Ukrainian Mathematical Journal, Vol. 55, No. 8, 2003

ON NECESSARY AND SUFFICIENT CONDITIONS FOR
THE ASYMPTOTIC STABILITY OF IMPULSIVE SYSTEMS

R. I. Gladilina and A. O. Ignat’ev UDC 517.925.3

We prove that the sufficient conditions for the asymptotic stability of impulsive systems ob-
tained by Gurgula and Perestyuk are also necessary conditions.

The majority of physical systems are simulated by differential or difference equations. At the same time,
the theory of differential equations with pulse influence, in fact, deals with a combination of differential and dif-
ference systems and describes continuous evolutions and discrete events that take place in real models of physi-
cal systems. The foundations of this theory are presented in [1]. In recent years, this theory has been exten-
sively developed in many directions [2—5] to meet the needs of modern technology. One of the most important
directions is the theory of stability of such systems [6—10] and, in particular, the method of Lyapunov functions
[11-13]. In [8, 10], it was shown that if there exists a Lyapunov function with special properties, then the trivial
solution of a system with pulse influence is uniformly asymptotically stable. The aim of the present paper is to
prove the converse statement, i.e., to prove that if the trivial solution of a system of differential equations with
pulse influence is uniformly asymptotically stable, then there exists a Lyapunov function with corresponding
properties.

Consider the following system of differential equations with pulse influence at fixed moments of time:

dx
— = f(t,x), t # T;, teR_,
7 f(t,x) i +
(1)
Ax = J;(x), t =1, ieN,
where te R, =[0,), xe BHCR”, By={xe R": ||x|| <H}, and |||| denotes the Euclidean norm. Let

0=1p<T1<T2<.... We also assume that the following hypotheses concerning system (1) are true:

(Hy) in the domain R, X B, the function f(z, x) is continuous and satisfies the Lipschitz condition
uniformly in r€ R, :

| f(t.x)=ftx)|| < L|x1i-x2,  f(2,0) = 0;

(H,) the functions J;(x) are continuous and satisfy the Lipschitz condition: || J;(x;) — J(x5)]| <

L||x;—x,|| for x; € By and x,€ By, i €N; moreover, J(0)=0, i€ N;

(H3) 1,,1—-7;20>0 for ie N.
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Below, we use the following notation: E = U; (T,_1.7;) and x(t)=F(t, tg, xg) is the solution of sys-
tem (1) that satisfies the initial condition F (¢, ty, xg) = xg, Xg € By, if tye E. In the case where 7, =1,,
ie N, the expression F(t,ty xy) for t >ty denotes the solution of system (1) with the initial condition
F(tg+0, tg+0,xy+ J;(xg)) = x¢+ J;(xq). According to [1, 10], a solution x(z) is assumed to be left-contin-
uous at the points T;, i.e., x(T;)=x(T;,—0), i € N. We introduce the following definitions:

Definition 1. The trivial solution of system (1) is called asymptotically stable if, for a given € > 0, one
can find 8=358(¢)>0 suchthat || F (1,14, xo)|| <€ forany toe R, xo€ By, and t21,.

Definition 2. The solution x =0 of system (1) is called uniformly attracting if, for some n > 0 and
any € >0, there exists 6 =c(e) >0 such that ||F(t, 1o xo)” < € for all ||x0|| <mn, toe R,, and t =
1o+ ©. Inthis case, we say that the domain B, is contained in the domain of attraction of the trivial solution
of system (1).

Definition 3. The trivial solution of system (1) is called uniformly asymptotically stable if it is uniformly
stable and uniformly attracting.

Definition 4. We say that a function v: R, XBy — R belongs to the class V if the function v is
continuous on the set G = E X By and satisfies the Lipschitz condition with respect to x on G, v(t,0)=0
for te R, and, for any k € N, the following finite limits exist:

lim v, x) = v(Ty, X), lim v, x) = v(T,+0,x).
117, -0 1= 7 +0

Let K denote the class of the Hahn functions [14, p. 21], i.e., the class of functions g: R, =R, continu-
ous, strictly increasing, and satisfying the condition g(0)=0.
The theorem below is a modification of a theorem proved in [8, 10].

Theorem 1. Suppose that conditions (H;)—(H;) are satisfied and there exist functions v € V, g € K,
be K, and c € K such that

v(t,x) 2 g(||x||) for teR,, xeBy, (2)
v(t,x) <b(||x||) for teR,, xeBy, 3)
DY v(t,x) < —(||x]) for (rx)eG, 4)

where D v(t, x) denotes the upper right-hand Dini derivative along the solution x(t), and
V(T4 0, x+J(x)) < v(t4,x) for ke N, xeBy. 3)

Then the solution x =0 of system (1) is uniformly asymptotically stable and there exists h >0, h < H,
such that B, is contained in the domain of its attraction.
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Let us show that Theorem 1 is invertible. For this purpose, we first prove the following auxiliary state-
ments:

Lemma 1. Let y(T): R, = R, be a nonnegative bounded piecewise-continuous function that tends to
zero as T — +oo, has discontinuity points of the first kind t,...,T,, ..., where T;,— 1,120 >0 and
To =0, and is left-continuous at the discontinuity points, i.e., Y(1;) =y (t;—-0), i € N, and assume that, on
the set

E = U (Ti_> Tp)s

i=l1

the derivative y’(T) of the function y(T) exists and satisfies the condition |\|1'(T)| < P. Then, for any
te R, the function f(t) = Sup, < ;... Y(T) has one-sided derivatives satisfying the conditions

~P<f(t-0)<0, -P<f(t+0)<0. (6)

Proof. Note that, for 1€ R, the curve y =f(¢) is formed of alternating segments of the curve y = y(¢)
where y(t) does not decrease and segments where the function f(¢) is constant, i.e., f(¢) is a piecewise-con-
tinuous monotonically nondecreasing function that tends to zero as t — +oo. The discontinuity points can only
;» i€ N. For te R,, this function has one-sided derivatives f’(7 = 0) satisfying conditions
(6), which was to be proved.

be the points =71

Lemma 2. Let f{: R, >R, and f5: R, — R, be nonnegative bounded piecewise-continuous func-
tions such that

lim f,() = 0,  lim f,(t) = O.
1 — oo I — o

Then the following inequality is true:

sup £,(1)— sup (| < sup | (1) - L.

teR, teR, teR,

Proof. In the case where sup,.p fi(t) = sup,cg_f>(7), Lemma 2 is obvious. Let sup,cp f(¢) #
sup; ¢ g, f2(1). Without loss of generality, we can assume that sup, .z fi(f) > sup,c g _f>(r). By virtue of the
fact that the nonnegative functions f(¢) and f,(¢) tend to zero as t — oo, there exist finite values ¢, 7,, and

t3 such that sup,cg fi(t) = f1(1)), sup,cg, fo(t) =fo(ty), and sup,cp | A1) = for()| = |f1(13) = f2(13)].
Consequently, f(11) —f(t2) <f1(t]) —f2(t1) < | f1(23) —f2(13)|, which proves Lemma 2.

Theorem 2. Suppose that conditions (H;)—(H;z) are satisfied, the solution x =0 of system (1) is uni-
Sformly asymptotically stable, and the set B, 0 < h < H, is contained in the domain of its attraction. Then
there exist constants P>0 and L, >0 and functions g € K, be K, ce K, and v: R, XxB,— R, such
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that v € Vy, |v(t,x)) —v(t,x))| < L||x; - x;|| for te R,, x,€ By, x,€ By, and conditions (2)—(5)

and the inequality D*v(t,x)>—P are satisfied.
If system (1) is periodic with period ®, then the function v can also be chosen to be W-periodic.

Proof. Let @(t) be a scalar monotonically decreasing continuous function that satisfies the inequality

|Ft 10, xp)|| < 9t—19), 21 (7)

for any x,e€ B, and is such that lim,_, . ¢(t) = 0. The existence of such a function ¢(z) follows from the
property of uniform asymptotic stability in the sense of Definition 3. (It is sufficient to choose any continuous
positive function monotonically decreasing to zero and satisfying the inequality ¢(¢)>¢ for te [o(g),6(g/2)]
as the function @(z).)

Let M(t): R, =R, denote a monotonically increasing continuous function such that lim,_,  M(t) =
+oco. It was shown in [15, pp. 310—315] that there exists a continuously differentiable function g=g(¢@): R, —
R, such that

ge kK, g€k, (®)
jg((p(r))dr = N; < +oo, 9)

0
fg’(cp(r))M(r)dr = N| < +oo, (10)

0
g(e(t)M(t) < N3 forall © =0, (11)
where N, N,, and Nj are positive constants.
Let us show that the function
v(t.20) = [g(|Ftenl)dt + sup g(|| Ft.r,0) (12)
1ST<oo

t

satisfies all conditions of the theorem.
Integral (9) converges. Therefore, by virtue of estimate (7), the integral on the right-hand side of (12) also
converges. Consequently, the function v is defined in the domain

R, XB,, (13)

Note that sup, < ;.. (| F(t, 2, x)[|) 2 || x||. By virtue of (8), we have
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oo

'[g(IIF(T,f,X)II)dT 2 0, sup g([|F(t, 2, 0)) = g(llxl),

¢ 1<T<oo

i.e., the function v satisfies inequality (2).

Using estimate (7), we obtain || F(z, ¢, x¢)|| < ¢(0) forall 74, x belonging to domain (13). Therefore,

oo

v(t,x) < [ glo(m)dt + g(¢(0)) = N, = const.
0

Consequently, the function v is uniformly bounded in domain (13). Let us show that the function v satisfies
the Lipschitz condition with respect to x. Using Lemma 2, we obtain

|U(Z,X1)—U(I,X2)| =

[ el F. 1t xp]) - g(| Fx. 1, xp) ) 1
t

e[ s stlF@n - sup g<||F<r,r,xz>||>]‘

t<T<oo t<T<oo

< [ gp(sup(| F(t, &, x) LI F(t, £, x0) D) F (T 1, ) = F(T, 1, x5) | d

t

+ sup |(g(| Fx. 1, x)) - g(| F(z. 2, x,))). (14)

1<T<oo
According to estimate (2.24) from [1], we have
”F(’C, t, x)) - F(1,¢, x2)|| < M(T—t)”xl —x2||, (15)

where M: R, - R, is a monotonically increasing positive continuous function such that

M(t—1t) > (1+L)Pe™ ™",

where p is the number of points T; on the interval [f; T] By virtue of property (Hs), such a function exists.
Taking into account inequality (15), applying the mean-value theorem to the second term on the right-hand side
of (14), and using estimates (10) and (11), we obtain

|, x)-v(t, x| < ||x1—xz||[jg:p<sup<||F<r, tx) bl F(t 1, ) ) M(t—ndr

t

+  sup (gzp(cp(r—t»)Mm—z)] < (Ny+N3)||xp = x|, (16)

1<T<oo
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which proves that v satisfies the Lipschitz condition with respect to x uniformly in ¢. The Lipschitz condition
implies the existence of a function b€ K for which inequality (3) is satisfied. As the function b(]|x||), one
can choose the function (N, + N3)||x |-

We now verify the continuity of the function v (¢, x) for (¢, x)e G. By virtue of property (16), it suffices
to verify the continuity of the function v with respectto ¢ for ¢t € (7;, T;,;). The first term on the right-hand
side of (12) is a function continuous in ¢ for # € R, and differentiable with respect to ¢ for % t,;. The second
term is continuous in ¢ for f#7; and has bounded nonpositive left and right derivatives with respect to ¢ for

te R, by virtue of Lemma 1. Consider D u(t, x) along the solutions F(¢, ¢y, x) of system (1). We have

D*v=D"7, where T is the result of the substitution of an arbitrary solution F(¢,t(, xy) of Egs. (1) into the
function v. On the other hand, we have

oo

_[8(||F(T’t’F(f’fo’xo))”)df + sup g(||F(. 1, F(t, 1, x0))||)

¢ 1<T<oo

<l
Il

gl F(z. t9, xo)[1)de +  sup (|| F(t, 1, F(z, 19, x0)) )

1<T<oo

1]
~ =3

because F(7,t, F(t, g, xo)) = F(T, 1, xg). Hence, for r=1t,, we get

=ty

. d( 7
S R Y PUTET &
t

+ lim sup( sup  g(||F(t, 1y, xo)||) = sup g(||F(1:,t0,x0)||)).

At—0+0 1o+AI<T< o0 t) ST<oo

The second term on the right-hand side of the last equality is nonpositive. Therefore,
D"o(t, F(1, g, xo))| =y S —8&UIFGo, 10, x0) ) = =s(llxo ),

i.e., DTv satisfies relation (4).

For x =F(ty, ty, xo), wehave x+J(x)=F(t;,+0,1(, x,). Hence, taking into account that the second
term in inequality (12) is a nonincreasing function, we conclude that inequality (5) is satisfied along the trajec-
tory x=F(t,tq, xo) of system (1).

Now assume that system (1) is periodic with period ®. This means that f(z + ®, x)=f(¢, x) and there
exists g € N such that Ji(x)=Ji, (x) and T4, =T, + ® for any natural k. We show that, in this case, the
function v (¢, x) defined by equality (12) possesses the property v (¢t + m, x)=v (¢, x). Indeed,

oo

v(t+o,x) = [g(|Frt+o0l)dt +  sup (| F(t1+w, 0)]).

+o W <T<oo
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Introducing a new variable s according to the formula T =15+ ®, we get

oo

v(t+0,x) = [g(|Fs+w,1+0,x))ds + sup g(|Fis+o,1+,x)]). (17)

¢ 1<Ss<oo
Using the obvious property of solutions of periodic systems

F(t+(1), t0+ (D,Xo) = F(t, to, XO), (18)

we obtain v (t+ ®, x)=v(t, x) by virtue of equalities (17) and (18), which was to be proved. The theorem is
proved.

We demonstrate one of possible applications of the theorem proved. Assume that system (1) has the uni-
formly asymptotically stable solution

x =0. (19)

Along with system (1), we consider the system

% = f(t’x) +f*(t,X), t#* T,
(20)
Ax| =)+ J() = (), €N,

where f,(t,x) and J/(x) are continuous functions satisfying the Lipschitz condition with respect to x uni-

formly in i € N and such that £,(z,0)=0 and J;(0) =0 for ie N. Under the assumptions imposed on the
right-hand sides of systems (1) and (20), the following theorem is true:

Theorem 3. If the trivial solution of system (1) is uniformly asymptotically stable and the limit relations

lim f,(t,x) = 0, lim J ' (x) = 0 (21)

t— oo i— oo

are satisfied uniformly in x € By, 0 <H < oo, then solution (19) of system (20) is also uniformly asympto-
tically stable.

Proof. Since the trivial solution of system (1) is uniformly asymptotically stable, there exist a function
v(t,x) and Hahn functions g, b, and c that satisfy the conditions of the previous theorem. Using the Yoshi-
zawa theorem [16], we first estimate D v(, x)| 20) along the solution x(#) of system (20) for x € B
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lim supv(t +& x +Ef(1, ) + & £, (1, X)) — v(t, x)

D u(t, x)
| 20O e50+0 g

V(48 x+8 (1, )+ 8 fi(1, ) —v(t + & x + & f(t, x))

< lim sup
E-0+0 &
¢ lim sy U &R D)~ vt )
E>0+0 }’;
< Lyl + D of . 22)

By analogy, we estimate the value Av; of the jump of the function v along the trajectory x(¢) of system
(20) at time T;:

Av; = v(T; +0,x+ J;(x) + (1) — v(T;,x)

[v(t; + 0, x+ J;(0) + J7 () = v(t; + 0, x + J;(x0) | + [v(T; + 0, x + J;(x)) = v(1;, x) ]

IN

o(T; + 0, x + J;(x) + I} (x0)) = v(t; +0,x+ Jy(x)) < Ly || ) |- (23)

Recall that L, in inequalities (22) and (23) denotes the Lipschitz constant for the function v.
Let us show that solution (19) of system (20) is uniformly stable. We choose arbitrary €,>0, ¢, <h < H.
Let t; € R, be a sufficiently large initial moment of time. We show that there exists &, = 8;(€;) >0 such

that the solution x(r) =x(r, 1, x;) of system (20) satisfies the condition ||x(r)|| <&, for t>1, if x, € By, .
Denote &, = b_l(g(b_l(g(el))/ (2L))), where b~ is the function inverse to b, and L is the Lipschitz con-
stant for the functions /;(x), which is assumed to be greater than unity (L >1). Assume that the value ¢ sat-
isfies the inequality ¢, = T}, where T, is so large that L, ||f*(t, x)|| <y for 127, and xe€ B, and
Ly||Ji(x)|| <07, for 1,2 Ty, xe B, and y; = ¢(8;)/2. Since the limit relations (21) are satisfied uni-
formly in x € By, and vy, depends only on €;, we can choose the value of 7| dependent only on €. Let us
show that if ||x, || <8, then [[x(t)|| <[|x(t ¢y, x)|| <&, for #>r,. The trajectory x(¢) canleave By in
one of the following two ways: either there exists a number k€ N such that x(7;) € 851 and x(Tp) +
I(x(ty)) € By, or there exists a moment of time f, € (T;_;, Ty) such that |x(z)]| =8, and ||x(tp]| >

8. Inthe firstcase (x(tj) € By, T,> 11, x(1y) + L (x(1})) € B ), we obtain
(o) + R(x@) || < b7 (step) (24)

because || 7, (x(ty)) || < L||x(tp) ]| and

1 ~1 )
”X(Tk)” < 81 = b_l(g(w)] < b (g(gl)) < b (g(Sl))

2L 2L 2
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In the second case (there exists a moment of time 7, € (T;_;, T;) suchthat ||x(z)| =38, |[|x(tp|>3,).

using the condition || x(t,) || =9, we get

b
g(”x(’tk)“) < (T x(ty) < v(t,,x(t,)) < b)) = g(%),

whence || x(t))|| < b~'(g(g)))/(2L), and, consequently, inequality (24) is satisfied.
Now consider the function v(¢) = v (#, x(¢)) for 7€ (T4, Ts,1]- Then

g([x®]]) < B@) < B, +0) < bb7'(g(e))) = g(ey),
whence
x| < & (25)

by virtue of the condition g € K. In the case where the solution x(¢) has points belonging to Bs on the inter-
val (Ty, Ty, ), one can prove by analogy that || x(Tj, ) + I (x(tis) || < 7' (g(e))), and inequality (25)

holds for all 7€ (T4, Tyyp). If the solution x(¢) satisfies the condition &; < ||x(t)|| > g, on the interval
(Tk, Tk+l)’ then

Tk +1
D(Tien) < D) + Avg+ [ DTB(dr < B(r) + 7,0 - 21,0 = T(ty) - 7,6. (26)

Tk

Using estimates (23) and (26), we obtain
E(Tk+1 +0) = E(Tk+1) + Avk+1 < E(Tk),

which implies that inequality (25) is also satisfied on (7T;,, T;.o]. By analogy, we prove that, for 7€ (T,,,,
Teasls oo s 1€ (Tpyy Trase1), the solution x(z) satisfies inequality (25). Thus, we have proved that, for any
€, >0, there exists T, =T, (€;) >0 such that, for any #; > T, one can find §; =8,(g;) >0 such that the in-
equality ||x;|| <8, yields ||x(®)|| =||x( 71, x)| <&, for >¢,. It follows from inequality (2.24) in [1]
and hypothesis (H;) that there exists 6> 0 such that, for any #, € [0, 7;] and x,€ Bs, the solution x(t, #y, xy)
satisfies the inequality ||x(T, 79, x¢)|| <8, and, consequently, the inequality || x(z,¢;,x))|| <&, for > 1.
Since 8, and T; depend only on €, the quantity O also depends only on €;, which proves the uniform sta-
bility of solution (19) of system (20).

Let us show that solution (19) of system (20) is uniformly attracting. For this purpose, we choose an arbi-
trary €, >0, €, <h, and the corresponding value 8= 0(g;)> 0 from the definition of uniform stability. We
show that, for any €, >0, €, <€, there exists 6 =6(€,) >0 such that || x(t, tg, xg) || < &, forall || Xq || <9,
to€ R,, and 12>ty + ¢. For this purpose, we choose 0, =8,(€,) >0 so that the solution x(z, t(, xy) of sys-
tem (20) that hits By, at a certain moment of time does not leave the domain By, afterwards. Such a choice

of &, is possible by virtue of the proved fact that solution (19) of system (20) is uniformly stable. As proved
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above, the inequality ||x(z, 9, xo) || <€, holds for #>7,. Let us estimate the period of time during which the
solution x(t, ty, x) can belong to the set

3y < || x|l < ;- (27)

Let t, denote a moment of time such that L || f, (1, x)|| <y, for 121, and xe B, and L,||J,(x)|| < 67,
for t,,21,, xe B, and 7, = ¢(3,)/2. Since the limit relations (21) hold uniformly in x € By, and 7 de-
pends only on €,, we can choose the value of 7, dependent only on €,. Let us show that solution (19) of sys-

tem (20) can belong to set (27) during a period of time not larger than t;=5b(g;)/Y,(€,). For this purpose, we
estimate the value v(t,, +56), where s is a natural number, taking into account assumption (H; ):

T, +50
B(T, +56) < B(T,) + sy, + | D B@dr

m

IA

E(Tm) + S'Yze - 2S729 = E(Tm) - S'Yze < b(i—:l) - S'Yze. (28)

Indeed, by virtue of estimate (28), for s0 >7; we obtain v(t,, +56) <0, which is impossible because v (?, x)
is a strictly positive function. Thus, ¢ can be chosen in the form ¢ =1, + f3, where ¢, and f; depend only
on €,. This proves that the trivial solution of system (20) is uniformly attracting and the set B belongs to the
domain of its attraction. The theorem is proved.
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