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CONVERGENCE OF EIGENVALUES AND EIGENFUNCTIONS OF NONLINEAR
DIRICHLET PROBLEMS IN DOMAINS WITH FINE-GRAIN BOUNDARY

I. V. Skrypnik and Yu. V. Namleeva UDC 517.956

We study the behavior of eigenvalues and eigenfunctions of the Dirichlet problem for nonlinear
elliptic second-order equations in domains with fine-grain boundary.

In the present work, we study the convergence of the eigenvalues of nonlinear Dirichlet problems in a se-
quence of domains with fine-grain boundary. The averaging of linear problems in such domains was studied by
many authors beginning with Marchenko and Khruslov [1]. Linear problems on eigenvalues in perforated do-
mains are also well investigated (see, e.g., [2, 3]). For nonlinear equations, the Dirichlet problem in perforated
domains was considered in [4—6]. One should also note the works [7—10], where nonlinear problems on eigen-
values were studied in a fixed domain.

1. Formulation of Conditions and Results

I(s)
i=1

Let Q= Q\|J

number of disjoint closed domains Fi(s), i=1,1(s), contained in € be defined. Let di(s) denote the lower

F[(S ), where Q c R" is an arbitrary domain and let, for any natural value of s, a finite

bound of the radii of balls containing F*) and let x*) be the center of a ball of radius d'* such that FE* c
B( X, dl.(“)), Denote 7*) = dist{ B( X, di(s)), U B( x;;)’ dJ(.S)) UoQ } Assume that the following conditions

are satisfied:

J#i

B)) d® < Cyr'®, where C, is a constant independent of i and s, and

lim max ri(s) = 0;
s—o0 1<i<I(s)

B,) for a certain continuous nondecreasing function o : [0, +o) — [0, +o0) satisfying the conditions
o(0)=0 and o(r)/t — the following inequality is true:

I(s) [c FO) 4 oY g™ 1/(m-1)
sz<E(é)){ m( i )(s) 2 ( ! ) < Cl'
! ()
Here and below, all constants Cj, j=0,1,..., are positive and independent of s, and C,,(E) is the m-

capacity of the set E c B(x,,1/2), i.e.,
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C,(E) = inf [ |Vo["ax,
(pEV(E)B(xo,l)

where V(E)={¢(x)e C;(B(xy,1)): 9(x)=1, xe E}.
Consider the functionals

01 01 1 01 1
o, WL Q) x Wi, >R, G, WQ,) - R,

O (u,v) = If(x, v(x), Vu(x))dx, Gs(u) = jg(x, u(x))dx.
Q.

N QS
Denote
of (x, u, A (x. .
f,-(x, u,p) = M’ fo(X, u,p) = f(x—up),
Ip; Ju
a b
go(x, M) = g(a—);u)'

Assume that the functions f(x, u, p) and g(x, u) satisty the following conditions:

A ) the functions f(x, u,p) and g(x, u) are measurable in x forany ue R' and pe R" and belong

to the class C' in u and p, and x € Q a.e.;

A,) there exist positive constants C,, C;, and C, such that, for 2<m <n, one has m < m <

nm/(n—-m), i=1,...,n, and, for all valuesof x € Q, p,ge R" and u,v e Rl, the following
inequalities are true:

)(m—2)/m

| i, p) = fix v, )| < GL+[ul™ + o™ +]p|" +|q" (lp—gl+lu-v),

(my=1)/my

| £, p)| < Golul™ +|p[") + 9(x),

folnupyu 2 =(C5=C|p|" = 0)(1+|ul),
|g0(x,u)| < C2|u|m1_1,

where @(x)e L, () and r; >n/m. Moreover, f.(x,u,0)=0 for xe Q and u e Rl, i =

1,...,m

A;) Vxe Q VpgekR' VueR"

(f;'(x’ u, p)_f;(x’ u, Q))(pl _CIi) 2 C3(1+|p|+|q|)m_2|p_CI|2’
1

n
=
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Ay) Vxe Q Vue R":
g(x,0)=0, fy(x0,0)=¢,(x,0)=0, go(x,w)u>0, u=#0,

In the domain €, we consider the problem on eigenvalues
- d
Z d— (2, us(x), Vg (0)) = fo(x, ug(x), Vug(x)) = Aogo(x, ug(x)), xe Qs (1)

uy,(x) =0, xe0dQ;,. 2)

To formulate one more condition for sets E(S) that guarantees the possibility of constructing an averaged
problem, we need auxiliary functions vgs)(x, k). Let y,(x)e Cy(B(0,1)) and y,(x)=1, xe B(0, 1/2).
For an arbitrary real &k with d(y) < 1/2, we denote by UES)()C, k) a function that belongs to the space

k\|10<x - xl-(s)) + W,,IZ(QES)) and satisfies the integral identity

> IJCJ'(X’O’VUES)(X))%CIX =0 Vywe WA(QY),
= o j

3)
0 = B AVEY = BOVE

The existence and uniqueness of the function vgs)(x, k) were proved in [4]. Outside Qgs), we assume that
o8 (x, k) = kyo(x = x{).
We also assume that the following condition is satisfied:

() there exists a function c(x, u) continuous in x forany u € R' and belonging to the class c' in
u for almost all x € Q. Moreover, for any ball B c Q,

lim Y 2 'Tl'[f,-(x, O,VUES)(x,u))Md du = jc(x,u)dx,
0 HQ ‘ axl B

and the convergence to the limit is uniform in # on any bounded interval of u.

0 0 0 0
We introduce the functionals Wnﬂ(Q) X W,,li(Q) - Rl, G: Wnﬂ(Q) —>R1, and C: W,,li(Q) - Rl, where

d(u,v) = jf(x, v(x), Vu(x))dx, G(u) = jg(x, u(x))dx,
Q Q

C(u) = J. c(x, u(x))dx.
Q
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In addition, denote

de(x, u)

Fe(u) = ©(u,u) + C(-u), cy(x,u) = 3
u

0
M(G) = {u(x) eW(Q): Gu) =1 }

M,(Gy) = {us(x) evov,l,(gs): G,(uy)=1 }

Consider the limit problem on eigenvalues

2 ifj(x, u(x), Vu(x)) — fo(x, u(x), Vu(x)) + co(x,—u(x)) = Ago(x,u(x)), xeQ )

j=1 dxj

u(x) =0, xedQ. 5)
The main result of the present work is the following theorem:

Theorem 1. Let A, = min  F(v,) = F(u,) be the eigenvalue of problem (1), (2), let A =
vs € M (Gy)

min F,(u) = F.(it) be the eigenvalue of problem (4), (5), and let uy (x) and i(x) be the corresponding
ueM(G)
eigenfunctions. Suppose that conditions B ), B,), A|) — A,), and C) are satisfied. Then lim,_, A, = A

and the sequence {us(x)};ozl converges as s — o to u(x) strongly in W,I(Q) for any r < m and

weakly in Wnll (Q).
2. Estimates for Solutions of the Model Problem
In [4, 6], the following lemmas were proved for the function vgs)(x, k):

Lemma 1 (Theorem 2.2 [4]). Let conditions A,) — A3) be satisfied and let |k| < N. Then there exists a
constant Cs that depends only on n, m, and N and is such that, for 1 <i<1I(s), s=1,2,..., the
following inequalities are true:

(m—-2)/m

wse) < GUKIMCL(E) PR G () + (@) |

2

(s)
V:
197 g

)t [

2

|| Vo) - Vi ||Z( Lo(BY)

oy 1950793

< C5|l€—]€|2{Cm(E(s))}Z/m{Cm(E(s))+ (di(S))n }(m—z)/m,
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where

Bl'(S) _ Ugs)(x’ E), TJES) _ UES)(X, ]g)’

k| <N, \k\szv,

W) < |k|[ Gl i(s)) )mm ’ xe BO\B(x. d)
i X 5 o] ; i i 04 )

Lemma 2. Let conditions A|) — A3) be satisfied. Then there exists a constant Cg that depends only on
n and m and is such that

W9, K)| = Colkl CulE) ) xe B\ B(xY, d)
i X = Le |X_X(S)|n_m ) i i 4 )

1

Proof. Denote di(s) =d, Fi(s) =F, Ul(s)(x, k) =v(x, k), and xi(s) =xg. To solve the model problem, we
introduce the test function y(x) =[k—v(x, k)]n" (x) in the integral identity (3). Here,

19 X EB(XO, p)7
nkx) = for 2d <p < 1.
0, x¢&B(xq,2p),

We get

3 F:(x, 0, Vo(x, k))a LG T
> |

J=1 B(xy, D\ F Y

i [ k=0 0)1f(x. 0, ViCr, k))a“( ) om0 dx.

7=l B(xq, D\ F Y

We now use conditions A,) and A3) and the Holder inequality. Assuming that ¢ < (m —1)/m, we obtain

J (1+|Vu(x, k)|)m_2|VU(x, k)|2 n"(x)dx
B(xg.D\F

IA

LZ | | £:(x,0, Vu(x, k)| dx

B(xg,2p)\ B(xg, p)

IA

G [ (Ve )" Ve o) ldx
B(xq,2p)\ B(xq,p)
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Cok (m—=1)/m
< L( j A +|Vo(x, k)" v(x, k)|_°m/(m_])dx)

P B(xg,2p)\ B(xg,p)
1/m
X ( j |v(x,k)|°’"dx) :
B(x(,2p)\ B(xg,p)

Denote M (p) = max v(x, k). Then

x €0B(xg,p)

[ Q+1Vo0n D2 Vol PN () dx < KCMP (p)p"™ -
B(xg, D\ F P

(m—-1)/m
X ( j (1+|Volx, k)" u(x, k)|—0m/<m—1>dx) .
B(xg.2p)\ B(xg,p)

We define one more cut-off function

L,  xeB(xq 2p),
xX(x) =
0, xe&B(xy,4p)\B(xg,p/2).

Then

[ a+1Vu )" 2 Vol k) Pn" (xdx < kCoM (P ™
B(xp,2p) P

(m—1)/m
x( | (1+|Vu(x,k)|)m|u(x,k)|—6m/<m-“xm(x)de : (6)
B(xg,4p)

For the estimation of the integral on the right-hand side of inequality (6), we introduce the test function W (x) =

[v(x, k)] 1-om/(m-1 )Xm(x) in the integral identity (3). As a result, we obtain

" ; g —omi(m—-1) (X, k)
E B(xJ- 4p)f/ (-xa 0, VU(X, k))(l Gm _ 1)(U(.x, k)) _ax] X (x)dx

=—mi j fj(x,0,Vv(x,k))(u(x,k))l—"m/<’"—1>aax—i"‘)xm“(x)dx.

J=1 B(xq,4p) J

Using conditions A,) and A3), we get
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(1 _ oil) [ a1 12 Vol 0P (ox, k) O™ 3" () dx
m —
B(xg, 4p)

<Go Ve B e k) D (.
P Blxg. 4p)\ Blxg. p/2)

Applying the Young inequality with exponents m and m/(m — 1) to the factors
_ m—1 -6 m-1 1 1-6/(m-1)
a= (1+|Volx,k)[)" " (v(x, k)" "¢ (x) and b = —(v(x, k)) ,
p

we get

[ a+1Vul D)™, k) =™ Dy (xdx
B(xo,4p)

< ¢ "D | (1+] Volx, k) )" (u(x, k)~ O™/ m=Dam () dx
B(xg, 4p)\ B(x0,p/2)

+ Cll J' (U(x, k))m—Gm/(m—])dx.

m,m
€
p B(XQ, 4p)\B(x0,p/2)

We now choose € from the condition C;;e™ =" =1/2. Then

[ a1Vl k) D)" ((x, k) =0 Dy (x) dx
B(xg, 4p)

m—om/(m—1)
<G | W(x, k)"~ Dax < CB(M(g)) p" .
P B(xg,4p)\ B(xy,p/2)

Returning to estimate (6) and using the inequality proved above, we obtain

[ a1Vl 1" 2 Vol k)P (x dx
B(xg, D\ F

(m—1)/m

IA

))m—cm/(m—l) _— :|
p

kapn_mM]G(p)Mf"_l_c(g) < kC14Pn_mM1m_l(g)-

n ml
kCi4ME (p)p™ F_)|:(Ml(

\S R ho)
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This yields

[ IV kmeo) ™ dx < kClSp"_lim_l(g)
B(xg,2p)

+Gs [ IVn@ e dx < kClSp”_mM{"_l(g)
B(xq,2p)

+ C—ifk J lo(x, k)" Tdx < kCpp" ™™ 1’"_] ( g )
B(xp,2p)
The left-hand side of the last inequality is estimated using the definition of capacity as follows:

j |V(UES)(X’ k)n(x)) |m dx 2 kmCm(E(s)).
B(x{",2p)

Finally, we get
kmcm(Fi(s)) < kGpp" " 1'"_1(%)
It is easy to see that

M(p) 2 Clsk{r;n—_lm} :

Using the Harnack inequality, we get

C F(s) 1/(m—-1)
min v\ (x, k) > Clgk{Ll)}

n—m
|x|=p

P

which was to be proved.
Using the scheme of the proof of an analogous inequality in [5, 6], we get the following pointwise estimate:

Lemma 3. Let conditions A|) — A 3) be satisfied and let |k| < N. Then there exists a constant Cy,
that depends only on n, m, and N and is such that, for 1 <i<I(s), s=1,2,..., the following inequality

is true:

k C F_(s) 1/(m-1)
Vol (x, k)] < C18|x l x'j(j) |{|x _m)i(s,) |an } ,

5 3 : :
xe B(xl(‘), Z) \ B(x{*,24").
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Proof. We use the same notation as in the proof of Lemma 2. Assume for definiteness that k > 0. Since
m < n, there exists a constant C,; that depends only on s and is such that

inf{ j [IVo["dx: ¢ € Cy'(B(xg, p)), ¢(x)=1, xeF} < Gy, C, (F).
B(xo,p)

Hence, for any € > 0, there exists a function @(x)e Cy (B(xy,p)), ®(x)=1 for x € F, such that

[ 1Vol"dx < Cy(C,(F) +e).
B(xq,p)

Let z(x)=max {2¢0(x)—-1,0} and G={xe B(xy,p): z(x) >0} ={x e B(xy, p): ¢(x)>1/2}. Using the
Poincaré inequalities, we get

measG < 2" [ |@()["dx < Cpp” [ |[Vo)["dx < Cy3p”(Cp(F) +). )
B(xg,p) B(xy,p)

Let M be an arbitrary number from the interval (0, k). To solve the model problem for v(x, k), we introduce
the test function y(x) =v,,(x) —Mz(x) in the integral identity (3). Here,

vix, k), xeEy ={xeBxyD\F:0<v(x,k)<M },
vy(x) =
M M, x €B(xg, D\E,,.

Using conditions A,) and A 3), the Young inequality, and relation (7), we obtain

[ (1VoGe )P +|Vo(x, O)[")dx < CryM(C,, (F) +€)
Ey

and then pass to the limit as € — 0. Choosing

’ 1/(m-1)
M=M = max | k)| < c5|k|{c';;—fi)} ,
B(xo,l)\B(xo,Zp/3) P
we get
1/(m—-1)
j(|vv(x, WP+ Vol b)")dx < czs|k|{cfg—fi)} C, (F). (8)

Ey

We choose p sothat 2d < p <3 /4. Proceeding by analogy with the proof of Theorem 5 in [5] and using the
Moser method, we obtain
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Vraimax{|Vv(x, k)|'":§p£|x—x0|32p} < Cysp™” j (1+|Vulx, k)" 2| Vulx, k)P y? (x)dx,
Ey

where y(x)e Cy (B(xy, 1) is the function equal to 1 for 3p/4 < |x—xy| < 5p/4 and to 0 outside the set
2p/3<|x-xy|<4p/3 andsuchthat 0<y(x)<1, |Vy|<20/p. This and (8) yield

Cu(F) }”(m_”cmm.

n—m

|V, O™ < Cep™ [ (1+] Vo, b)) Volx, k)P dx < C27|k|p_”{
Eyp

Finally, we obtain

" C,,(F)|"™/m=1 1
| Vo b)|" < C28|k|{ ()} 1

n—m m
p

p
for x: 3p/4< |x - x0| <5p /4, which proves the required estimate.
3. Proof of the Main Theorem

Condition A ,) implies that the functionals ®(v,,v,) and G(v) are differentiable, i.e., d)'(vl, Vy) =
@ (vy, vy) + D5 (vy,v,), Where

’ z au
(I) ’ B = i ) ,V _d Py
(@} (vy,v), u) g[Zf(x 12 Ul)ax‘ x

i=1 i

0
(@ v, ) = [ fo(x, vy, Voude YV ue Wp(Q)
Q

and

0
(G'(v),u) = Igo(x, Vudx YVue Wn11(Q).
Q

By analogy, we can define the derivatives of the functionals ® (v, v,) and Gs(v).
Conditions A,) and A 3) also imply that the functional G (u) is weakly continuous, i.e., the weak conver-

0
gence of the sequence {u,(x)} | to uy(x) in W,:l(Q) yields the convergence of G(u,) to G (ug) as
n — oo. In this case, the functional ®(u, v) has the following properties:

0 0
(a) for any function v(x)e W,,11(Q) and C € Rl, the set @ ,= {ue W,,11(Q): dw,v) L C} is
convex;
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0 0
(b) for any bounded set D W,ll(Q) and any sequence v,(x)e€ W,L(Q), the convergence v,(x)—

0
vo(x) implies that ®(u, v,) = ®(u, vy) uniformly in u € D; moreover, for any v(x)e W,,ll(Q),

0
the functional ®(-,v): W,L(Q) — R is continuous. [Here, — denotes weak convergence in

0
WL,

Condition A ) implies that the sets M(G;) and M(G) are manifolds of the class C ! such that G,(u) #
0 for ue My(Gy) and G'(u)#0 for u e M(G). In[7, Theorem 5], the following statement was proved:

Theorem 2. Let V be a reflexive Banach space, let ®(u,v): VXV — R be areal functional convex
with respect to u, let G(v) be a weakly continuous real functional on V, let F(v) = ®(v,v), and let
ve V. Assume that F and G are differentiable in V, and, for a given c € Rl, the set M = {ve V:
G(v) =c} is not empty and G’(v) #0 for ve M. Let F(v) > e as ”U” — oo on M. Then there

exist voe M and A e R" such that F'(vy) =AG’(vy) and vy = min,_y F(v).

In other words, if conditions A;) — A,) are satisfied, then there exists the eigenvalue A =

minys e M,(G,) F(vy) = F(ug) of problem (1), (2), and u ((x) is the corresponding eigenfunction. Using Lem-

mas 1-3, we can prove that the function c(x, 1) is differentiable with respect to u and

|c(x,u)| < C29|u|m, |co(x,u)| < C29|u|m71,
c(x,u) 20, cop(x,0)=0.

Then there exists the eigenvalue A = min,, . M(G) F.(u) = F.(a) of problem (4), (5), and (x) is the corre-

sponding eigenfunction. One can prove that vraimax, .q|#(x)| is bounded. Let {i;(x)},_, be a uniformly

bounded sequence of functions from C~(Q) that converges to ii(x) in W,L(Q).

~ 0
We construct a sequence {ﬁs’k(x)} that weakly converges to i (x) in W,L(Q) as § — oo,

s=1
zis, (x) € M (G). To this end, by using the function o (f) and condition B, ), we define a nondecreasing func-
tion ®: [0, +o0) = [0, +o0) such that w(¢) <Cyt/(1+ Cy), where the constant C, is taken from condition

By), and

o0,

< M (n=1)
O)(I) =1 ’ t t—0

o' (0(0)) N "
t” t—0 (,On_m (t) [—>o0

We also introduce the sequence pgs) = max{di(s), (D(ri(s))} and the subsets of indices I, = {i:i=1,..., I(s),
dl-(“) > (D(ri(s))}, and I} ={i:i=1,...,1(s), di(s) < m(rl.(‘v))}. In [4], the following statement was proved:
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Lemma 4 (Lemma 3.1 in [4]). If conditions B|) and B,) are satisfied, then

I(s)

lim Y C,(FY) =0, 1m Y (p?) =0, Y C(EY) < Cy
S el S ey i=1
We define cut-off functions:
0 | 1
(i) viO € Wl B | 14— fd || w0 =1 xe B,
0

0<yw <1, [Vl dr < ¢ { G, (FY)+27 ],
Q

(ii) we choose numbers T; and T, and functions (pl(s)(x) € Cp(Q)sothat 1<t;,<1,<1+
(1/2¢C,) and

&)

0< o) <1, |[Vol| < S

v [ R
¢ () = © 7 (5
0, «x EB(x.‘ > ToP; )

1

The supports of the functions (" (x) (y{*(x)) do not intersect for a given s and different i. By i} ;, we
denote the average of the function i, (x) over the ball:

1
i = —— [ . (x0dx.
ko measDi(s) D'!.” k

0
For any fixed [ e (0, 1), we define a function i ;(x) € W,L(QS):

1 3
fiy (X)) = i (x) + ﬁz g, )
i=1

G = Y (@ -G @)V + w0y (@) -5 (0)ef (),

. 4 H 44
iel ielg

G0 = 3 (x —pal)) ol (x), (10)

. ’
ielg

i) = Y (x —pal)) ol ().

iely
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By using the properties of a solution of the model problem and Lemma 4, we prove the following state-
ments:

Lemma 5. If conditions A|) — A3), By), and B,) are satisfied, then the sequences ‘15 k(x) and

qs k(x) strongly converge to zero in W (Q) as s — oo.

Lemma 6. If conditions A;) — A3), B,), and B,) are satisfied, then the sequence Ejg?,)((x) strongly

converges to zero as s — o in W,I(Q) forany r<m and weakly converges in W,,ll (Q).

Conditions A,) and A ) imply that, for any fixed s, there is a constant /(s) such that G, (l(s)ﬁs’ k(x)) =1
One can prove that

lim [(s) = 1. (11)

s§—>e0
Indeed, by construction, i ;(x) = i (x) in W,:,(Q) as s > oo. Let lim,_, . I(s) =1#1. The weak conver-

gence of the functional G yields

1 = lim lim G,(I(s)i (x)) = lim lim G(i(s)ii,  (x)) = G(lii(x)),

k—>00 5§00 k—>00 s—00

i.e., G(lu(x)) = G(ia(x)) = 1. Itis obvious that this yields /=1, and (11) is proved.
We choose zis, 1 (xX) = I(s)i, ;(x). For this choice of the function zis, «(x), we obtain the following state-
ment by using Lemmas 5 and 6 and condition C).

Lemma 7. Let conditions A ) —A3), B,), B,), and C) be satisfied. Then

1
lim tim [ [ o, i (0) + (i (¥) = i (), Vit () [ g (6) = i (x) [dxd® = 0, (12)
770
1 n
lim tim [ [ f(x g (x0), Vi () + (Vi ()= Vit ()
770 0

j=1

o\ il 4 (x)— il
[Ms’k(X) uk(X)]ddel - J-c(x,—ft(x))dx- (13)
ox;

J Q

Proof. Indeed, using condition A, ), we get

1
[ ]# (x uk(x)+6( iy () — uk(x)) Vi, k(x))[ i, k(x)—uk(x)]dxde
0 Q

m \(my —=1)/my -
) U 1 (x) — iy (x)|dxdO.

1
< Gy J.[(1+‘ﬁk(x)+O(ﬁs’k(x)—ﬁk(x))‘ml + | Vi g ()| +q)(x):|
0 Q
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The integral on the right-hand side of the last inequality tends to zero as s — oo because the sequence

- oo 0
{(ﬁs,k(x) — ﬁk(x)) }s:1 converges weakly to zero in W,,ll(Q), i.e., (12) is proved. Then

i ff(x iy (x), Vi (x) + H(Vﬁs’k(x) _ Vﬁk(x)))a[ﬁs,k(x) - zlk(x)]dXd

j=1 ox;

1!

= 100+ 150+ 150, (14)

where

150 = (s)-1)

S —_—

I ifj(x f (x), V”k(x)-i'u(vus p(x) = Vi (x )))3uk(x)
Q j=! ;

L (1) @)
B0 = 1 [ 1] 3 0. Vi) (V) Vi) At ;qu i,
0" Q j=1

1 n ~(3)
159 = i) | &.[ > f (x i, (x). Vit (x) + (Vi (x) = Vit (x))) qg}f( x) ded.
0 Q

J=1 J

Since lim, ., (I(s)—1) =0, we have lim, . I{"* =0. Lemma 5 yields lim,_,_ I{"*

= 0. We separately
consider
1 25°)
150 = j j (x.0. Vg2 (x )) Kavap + 159 + 150 + 150 + 150, (15)
o Mo j=1 i
where
1 n
150 = 1) [ [ 3] £ 0, Vi () + (Vi 4 (0) = Vi ()
0 Q Jj=1
)
~ fi(x (2, 1)V (x))] “dxdy,
J
Ly 25°)
155 = 1) L_lJ. 3 [ fi( @ 0, 1)V G 0) = f(x. (0, VG (x ))] SR dxdy,
0" Q j=l

.l

n a~(3)
2 [l w0, Valiw) - (.0, Vi ))] “dvdy,

J
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1 n ~(3)
150 = [is)-1] j j > (x0.v50 (x )) xdyL.

0" Q j=1 J

| —

For the estimation of Ié‘f’lk), we use condition A ,) and the Holder inequality:

|I§f’1k)| < (J‘ (1+|ﬂk| +| Vi [ +|Vq(1)| +|Vq(2)| +|Vq§3)| ) ]
Q

(9N
w
O — —

Tli=

m/2 2/m
|Vuk||Vq(3)|) dle }du.

ALpmantsfoa iy a] [

Q Q
The first term in braces tends to zero as s — oo by virtue of Lemmas 5 and 6. Consider the second term:
1/2
[(1va [V )" axr < ¢ 3, ( j|vak|’"de ( [V 7))o )| d ] .
Q iell Di(S) (S)

Its convergence to zero follows from the absolute continuity of the integral because

lim [ |Vi["dx = 0.
§—>00 (s5)
Uze[ D

Moreover,

- - ~(1) |m ~(2) |m ~(3) |m
J.(1+|uk|m1 +|Vuk|m+|Vq£,}c| +|Vq‘£,,z| +|Vq§,,)€| )dx < Css,
Q
where the constant Cjys is independent of s. This yields lim,_,, Iéf’lk) =0, lim,,, I(v F'=0, and

lim My ;e
maining 1ntegral on the right-hand side of (15) as follows:

I (s, k) =0 by virtue of (10), and lim,_,., Ié’sgk) =0 by virtue of Lemmas 5 and 6. We represent the re-

1 L 2™
J ij 2 fi(% 0.V w)= q”‘d du = 150 4 g, 6
0" aj=l 0x;
where
s Pl < o5 (x, —HM(S)
0 = [ 53 g0 vip (it B
0 Q iely’ j=1 i
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1 ~( (5) )
Iés,k) _ J‘ l_[ i [f, .0, V( (v)(x _“ulgsz)(pls)(x))) ( ( uuksl)(Pls (x))
o Mg ey j=1 dx;
) ) o (s) X, —Mu(s)
0.V, M«)))(qu .
Using the methods presented in Chap. 9 in [4], we prove that lim_,, Igs’ k-0,

Given the number k, we determine d = d(k) > 0 so that the oscillation of the function i, (x) does not
exceed (1/k )m/ 2 on any set E < £ whose diameter is less than 2d. The possibility of such a choice for d(k)
follows from the continuity of the indicated functions in Q. We represent the set £ as the union of disjoint
sets ﬁ,, l=1,..., L(k), with piecewise smooth boundaries so that the diameter of every set €2, is less than d.

We choose a number s; = s;(k) such that, for s = s, the inequality rl-(s) + di(s) < d is satisfied for i =
1, 1(s). By I,(Q,), we denote the set of indices i€ I, such that xfs) € Q,; We define the following aver-
age:

- 1 5
ul(k) - measQlé[uk(x)dx'
1
Then
¢ S5y g®)
Iz(ls’k) = J. 1_[ i zn:fj(x, O,VEE‘V)( uu(k)))a(xa—uu)dxdp
o Mo =t ierg Q,)J:1 X

o (S)( uﬁ“))

1< 5 g
HE s ] soviiou) T

J
(k)
—fj(x,O,Vﬁg”(x,—ua(“))w]dxdu OO0}

1(3 k) _

The choice of the partition of the domain Q yields limg_, =0. In view of the given partition {€, } =1

of the domain Q, we choose a number s, = s, (k) so that, for |t|<M, s>s,, [=1,..., L, wehave

1 (s)
j lj 2 ij x, 0, VU(S)()C u)) (x p')dxa’},t J.c(x Hdx| < i (17)
H % Lk
0 " Qieldj=1 Q
We represent Iés’ ©) " as follows:
s 1 X,
0 = 2 D Z j = [ £ 0,V (x, p))Md du
I=1 iel (Q))j=1 0 MQ J

= [ e, —i(x)dx + 1§ + 1) + 18, (18)

Q
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where

I = 2 I 1! (30,95 ) P gy [ el - |
| o Mo Y Q,

Iék% = i J.c(x —ul(k))dx - Ic(x,—ﬁk(x))dx

=1 Q

Ig% = J‘ [ c(x, =i (x)) = c(x, —ii(x)) | dx

Q

Inequality (17) yields lim,_,., Ié‘f’lk) =0, and the continuity of the function c(x, ) leads to lim,_,, Iéf‘

m =2, 3. Relations (14)—(16) and (18) yield (13), and the proof of Lemma 7 is completed.

Then, using the definition of an eigenvalue of problem (1), (2) and the Lagrange theorem, we get

Ay < Fligg) = [ £(x (), Vigg(x)dx
Q

[ [ i 100, Vit (0) = £, (x), Vit () [l

Q

Q

1
] Aol g o)+ 0(ity () = i (), Vit ()] g (6) = iy (x) | d v
0 Q

i (x Uy (x), Vuk(X)w(V% k(X)) — Vuk(x))) [ﬁs’k(gi_ ﬁk(X)]dxdu

j=1 J

1
|
0

0 —

Using relations (12) and (13) and the strong convergence of it (x) to i(x), we obtain

limsup A, < jf(x, i(x), Vi(x))dx + Ic(x, —i(x))dx =
Q Q

§—>o0
Thus, we get

limsupA; < A.

s—>o0

Below, we prove the inequality

+ [ [ (% (), Viig 1 0) = £(x, i (x0), Vi (1) [dx = [ £(x, i (x), Vi (x)) dx
Q

1009

) _
m_o’

(19)
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liminf A, > A. (20)

§—>o0

Relation (19) yields the estimate F(u,) =A< C3¢ with some constant C3¢. By using the conditions imposed

on the function f(x, u, p), we get

C37J. |Vu,["dx < If(x, ug(x), Vug(x))dx < Csg.
Q Q

This yields |[ugl|1 ) < Csg. Hence, there exists a subsequence of the sequence u (x) that converges weakly

0 0
in W,}l(Q) as s — oo, Denote its limit by u(x) € W,;(Q).

Fixing a constant i € (0, 1), we represent the asymptotic expansion of the function u (x) as follows:

1 3
u,(x) = () + -3 g + 0 (x),
=1

where c_js(’l}{ (x) have the same form as in (9) and are constructed by analogy using solutions of auxiliary model

0
problems, cut-off functions, and the function #(x), and ©;;(x)e Wnll(Qs) is the remainder of the expansion.

By analogy with the proof of Theorem 3.1 in [4], we conclude that @, (x) converges to zero strongly in

0
W,L(Q) as s > oo, and G,(u,)=1 by the definition of eigenfunction. Since G is a weakly continuous func-

tional, we have G(u#) = 1. Hence,

Ay = Fuy) = [ ), Vig)dx = [ fx.5,(x), Vig(x))dx
Q Q

1
] o i) + (1t (0) = B (0)), Vg ()] () = 7 (x) | dx 1O
0 Q

1 n =
b [ AT, V) + (Vi (0~ V) (3 ]
0 Q

Jj=1 J

dxdp.

As in the proof of Lemma 7, we prove that

liminf A, = liminf F(u,) = F.(u) = inf F.(u) = A

§—>o0 §—>o0 ue M(G)

Thus, we have proved inequality (20). Relations (19) and (20) prove the statement of Theorem 1.

This work was partially supported by the State Foundation for Fundamental Research (project No.
01.07/00252).
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