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1. INTRODUCTION

Consider a system of ordinary differential equations

% = f(t,x) (1)

where x=(xj, ... ,X,), t € R; f: Rx By — R"is a continuous function; By = {x € R" : ||x]l =
H}Y; f(:,0)=0.

The classical criterion of asymptotic stability of zero solution of equations (1), which was
obtained by Lyapunov [1], assumes existence of positive definite function ¥ and negative definite
function dV'/ dt. In applications one can constract a positive definite function V', which derivative
is not negative definite but is less than or equal to zero. Exactly for such cases Barbashin and
Krasovskii [2] created the effective asymptotic stability criterion if function f in equation (1)
is autonomous (f does not depend on ¢). Then Krasovskii [3] extended this criterion for the
case where function f is periodic in ¢. For general case of nonautonomous function f Matrosov
[4] proved that Barbashin—Krasovskii’s theorem is not right, hence he needed to introduce the
second auxiliary function. The goal of this paper is to prove Barbashin—Krasovskii’s criterion for
the case of almost periodic function f which is a particular case of the class of nonautonomous
functions.

2. DEFINITIONS AND PRELIMINARY RESULTS

Definition 1. A continuous function F(¢) : R — R”" is called almost periodic if for every € > 0
there exists / = /(€) > 0 such that any segment [o; @ + /], &« € R contains at least one number T
such that ||F(z + T) — F(¢)|| < € for every t € R. A number T is called an e-almost period of F.

Definition 2. A continuous function F(¢, x) : RX B, — R*(0 < r < o) is called uniformly aimost
periodic in ¢ if for every € > 0 there exists / = /(¢) > 0 such that any segment [o;; x + /], « € R
contains at least one number T such that ||F(t + T, x) — F(t,x)|l <eforeveryt € R, x € B,.

Remark. A continuous function F(t), which satisfies Definition 1, in papers [5-8] is called uni-

formly almost periodic, so Definitions 1 and 2 are some different from corresponding Definitions
in [5-8].
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LEMMA 1.[7] Let Fi(¢),..., Fy(t) : R — R" be almost periodic functions. Then for every € > 0
there exists / = /(€) > 0 such that any segment [o; & + /], & € R contains a number T such that

WEit+1)-F(t)l<e i=12..,N;teR

LEMMaA 2. If the function F (¢, x) : RX By — R" is Lipschitzian in x and almost periodic in ¢ for
every fixed x € By, then it is uniformly almost periodic in 7.

Proof. Since the function F (1, x) satisfies Lipschitz conditions in x, then

IF(t,x) = F(t, )|l < Lllx -yl (2)
where L is Lipschitz constant.

Let € > 0 be any real number. By is a compact set, hence there is a finite set of points xy, ... , xy
such that x; € By (j = 1,..., N) and for each x € By there exists such numberi (1 < i< N)
that c

— — 3
||)C xl” < 3L 3)

From Lemma 1 it follows that there exists / > 0 such, that in any segment [&; & + [] there exists
such number 1 , that

IF(ex) = P+ 5l < 5 (4)
foreachte R i=1,... ,N.

Now we will show that for every x € By each number T , which satisfies inequality (4), is
an e-almost period of the function F (¢, x). Let x; be the same element of the set xy,... , xy for
which ||x — x4|| < €/(3L). Then by (2)-(4) we obtain

Ft+T,x)-F@t, )| < |[Ft+T1,x)—F(+71,x) + |[F(z + T, x)
—F(t, x )l + IF (2, x0) = F(2, )|

€ €
<§+2L.E— .

The proof of Lemma 2 is complete. ®

3. MAIN RESULTS

In this section of paper we consider the system of ordinary differential equations (1) under
assumptions above. Besides we assume that the function f(7, x) is Lipschitzian in x and almost
periodic in ¢ for every fixed x € By. Let

x(t, to, x0) {tp <t < ) (5)
be the semitrajectory of the system (1) which satisfies the boundary condition xp = x(#o, fo, X0)-
LEmMMA 3. Consider the semitrajectory (5) which belongs to B, (0 < h < H). Let {€} be
monotonically approaching zero sequence of positive numbers and {T,} be some sequence of
€x-almost periods of (¢, x) (for every €, there corresponds €x-almost period Tx).Then the limit

relation
Izim lx(e*, 10, xk) — x(t* + Tk, 1o, X0) || = O (6)
— 00

holds, where x;, = x(fy + Ti, to, Xo) and t* is some fixed moment of time which is more than
to (t* > o).
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Proof. Consider movements of representative points in the phase space along trajectories

x(t, to, xi) (7

and
x(t, to + T, Xi). (8)

From position x; for the time At = t* — 1, the representative point reaches position x(¢*, to, xi)
along the trajectory (7) and it reaches position

X(t* + Ty, fo + T, Xg) = x(t* + Ty, 10, x0)

along the trajectory (8). Trajectory (8) of equations (1) with initial boundary value problem
x; = x(tp + Tx) may be interpreted as one of the system

%§=f0+Tbﬂ )

with initial position x; and initial moment of time #y. But according to Lemma 2 a right-hand
part of the system (1) is uniformly almost periodic in ¢ on the set R x By, therefore right-hand
parts of the systems (1),(9) differ from each other on no matter how small if k is large enough
natural number. Hence it follows the limit relation (6). W

THEOREM 1. Let differential equations (1) satisfy above conditions and there exists continuously
differentiable function ¥ (¢, x) : R X By — R such that the following conditions are fulfilled on
the set R X By

@ alllx) < V(z, x) < b(lix|l), where a, b € K; K is class of Hahn’s functions [1];

(ii) V' (2, x) is almost periodic in ¢ for each fixed x € By;

(i) dV/dr < 0, d¥/ dr may be equal to zero only on the set M C R X By which does not
contain entire semitrajectories (¢, x(¢, to, xo)) (¢ = o) of the system (1).

Then the solution

x=0 (10)

of differential equations (1) is asymptotically stable.

Proof. From conditions (i),(iii) it follows that solution (1) is uniformly stable [1]. Let € € (0; H)
be any positive number. Denote by zy € R the initial moment of time. By the stability of the zero
solution there exists & > 0 such that if xo € Bs, then x(z, ty, xo) € Be for every t = ty. Choose
such 6 > 0 and show that any solution x(¢) = x(¢, tp, x¢) wWith x¢ € B tends to zero as t — oo.
Suppose that this is not true, i.e. there exist n > 0 and xo € B; such that ||x(z, £y, xo)ll > n > 0
ast = fy.

The function V (¢, x(¢, to, xo)) is monotonically nonincreasing because dV/d¢ < 0. Hence
there exists limit

’llrg Vit x(t, tg, x0)) = Vo za(n) >0

and it easy to see that V (¢, x(¢, to, x0)) = Vy for ¢ € {19; ).

Consider some monotonically approaching zero sequence €, of positive numbers, where ¢
is sufficiently small. By Lemma 2 for every ¢; there exists such sequence of €;-almost periods
Ti1, Ti2 ---, Tim ... — o0 for functions f(¢z, x) and V (¢, x), that inequalities

>

[V (t+ Tinx) -V x| <€,
lLf(t+ Tin x)— flt, ) <€
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hold for each ¢ € R, x € B,. Without loss of generality one can suppose Ti» < Ti+1., fOr every
i, n. Designate Ty = Tjx-

Consider the sequence of points x; = x(fp + T, f0, Xo) (k = 1,2,...). It is bounded because
Xk € Be, therefore there is a limit point x* of this sequence. Without loss of generality one can
assume the sequence x; itself converges to x*. Because of continuity and almost periodicity of
the function ¥ (¢, x)

Vty, x*y = lim V(1y, x,,)
n—oQ
= lim lim V(ty + T4, x,) = im V (ty + Ta, Xn)
n—oo

k—0o n—o0

= llﬂ;lo V(t(] + T, x(tg + T, Lo, X())) = V().
n—o
Now consider the semitrajectory x(t, ty, x*), tp <t < . From condition (iii) of the theorem
it follows the existence of such moment of time * (¢* > ), when inequality
Ve* x(t* 1, x* )= <W

holds.
Solutions of differential equations (1) are continuous in initial data, so one can write down

x(2*, 1o, x*) = lim x(t*, 10, Xz
k—o0
because {x;} — x* as k — o, Hence it follows

I}im V(t*, x(t*, to, x)) = V1. (1D

Using uniform almost periodicity property of f(¢, x) and the limit relation (6), we obtain
inequality
llx(e*, to, xx) — x(t* + T4, 20, X0) | < Y& (12)
where y; — 0 as k — oo, Because of uniform almost periodicity property of ¥ (z, x) we have
[V (%, x) = V™ + 71, x)| < € (13)

and from conditions (11),(12) it follows that

[V (t*, x(t* + Ts, to, x0)) — Vil < i, (14)
where ne — 0 as k — o0,
From (13) we obtain
[V (2*, x(2* + Tu, to, X0)) — V(t* + T, x(t™ + T, 0, X0)) | < €. (15)
From (14),(15) we have
[V (t* + 1, x(£* + Tg, 10, x0)) — V1| < ng + €, (16)
where nx + €, ~ 0ask — o,
On the other hand
;!Ln; V(X + 1, x(t™ + 1, x(t* + T4, 20, X)) = Vo (17

The relations (16),(17) are in contradiction to the inequality V1 < Vp. The contradiction obtained
proves Theorem 1. =
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The Instability Theorem of Barbashin—Krasovskii may be extended on the case of almost
periodic functions analogously.

THEOREM 2. Let the right-hand side of differential equations (1) be such, that there exists con-
tinuously differentiable function ¥V (¢, x) : R X By — R such that the following conditions are
fulfilled on the set R X By:

@ V@, 0l <b(lxl), beK,

(i) V (¢, x) is almost periodic in ¢ for each fixed x € By;

(iii) for every t € R and for every & > 0 there exists such x € B;,that V(z, x) > 0;

(iv) dV/dr = 0; dV/dr may be equal to zero only on the set M C R X By which does not
contain entire semitrajectories (z, x(t, to, xo)) (f = to) of the system (1).

Then the solution (10) of differential equations (1) is unstable.

Proof. Let € € (0; 00). We will take arbitrary ty € R and arbitrary small § > 0. Let us choose
x € Bjs such, that ¥ (z, xo) > 0. We can do it by condition (iii) of the Theorem. By condition (i)
there exists n > 0 such, that |V (¢, x)| < V(#y, xp) for every x € By,. The function V (z, x(z, #o, xo))
is nondecreasing, i.e. V (¢, x(¢, o, x0)) > ¥V (fo, xo) for ¢ = to. It means that {|x(z, to, xo) Il = n for
each ¢ = t;. We will show that there exists such moment of time ¢; (f; > #p),that || x(z, 0, x0) || >
€. Suppose that this is not true, i.e. inequalities

n < llx(t, 5, xo)l < € (18)

hold for each ¢ > 1.

Using inequalities (18) and the condition (iv) of the Theorem, we obtain a contradiction by
means of the same way as by the proof of Theorem 1. We pass the literal repetition of these
reasonings. The contradiction prooves the semitrajectory to leave Be. The proof is complete.

4. EXAMPLES

Example 1. Consider the system of ordinary differential equations
dx dy

X oy v 4 12 (cin? ) @& _
5, =~ X0+ ) (sin’ £ + sin V2 1), i, =% AER (19)
Using V = %(x2 + y?) we have
% = —x2(x2 + y*)(sin®t + sin®> V2 1) < 0.

dV / dt may be equal to zero only on the set x = 0 which does not include entire semitrajectories
of (19). Therefore by Theorem 1 the solution

x=0,y=0
of the system (19) is asymptotically stable.

Example 2. Consider the equations

d . .
T): = Ay + x(x? + ¥ (sin® t + sin®> V2 1), % =Ax, AER. (20)
By Theorem 2, using V' = %(x2 + y?) one can show that the zero solution of the system (20) is

unstable.



962 A. O. IGNATYEV
REFERENCES

. Rouche, N., Habets, P. and Laloy, M., Stability Theory by Liapunov's Direct Method. Springer, New York, 1977.

. Barbashin, E. A. and Krasovskii, N. N,, On the global stability of motion. Sovier Math. Dokl., 1952, 86, 453-456.

. Krasovskii, N. N., Stability of Motion. Stanford University Press, Stanford, CA, 1963.

. Matrosov, V. M., On the theory of stability. Prikladnaya Matematika i Mekhanika, 1962, 26(4), 992-1002 (in
Russian).

. Bohr, H., Almost Periodic Functions. Chelsea, New York, 1947.

. Besicovitch, A. S., Almost Periodic Functions. Dover, New York, 1954,

7. Levitan, B. M. and Zhikov, V. V. Almost Periodic Functions and Differential Equations. Cambridge University Press,

Cambridge, 1982.

8. Berger, M. S. and Chen, Y. Y., Fofced quasiperiodic and almost periodic solution for nonlinear systems. Nonlinear
Analysis, 1993, 21, 949-965.

R R S

o



