-1’ﬂD;+"°<s, D)+ (sITHM 0D s, r)) (60)

foralls €e R, § > 0,and 1,0 : 0 <w < T < T,wherec16=c};”+

C%;‘ko’ cl7 = 2/3_1616, B=(+ko)(+0).

Remark 7. Let 0 < g < p — 1. If s > 0 then, due to (14), u(¢t, x) = 0 for all
(t,x) € RT x QO (s). Hence, we can consider the inequality (60) for s < O only.
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First, we introduce the notations

1
S (s, 7) = [2c17 (5T 22Dk s, r)] 7P

wr (s, ) := [2c17 (Is|ITH M DG (s, r)]é .

Setting § = §7 (s, 7) and w = w7 (s, T), we have the following main functional
inequality

1
Dr (s +e1s (sIT§) Df (5. 0). T = e (TP D (s, 7)) < 5Dr(s.7) (61)

1 1
foralls <0, T < T, where c1g = (2c17) 72, c19 = (2c17)#, and

A»r 0 ._k()' _A]_l—,u o
s P1i= ——5 V2= — —, P = —.

T T bt ko) B B 1+o B

Let s, be an arbitrary negative number such that s < so < 0, where s is from
(17). Further, we will consider the estimate (61) for all s : s(’) <s<0.

Next, we apply Lemma B.5 from the Appendix Bto f (s, ) := Dr(s, 1), k1 :=
s, ky i= c1o(TH2, v = 4, a1 i= y1, an := y2, B1 = p1, P2 = po,
and 7) = T. Due to Lemma B.5, from (61) it follows that for so € [s(, 0) and
79 = T the following equality

Dr(s,7) =0 (62)

holds

P
V.1 e [ 50+ $E (5ol D 50, T) < 5 < o,]

T — 1t > 2% (IsoIT) > DY (s0. T)
Using (59), we derive

50+ c20(s0IT¢) "1 g1 (s0) < 5 < 0,

Dr(s,5) =0V¥(s,7) € [ T — 7 > e (IsoIT4) 77 (50)

] . (63)

. - )P1 . .
where ¢yg = %, ) = . Further, without loss of generality, we

suppose that —1 < sg < 0. Then, due to (17), we find

c19(2¢y5)P2
2P2 —1

so + c20(IsolT) " g (s0)
< 50 + cooTETTN) (jsoritaiin jso 1oy (5O (50)) P71 < S (s0),
+0mA 0
21 (Is0ITE) 2" (s0) < eas DL ([sg 720281 150722228 (HD (59)) P2

< 8(s0),

where
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ko
Si(s) = (1 — gy ) s=C(x)s. e =2"ex,
A 0
So(s) = 023Fg(”2+p2 )|s|y2+'02A'(H(§ )(S))ﬂpz’ 23 = 2P2¢y).

Now, for C(x) we impose the additional restriction C(x) > 0. Note, C(x) — 1
as x — 0. Then x from (17) has to satisfy the following condition

M\ "1
X < Ky = (c221"g(y1+p1 )) o, (64)
Choosing in (63) s > Si(s9) and T — © > S>(sp), we deduce
Dr(s,7) =0V (s,t) € {s =C(x)s0, T — 7 = Sa(s0)}. (65)

As 8() is a monotone function then there exists an inverse function S5 1(~).
Hence, from T' — © > S(sp) we find that 59 < S; 1(T — 7). Thus, choosing
s > C(X)SZ_I(T — 1) in (65), we obtain

Dr(s,7) =0V (s, 1) € {s >CNS T -1, T—1> Sz(S())} . (66)

From (66), taking into account that

0Q
1+ ko

Boo=o0, n+Ahipp=1—u, p+App=1—-nu+ » Mo = qo0,

we find the estimate (23) for k3 = C(x) and k4 = (c23I'{ (2F0280) =1 Moreover,

x satisfies condition (21) with ko = min{x, K1, K2}, where k1 is from (A.23), i
is from (64), and « is defined by (54). Hence

P
_to gkl 1\ ko
K2 :=min { k1, Ty ™ | max 2, czzFop(H")

) - p+o)
= min {1,277, for [y < (2/cpp) %001 |

N o
= min { k1, ¢y Ty ™ for g > (2/cop) 4k00-1) (67)

This completes the proof.

The proof of Theorem 3 is similar to the one of Theorem 2 right up to (62).
The main difference is the estimate of the energy functional Dr (s, T) at the point
(s0, T) under the assumption that the initial data decrease at infinity.

Proof (Proof Theorem 3). Due to (45), (50) and (24), we find

14+ko

E7(s) < Er(—00) < el 'hy™0(—00) < cul " H (68)
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foralls <0, T > 0, where cog = cﬁclf(‘)), 1o and kg are from (42). Taking s = —24,
6 = s > 01n (A.20) and passing to the limit as s — 00, in view of (24), we
derive

Hr(s) < Hr(—00) < cas(sITH A7 (—00) < cas((sITH #H ™ (69)
foralls <0, T > 0, where u and o are from (57). By virtue of (68) and (69), we
estimate the function Dy (s, T). As a result, we have

A
Dr(s, T) < cap(ls|™ + s 1A B

foralls <0, T > 0, where ¢y = max{c“”’ 2; ko}. Using this estimate in (62),
we obtain

_ yi—1 A1pr A <
Dr(s.7) =0V (5. 7) € 1% (1 — ca7lsol” " max{[so|*171, |so| 1)) <5 < 0,]’

T — 1t > c8)s0]7? max({|so| 4172, 5|2}
(70)
where

_ Fq(m+Am)ﬁﬂm c18(2¢26)"! Fq(VerApz)ﬁﬁPz €19(2¢26)"?
2 —1 B 20 — 1

Now we find admissible sg € (—1, 0) from the estimate

7 =

—1 A A Arpi—1
1 — co7lso”~  max{]so| 171, [so| ™'} = 1 — ca7lso" TP 1 > C(x).

If y1 + A1p1 < 1then so < s1(x), and if y; + Ajp; > 1then so > s1(x),

where 1
1 —=C(x)\rithio-1
six) =———— .
27

Let
S3(s) 1= cog max{|s|!7H, |s|2 AR,

Taking into account that

TA | +A TA lzp(lzv | ko
= — < . = N
v2+ Aipa <t Ao v Ao = — et T,

we find

_ s> C()S; T — 1),
DT(S,I)ZOV(s,t)e[ T_IZ383(SO) ] (71)

where C(x) is from (66). For the case y; + A1p; < 1 the statement of the theorem
holds for all 7 > T* = S3(s;(x)). If y1 + A1p1 > 1 then the one holds for all
T > 0. Thus, the necessary estimate (25) follows from (71). This completes the
proof of Theorem 3.
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Appendix A: proofs of auxiliary statements
A.l. Proof of Lemma 4

Applying Lemma B.2 from Appendix B to the function v = u in the domain
Or(s+8forp=p=>2r=q+1,GG=2 b= ﬂ%(‘—,;f_‘ql_)l),andthe
condition r < p leads to the restriction ¢ < p — 1. As a result, we have

b
/ / updxdtgdl(/ / |Vu|pdxdt) X

Q7 (s+6) Or (s+3)

p(p—q=1)

1=b FNG—-D
(/ / u‘1+1dxdt) sup (/ uzdx) . (A
t€[0,T]

Q7 (s+98) Q(s+8)

Using the Poincaré inequality

9
101144y < (meas ) ¥ Volld, g

q+1
withv =u ¢ , we deduce

q+1 % q g+l q
ul™ dx dt < wy I'(T) |Vu a |1dxdt, (A.2)

07 (s+6) Or(s+9)

where wy is the volume of the unit ball in R". The right side of (A.2) is finite
because the solution u is compactly supported (see, e.g. [19]). From (A.1) and
(A.2) we obtain (42).

A.2. Proof of Lemma 5

Applying Lemma B.1 from the Appendix B to the function v = u in the domain
Qs +d8)fora=d=p>2, b=2,i=0, j=1,and integrating with respect
to time, by Holder’s inequality, we obtain the estimate

v
5T(s+5,r—w)§df’( / IWI”dxdt) H]T*”(HS’T_“”%)’

0F 1y 6+9)
(A.3)

where v = %. To estimate HIT_U(S +38,7 — w, &) we apply the interpo-

=2)
lation inequality from Lemma B.1 (see Appendix B) in (s + §) to the function
vi=ufora=2,d=p, b=qg+1<2,i =0, j =1. Then we derive

20 2(1-6)

2 2 v +1 T
/udx§d1 / [Vul? dx /uq dx ,

Q(s+96) Q(s+9) Q(s+9)
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where
90— Np(1—¢q)
2IN(p—g—D+plg+1D)
We take both sides of this inequality to the power £ > 0 and integrate them with

respect to time from 7 — 7 4+ w to T. After using Holder’s inequality with the
exponents ﬁ > 1 and ﬁ, we obtain

HT(s+5,r—w,s)§dff(/ / |Vu|P dxdt)

0F_ 1, (5+9)

, g <1

208
2

2pE(1-0) 12

. 1 (G +D(p—208) TE
x( / ( / utt dx) dz) . (A4)

T—1+w Q(s+95)
Now we choose & from the following equality

2p51—6)
(g +D(p—208)

Then

_plg+ D +N(p—qg—1)

0<é&= TESr— <1 (A.5)

From (A.4) it follows

HT(S+87T_Q)’$)

I l—p
5df5(/ / |Vu|P dxdt) (/ / ud ™! dxdt) . (A.6)

0f .\, (5+5) 0F_ 4 (s+9)

Setting hp = £ > 1, hy =& < 1 in (41) (see Lemma 3), we deduce

p 5—¢
Hr(s+8t—0.2) S nOM; 680, (AT
where £ is defined by (A.5), Mr(s, §, T, ) is from (33).

To estimate the right-hand side of inequality (A.7) we use (A.6) and Lemma 2.
Eventually, we obtain

p_ I—p
Hr (s—|—8,r—w, g) fcgng;Jrz E(S,S,I‘, a))(/ / uq+ldxdt) ,

o (s+9)
(A.8)
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where ¢y9 = c’; C4d12S. Taking into account (A.8) and Lemma 2, we estimate the
second multiplier in the right-hand side of (A.3). As a consequence, using (A.2)
and (50), we have

Ers+46, 71 —w)
ng Mv+(u+2 —&)(1- V)( 5, r,a))(/ / uq+1dxdt)(l—u)(l—v)
07, (s+8)
< 3o TEIT=0) b Em007 (s o)
x(/ / ‘qufIH ! dxdt)(l - U). (A.9)

oF__(s+8)

q
where c39 = df’c;;”(wﬁcffo)(l_“)(l_”).
Below we obtain an estimate of integral in the right-hand side of (A.9). For an
arbitrary fixed so € R! and 8 > 0, we substitute s = s; = s;_; + 8,7 € N in (39)
and sum the obtained inequalities. We arrive at

+1 +1
/ / ‘qu dxdt<Z/ / ‘ un dx dt
oF__(s0+9) 0L _(so+kd)
c “+00
< 03 (6 PET(s0 + k8, T) + 0 " Hr_rp0(s + k8, w))
k=1
C =
<3 (5 PER(so+ k8, T) +w "Hr(so + k8, r))
‘1 k=0
+oo
< 23 (5 PEr(z,T) + 0 YHr (2, r)) dz. (A.10)
1

S0

It follows from the flatness condition (17) that
Er(0)=Hr0)=0VT > 0.

Therefore, by monotonicity of functions £ (s, t) and Hr (s, t), it follows from
(A.10) that for every s € R', § > 0,and 7,  : 0 < w < t < T the inequality

g1 |4
/ / ‘Vu‘i

oF_ _(s+8)

dxdt < Z—?|S|MT(S,8»T7 ) (A.11)

holds. Using (A.11) we estimate the right-hand of inequality (A.9), consequently,
we derive the estimate (55) for ¢1» = c30(c3/c1)?, where

0=010—=w(d—v), ko= (g—g) (1= v). (A.12)
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Now we obtain a similar inequality for Hr (s, t). Setting hp = 1, h1 = £ in (41)
(see Lemma 3), we deduce

Hr(s +8,7— ) < ca Hr(s. 7. EIMy ° (5.8, 7, ) (A.13)

foralls € R', § > 0,and7, w:0<w <71 <T. Using (A.6), we estimate the
right-hand of (A.13). Consequently, we infer

I—p

Hr(s+8, 7 —w) §d12§c§LC4M1T+“_§(s,8, T, a))(/ / uit! dxdt) ,
07 (s+9)
whence, in View of (A.11), (A.2) and (50), we obtain the inequality (56) for ¢13 =

d1 C3C4(a)N clo/cl)l_“, where 0 = 1 — &. This completes the proof.

A.3. Proof of Lemma 6

From (43), using (50) and (10), we obtain
Er(s +8) < GTprs—rirkoglthogy - v e R § >0,

where 1o = qo, ¢6 = ceCg - 10 Setting in the last inequality

5 1
8§ =687(s) := [2561*6‘05;0@)],;(1%0)’

analogously to the proof of Theorem 1, we derive

ko
S7(s +87(s)) < edr(s) +cnl"0” [H )(s)] » VseR',
11 __ko__ -
where c3; := 20 ¢g)r,0 < & =2 rU+k) < 1. From the definition of §7(s) we
obtain
p(+kg) _ o

Er(s) = 226) W [r(s)] R Ty 0.

To estlmate ST(s) we apply Lemma B 4 (see Appendix B) to f(s) = ST(s) g(s) =
c31ly 0 [H( )(s)] [ = 6‘31)( » Iy ,d5 = cg > ﬁ’ y = ¢. The conditions
(a—d) of Lemma B.4 are satisfied. Now we use the condition (18) of qualified
monotonicity f j ©
y for majorant H; "~ (s) for
1o

k=(e+cg N <1, K =cgeiTy > 1. (A.14)

Note, that inequalities (A.14) are satisfied due to the choice of the constant cg
which was an arbitrary up to now. In this case, for the function Héo) (s) the follow-
ing inequality

£ 1
(s + cg_l) Héo) (s) < Héo) (s + cgez Iy (Héo)(s)) V)
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is true, where 1 = k—,f = m?v_(—t;;:l—l)’ Then it is simple to check that condition
(e) of Lemma B.4 from the Appen(?ix B is valid, and we obtain

- 2o !

5r(s) < cgealy” [Hgm(s)] " Vs <0, T>0. (A.15)

Finally, from the definition of 57(s) and the estimate (A.15), we derive (58) for

1
~ cgcy))PUTR0) | ko
Gla = (% ,

A.4. Proof of Lemma 7

It obviously follows from the definition of Hr (s) that the estimate

HT(s)gHT(s,T,g)( sup /uz(t)dx) , (A.16)
te(O,T)Q(S)

holds for every s € R'and T > 0, where 0 = 1 — £, & is defined by (A.5). Using
(A.16) and (A.6), we derive

iz I—n
HT(s+8)§d12§(/ / |Vu|pdxdt) (/ / u‘f“dxdt)

Or(s+6) Or(s+8)
o
x( sup / uz(t)dx> ,
1e(0,T)
Q(s+3)

where p is from Lemma 5. From the definition of L7 (s + 8) (see (36)) we deduce

I—p
HT(s+a)5dffz:’;+"(s+a)( / / uq“dxdz) (A.17)
Or(s+9)

for every s € R, §>0,and T > 0. By (37) and (A.2) in the right-hand side of
(A.17), we obtain

g+l

q
Hr(s +8) <dp ™ P s, 5)(60;3 () / / ’qu
Qr(s+0)

q I—p
dxdt) .

In Sect. 4, we obtained the uniform boundedness from above for I'(¢) (see (50)).
Thus, we find

I—p
+1
Hr(s +8) < cn Fg“‘“)P’T‘*"(s,a)(/ / \Vu'e |4 dxdt) (A.18)
0r(s+9)

2 q(1—p)
forevery s € R', 8 > 0,and T > 0, where c3, = dlgcnga(a)Nc%) N
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To estimate the integral in the right-hand side of the inequality (A.18) we use the
same arguments as in the proof of the inequality (A.11). Then we derive

g+l
/ / Vu 4

Q7 (s+8)

q ¢
dxdt < = |s|Pr(s, ) (A.19)
c1

for every fixed s € R, >0, T >0. By (A.18), (A.19), (35), and (17) we have

1—p - l=p 1
HrG+8) <ex (5I0G) " PR 8) <ao (1sI0g) " (77€r () +ho)' ™7

1- 140
<y (si0g) " (5P er @ + 1O @) (A20)

Vse R §>0, T >0, wherecsz = 032(%)1_M. In account of (58), we estimate
the right-hand side of (A.20). As a result, we have

_ 5 1+ko I+o
Hr(s +8) < c33 (IsITd)' ™" (cMsPF{;O [H(g‘” (s)] +H (s))
(A.21)
foreverys <0, § > 0, T > 0. Setting
e
A 14
5 =3r(s) = [F{,‘O [Hgm(s)] 0}
in (A.21), we obtain
3 =1 (O ) T
Hr (s +8T(s)) < 34 (IsITY) (HO (s)) Vs <0, T >0,
where ¢34 = ¢33(1 + ¢14)' 7. From the majorant inequality (17) we see
. Ho o g
5r(s) < Ty x 7 (=s).
Then
20 kg o _ 1+o
Hr (s (l - x? )) <Hr (s + (ST(S)) < c34 (Isll"g)1 " (Héo)(s))
(A.22)
Ko ko
Vs <0, T > 0. Let the constant y from (13) be such that I‘Op XP < 271 ie.
s\ ~ 1y o\ ~Y
X< Izl = (2FOP ) = (ZFOP ) . (A23)

Then it follows from (A.22) that

1
Hr@'s) < e (s108) ™ (HO0) Vs <0,
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whence, due to the inequality H7(s) < HT(2_1s), we deduce
_ 1+o
Hr(s) < caq (IsTE) ™ (H(§°>(s)) Vs < 0. (A24)

In view of the definition of Dr (s, T), using the estimates (58) and (A.24), and
taking into account that uo(1 + o) = g A», we infer the inequality (59) for ¢15 =

~1+0 1+ko
+ 34 .

Appendix B

Lemma B.1. [18] Let @ C RN be a bounded domain with a piecewise-smooth
boundary, 0 < b <a, d > 1,and0 <i < j, i, j € N. Then there exist positive
constants dy and d» (dy = 0 if Q is unbounded) depending on 2, d, j, b, and
N only such that the following inequality

i J
[D'0] =4 [pi| oy 1Mty 2 I lzocey
. 1,0 1 .
is valid for every v(x) € W/ (Q) N L?(Q), where 6 = ll’i’j" L e [?, 1) .
ptwN—a

Lemma B.2. [7]. LethRN p>1Lr>0r=<p g=>01-b=
pq(pg+N(p—r))~ Thenfor all v(t,x) € LP(0, T; Wl1 p(Q(s))) andT > 0
the following inequality

T T T (p—r)(1=b) r)(l —b)

J ol ) (] frr) " g ()

0 Q

holds, where 0 < d3 = d3(N, p, q,r) is independent of T

Lemma B.3. [20]. Let a nonnegative continuous nonincreasing function f(s) :
[s0, 00) — R! satisfy the following functional relation

fGs+ fs) <ef(s)Vs>s0, 0<e<1.
Then f(s) =0Vs > so+ (1 —e&)~ f(s0).

Lemma B.4. [20]. Let a nonnegative continuous nonincreasing function f(s) sat-
isfy the functional relation

@ fs+ f) <y f)+g)¥seR, 0<y <1,

where g(s) > 0 is a continuous nonincreasing function satisfying the estimation
() g(s) <ds(so—s)Vs <sg, 0<ds < o00.

Also, let the following inequality

() f(5) <dsg(s) Vs <51 <50, ds > 1.

hold for some s1 € (—00, so). If the parameter d4 from (b) satisfies the restriction

@ dy <d5' (1-y—ds')
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then
f(s)=0Vs > 5.

Moreover, if g(s) satisfies the extra condition

(e) g(s +dsg(s)) > (v +d5s Hg(s) Vs < 51
then

f(s) <dsg(s)Vs < sp.

Lemma B.5. [21]. Let a nonnegative continuous nonincreasing in both of its argu-
ments function f (s, ) satisfy the functional relation

fs+k Is| FPI(s, 7)), T — ko |s]®2 £P2 s, 7)) <y f(s,T) Vs >s5 T <1,

where 0 <y <1, 0 <kj <00, aj >0, Bi > 0,i = 1,2. Then for arbitrary
50 > 8y, To < T, the following property

f@s,71)=0

is valid for every (s, T) such that

k1
—ﬂllsol‘)"fﬂ1 (50, T0), T<T0 —

l—y

(S,T)G[SZSO-F 1

k2 @ ¢
_yﬁzlsol f72(s0,70) ¢ -
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