Proceedings of the Royal Society of Edinburgh: Submitted Paper Paper 15 October 2009

Convergence of variational eigenvalues and
eigenfunctions to the Dirichlet problem for the
p-Laplacian in domains with fine-grained boundary

Pavel Drabek*T Yuliya Namlyeyeval 8 Sédrka Necasovalll
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Abstract

We study the problem of homogenization to the Dirichlet eigenvalue problems
for the p-Laplace operator in sequence of perforated domains with fine-grained
boundary. Using asymptotic expansion method, we derive the homogenized prob-
lem for the new equation with additional term of capacity type. Moreover, we
show that a sequence of eigenvalues to the problem in perforated domains con-
verges to the corresponding critical levels of the homogenized problem.
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1. Introduction and the problem statement

This paper is concerned with convergence of solutions to the Dirichlet eigenvalue
problem for the p-Laplacian in a sequence of domains with a complex geometry.
Neither numerical nor analytical methods are useful in solving problems in perfo-
rated domains. In the same time the complex microstructure of perforated domains
brings about no additional complications into solvability of such problems. Under
special conditions on perforations it can be shown that solutions of problems in
perforated domains are closed in some sense to solution of homogenized problem
for certain new differential equation in a simple domain.

Let © C R™,n > 3, be a bounded domain. For every fixed s € N we consider

a finite number I(s) of disjoint closed domains ]-"i(s) c Q, i=1,...,1(s), with
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nonempty interior (i.e. none of fi(s degenerate to a point). While the number I(s)

of small sets tends to infinity as s — oo, diameters of these small sets ]-"i(s), i
1,...,1(s), tend to zero. Let us introduce the following notations for perforations

I(s)
Fy = U .7:1-(8), O, :=Q\ Fs.
i=1

A sequence of perforated domains €2, in the case when the perforations are small
disjoint components, are called domains with fine-grained boundary ([9]) or strongly
perforated domains ([11]).

V.A. Marchenko and E.Ya. Khruslov were the first who investigated the Dirichlet
boundary value problems and eigenvalue problems for linear operators in strongly
perforated domains (e.g. [11] and references therein). Subsequently, homogenization
of the eigenvalue problems for linear operators with rapidly oscillating coefficients
and in perforated domains was studied by many authors; we only mention here
[13, 14, 23, 24, 16, 17].

To the best to our knowledge there are only few results about the homogenization
of nonlinear eigenvalue problems. For example, asymptotic behavior of the eigen-
values of a class of family of nonlinear monotone elliptic operators in a periodic
heterogeneous medium was studied in [2], [4]. In comparison with these works, we
consider a non—periodical structure of perforation. We also use a different approach
which gives us a possibility to obtain more detailed information about asymptotic
behavior of solutions to nonlinear eigenvalue problems in perforated domains.

We study asymptotic behavior of solutions to the following Dirichlet eigenvalue
problems:

—Apus = )\S|us|p_2us, r € Q, (1.1)

us =0, x € 08, (1.2)
where Apu = Z;;l % (\Vu|p_2(%;) is the standard p-Laplacian, 2 < p < n.

Definition 1.1. We say that a number A\ is an eigenvalue of problem (1.1), (1.2)
if there exists a function us € Wol’p(Qs), us £ 0, called an eigenfunction of (1.1),
(1.2), such that

n
[ 3 v
Q, I=1

1,
for every ¢, € WP (Qy).

8S05 di)ﬂ' = )\s/|us|p72usgpsd$7
a(I}j
Qs

Oug
837j

Extending an eigenfunction ug € VVO1 P(Q,) into F, by zero and keeping the same
notation, we obtain a function u, € W, *(Q) (see [11], [19]).

There are several possibilities how to characterize sequences of variational eigen-
values and eigenfunctions for the p-Laplacian as critical levels and critical points of
the corresponding energy functional on a symmetric manifold. Some of them can
be found in [1, 3, 7, 15, 22, 25] and it is not possible to discuss them in detail here.
In our article we apply a definition which was introduced by Drabek and Robin-
son (see [5], [6]). We use this definition since it perfectly fits with the technique of
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the proof of our main result. On the other hand, one could use the other defini-
tions as well. For example, the definitions based on the notions of the Krasnoselskij
genus or Ljusternik-Schnirelmann category (see e.g. Struwe [22] and Zeidler [25])
are certainly possible to be employed. However, the proofs would be much more
technical.

The main result of this paper is the homogenization of problem (1.1), (1.2). We
show that eigenvalues to problem (1.1), (1.2) in perforated domains 2, converge
to the corresponding critical levels of homogenized problem in the simple domain
Q. The differential equation for the constructed homogenized problem has an ad-
ditional term of capacity character. The behavior of the first eigenvalue to the
Dirichlet problem for nonlinear second order elliptic equation in domains with fine-
grained boundary was studied in [21]. Our aim is to investigate higher eigenvalues
of problem (1.1), (1.2) using the approach introduced in [21]. The proof is based on
the method of asymptotic expansion developed by 1.V. Skrypnik [19] for quasilinear
elliptic equations. In the framework of this method, we construct the asymptotic ex-
pansion of the solutions to problems (1.1), (1.2). The asymptotic expansion is built
in the terms of auxiliary functions which are solutions of the appropriate model
problems. Knowing the behavior of solutions of the model problems, we construct
the corresponding homogenized problem.

The paper is organized as follows. In Section 2 we formulate the assumptions
on the sequence of perforated domains Q4, s = 1,2,..., and the main result of
the paper. Section 3 contains the preliminary information about behaviour of the
solutions of the model problems and the construction of asymptotic expansion.
The Main Theorem is proved in Section 4. Proofs of the auxiliary Lemmas are in
Appendix (Section 5).

2. Formulation of the conditions and the main result

To formulate conditions on )5 we introduce a qualitative characterization of mas-
siveness of the set .7:1-(5), Vs=1,2,...,Vi=1,...,I(s).

Definition 2.1. By C,(E) we denote the p-capacity of a set E C B(xo, %), i.e.

E)= inf Pd
eB)= it [ VP,
B(zo,1)

where V(E) = {¢ € C§°(B(x0,1)) : p(x) =1, x € E}, (see [12]).

Note that in the linear case p = 2 and in three dimensions, n = 3, the value C,(E)
is the Newton capacity.

It the sequel, by C;,Vj =0,1,2,..., we denote positive constants not depending
on s but depending on n and p only.

Let B(xgs),rl(s)) be a minimal ball with radius r*) and center xgs) such that

fi(s) C B(chs),rgs)). By dES) we denote the distance between B(chs),rl(s)) and
U B(mgs),rj(-s)) U 0. We assume that dES) > 0 for any choice of s and i (see
J#i

Figure 1).



Figure 1. Domain with fine-grained boundary.

Assume that the following conditions are satisfied forall s = 1,2,...,i=1,...,I(s):
(B1) rgs) < C’odgs), where Cy is a constant not depending on ¢ and s, and
lim max d¥ = 0;
§—001<i<I(s)
(Ba2) there exist a positive constant Cy and a continuous nondecreasing function
a:[0,+00) — [0,400) satisfying a(0) =0 and @te 00, such that
— 00
I(s

(s) n—17,.()y, _1_
Co(F7) +a"H(r; )}P*1<Cl

)
Co(F)
i=1 " { (dz('S))n

for every s, i.

Example 2.1. Let p = 2,n = 3 and the sets fi(s) are such that the diameters of

fi(s) are congruous with its inradiuses. In this case capacities Cp(}"i(s)) of the sets

fi(s) are equal to its diameters and condition (Ba) has the following form

Then conditions (B1), (B2) mean that diameters of sets fi(s) tend to zero faster
than distances between these sets as s — oo.

To formulate an additional condition for the sets fi(s) that guarantees the possi-

bility of construction of an averaged problem, we define auxiliary functions o (z,t)

i

which are solutions of the appropriate model problems near small sets }'i(s).



Let xz(-s) be as above. We use the following notations
B .= B, 1), Q¥ :=BW\ ¥,
For every fixed ¢ € R we consider the following model problem
A =0, z€Ql?, (2.1)
o =0, 2 €oB®, o) =t xcorF. (2.2)
Definition 2.2. A function vgs) = vgs)(x, t) is said to be a weak solution of problem
(2.1), (2.2) if
(i) the function v — tpo(x — x ) belongs to the space Wy’ (QES)), where ¥y €
C5e(B(0,1)) andi/fo( )=1,2 € B(0,1);

(i) for every function ¢ € Wol’p(QES)) the following integral identity holds:

n (s)

() p—20vi_ 0¥ , 5
i /|VvZ | du, oz, x=0. (2.3)
=l

Outside of ngs) we set Uis) (z,t) = two(m—mgs)) and keep for the redefined function
the same notation.

Remark 2.1. The existence and uniqueness of a solution vl(s) to problem (2.1),

(2.2) were proved in [19] for every fived s € N and i =1,...,1(s).
We assume that the following condition is satisfied:

(C) There exists a function c(z,t) which is continuous in x for any t € R and of
the class Ct in t for almost all x € Q, such that for every ball B C Q we have

lim Y /|w(5) z,t) |Pda;—/ c(x, t)dx

i€ls(B) o

and convergence to the limit is uniform in t on any bounded interval for t. Here
I;(B) is the set of indices i,1 <14 < I(s) such that xl(fg) € B.

Some examples of the sets F, for which the condition (C) is satisfied can be
found in [9] and [10] for the case p = 2.

Example 2.2. Let the set F consists from a finite number of congruous domains
such that some of their points constitute a space cube grating in a bounded domain
Q C R3. The period of this grating equals to | = 1°). Let us use the following
notations

0:= QZ = dzam}" , C:= Ci(s) = Cg(}"i(s)).

Let a sequence of problems be such thatl — 0, o < % as s — o0, and the following
limit exists

Then it was shown in [10] that condition (C) is satisfied with a function c(z) = q.



We consider the following homogenized problem in 2:

— Apu — co(w,u(z)) = MulP~2u, = € Q, (2.4)
u=0, z €09, (2.5)
_ Oc(z,t)
where co(z,t) = =5, see (C) for c(x,1).

Definition 2.3. We say that a number X is an eigenvalue of problem (2.4), (2.5),
if there exists a function u € Wol’p(Q), u # 0, called an eigenfunction of (2.4),
(2.5), such that

/Z\Vu\p_Q%% dx—/co(x,u(x))godx:)\/|u\p_2ugodx,
j=1 J J
Q Q Q

for every o € WyP(Q).

Let us define sequences of critical levels and critical points following the approach
introduced in [5],[6].

Definition 2.4. Define the symmetric manifolds:

L= {u e W, P() : / |u|P de = 1}, L= {us € Wy P(5) : /|us|pdgc = 1}.
Q

For every k,s € N by O, O s we denote the following sets

O := {A C L: A is the image of a continuous odd function h : L¥™1 — L},
Oks = {As C Ls : As is the image of a continuous odd function h : ckt Ls},

where LF~1 represents the unit sphere in RF.
We define now critical levels:

[|VulPdz — [ c(z,u(x))dx
)

g = inf Q , keN, 2.6
k= jnf sup TTulrdz (2:6)
Q
[ |Vus|? dz
Me(Q) = inf sup 2 k,s € N. (2.7)

As€Ok,s y c A, W7
Q

Corresponding critical points will be denoted by uy, ur s respectively. On these func-
tions the minimazes in (2.6), (2.7) are achieved. Notice that both ui and uy s are
not determined uniquely.

It was shown in [5],[6] that { A\, (Qs)}72 ; is a sequence of eigenvalues for (1.1), (1.2)
and uy s are the corresponding eigenfunctions. However, it is an open problem for
the p-Laplacian in higher dimensions, whether {A\;(25)}52, and {uy s}72 ; exhaust
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the sequence of all eigenvalues and eigenfunctions, respectively. Similarly as in [5],
compactness argument yields that every Ag, k =1,2,..., is a critical level for

u'—>/|Vu\pdx—/c(x,u(x))dx
Q

Q

/ |ulP dz = 1.

Q

subject to

The existence of critical levels A\, k € N, follows from properties of solutions to
model problem (2.1), (2.2) which will be mentioned later in Section 3.1 (cf. Re-
mark 3.1).

Let ug(z) be a critical point associated with Ag. The Lagrange multiplier method
implies the existence of a multiplier px such that

” Ouy, O
p/Z|Vuk|p_lgk'% dx—/co(%uk(x))godm:Mkp/|uk|p_2ukgodac
3 9T
Q Q

qQ J=1

holds for every ¢ € VVO1 P(Q). One can see immediately that ur = Ay if and only if

%co(x, ug(2))uk(z) = c(x, uk(x)).

Notice that this is the case when c¢ is homogeneous with respect to the second
variable. On the other hand, if ¢ is not homogeneous, A\ is not an eigenvalue of
(2.4), (2.5), in general. To show homogeneity of function c¢ is the subject of further
investigations. However, the critical point wg is an eigenfunction of (2.4), (2.5)
associated with the eigenvalue py.

Finally, we also note that methods from [19] imply that there exists a positive
constant C, depending on n, k only, such that the following inequality is valid

esssup |ug(z)| < C, k € N.
zeQ

Now we are in a position to formulate the main result of the paper.

Main Theorem. Let conditions (B1), (Bz2), (C) be satisfied. Then for every k €
N and for every sequence of critical points {uk.s,, too_y (here {sm}2o_y C N) there
exist a subsequence {uy.s,, }i2, and an eigenfunction uy of (2.4), (2.5) such that
{uhsml }2, converges strongly to uy in Wol’p,(Q) for every p' < p and weakly in
Wol’p(Q) as | — oo, and the following statement holds:

lim /\k(QSml) = )\k~

l—o00



3. Preliminaries

3.1. Estimates of solutions of the model problems (2.1), (2.2)

The study of asymptotic behavior of solutions to problem (1.1), (1.2) is based on
integral and pointwise estimates of the auxiliary functions 111(5) which are solutions
of problems of the type (2.1), (2.2). We recall the properties of these solutions which

were proved in [19],[21] applying the technique from [18],[20].

Lemma 3.1. (Theorem 2.2, [19]). Let N be a fixed positive number and |t| < N.
Then there exists a constant Co depending only on n,p, N such that for solution
vgs) of problem (2.1), (2.2) for every s = 1,2,..., 1 < i < I(s), the following
inequalities hold
S C (S) }7% S S S
(@) [oi(z.6)| < Cg\tl(M) Y 2e BB Y, (31

|.13 _ (s) |n—p

.. (s (5
(“) ” ”Wl 2(3( oy T ” ”Wl p(B( )

< GGy ()Pl Cy(F) + ()" (3:2)
() ()2 —(s) ~(s)

(iid) ||V, — Vi HL (B&™) + Vo™ = Vi; HZI)/,,(BES))

< Golt - P4y (f“ G, <f<5> + () (3.3)

where 0% =0 (2,8), 8% := 0 (2,4),]f] < N, || <N,

. s 2 s)\ny 2=2
(i) (Vo I} g, < Co {\tl”C (FONAPC(F) + ()5, (3.4)
forevery 6: 0<6< |t|, here FEy:={z € BZ-(S) 0 < UZ(S) (x,t) < 0}.

Lemma 3.2. (Lemma 2, [21]). There ezists a positive constant Cs, depending on
n and p only, such that the following inequality is valid
Cy(7”)

3

1
) e )
r—x; 7P

[0l (2, 0)] = Gt

K3

fors=1,2,..., 1 <i<I(s).

Lemma 3.3. (Lemma 3, [21]). Let N be a fized positive number and |t| < N.
Then there exists a positive constant Cy, depending on n,p, N only, such that the
following inequality is valid

\ t Co(F) i .
Vol (2, 1)] < Cy ||()|{ (l)} ,xEB(x )\B(< ,2d),

’ |z — x5‘9)|n*p
fors=1,2,...,1<i<I(s).

Remark 3.1. It follows from Lemma 3.8 that the function c(xz,u) from condition
(C) satisfies

c(z,u) < Cslul?, |co(x,u)| < CslulP™t, co(x,0) =0 (3.5)



9

for all w € R and almost all x € Q. Inequalities (3.5) guarantee that for every
k € N a critical level N\, and a corresponding critical point uy(x) associated with

(2.4), (2.5) exist and are finite.

3.2. Cut-off functions and construction of asymptotic expansion

In the framework of approach developed by I.V. Skrypnik in [19], we construct
the asymptotic expansion of solutions to the non—linear eigenvalue problem in per-
forated domains in terms of solutions of the model problems (2.1), (2.2). In this
Section we build for a function from W,*(€2) N L>°(Q) the special functions which
are near the critical points of the corresponding functionals from (2.7).

We define a nondecreasing function w : [0, +00) — [0, +-00) such that w(t) < ﬁfgo
and w satisfies the following properties

n—1 n
1177_)07M_,007t7_,0.
t t—0 tn t—o00 w”_m(t)t—»oo

w(t) <

(We used the constant Cj from (B1) and the function «(t) from condition (Bz).)

The construction of this function can be found in [19]. We also introduce a sequence

pgs) = max{rgs),w(dl(-s))} and subsets of indices

I={ii=1,....1(s), " > w(d)},
I'={ivi=1,...,1(s),r" < w(d)}.

In [19] the following statement was proved.

Lemma 3.4. (Lemma 3.1, [19]). Let conditions (B1), (B2) be satisfied. Then

I(s)

lim Y (F7) =0, lim 3 ()" =0, Zc <o (36)

i€l iell)

We define cut-off functions z/)l(s), @Es) with the following properties:

) W () ). o et

0< e <1, / IV Pde < Co{Cp(F)) + 2772 (3.7)

7

(it) we choose numbers T, 72: 1< <T<1l+ oY
0

and functions gpl ) e C5°(Q) such that

(5) _ {1 z € B(ay",mip”),

(
. 9, ZS R 3.8
(&) 0, o ¢ B(a\”, m2p!*). (38)

0 <P (x) <1, |V

%

Let us note that the supports of functions cp(s) (wi(s)) do not mutually intersect.
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Let 9 € Wol’p(Q)ﬂLoo () be an arbitrary function. We denote by v, ; the average
of the function ¥ over the ball Dgs) = B(xgs), Tgpgs)), namely

Vs = 7( / Ydx. (3.9)
meas D,
D)

We use the following ”ansatz” for construction of asymptotic expansion of solution
to nonlinear eigenvalue problems in perforated domains. We define a function 9, €
W, P (€2,) such that

3
() = d(x) + D o™ (2), (3.10)
m=1
where
¢V () = 3" (Wi — 9@ (@) + D (Wi — 9(2)) 0 (@),
iel’ iel”

== ol (@, 909" (2), (3.11)

il

(3) Z v(s (,95,:)p ( ).
1/6[//

This construction will be used in proof of the Main Theorem. The aim of this ansatz
is to represent functions which converge weakly as a sum of the weak limit and
functions constructed with the help of solutions to the appropriate model problems.
The asymptotic behaviour of these special functions is possible to study. Namely,
using the properties of the auxiliary functions v( )( ,t), Lemma 3.4, and methods

from [19], one can prove the following properties of qgm)(a:), m=1,23.

Lemma 3.5. Let conditions (B1), (B2) be satisfied, then the sequences {qs )}S 1
and {qs )}OO | converge to zero strongly in W1P(Q) as s — oo.

Lemma 3.6. Let conditions (B1), (B2) be satisfied, then the sequence {q§3)}§<;1
converges to zero strongly in WY (Q) for p’ < p and converges to zero weakly in

WP(Q) as s — oco.
Lemma 3.7. Let conditions (B1), (Bz), (C) be satisfied, then

lim [ [Vg® P dz = — / o, 9(2)) da. (3.12)
Q Q

The detailed proof of Lemma 3.7 is postponed to Appendix 5.1.

4. Proof of the Main Theorem

To prove the Main Theorem, we apply the induction with respect to k € N:

— For k =1 the Main Theorem was proved in paper [21].

— Suppose that the statement of the Main Theorem is true for the natural num-
bers 1,...,k — 1. That is, for every p = 1,...,k — 1, a subsequence of sequence
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{ups}32, converges to u, strongly in Wol’p/ (Q) for every p’ < p, and weakly in
VVO1 P(£2) as s — 00, and for the corresponding subsequence of sequence {\,(€2)}22;
the following equalities are valid
lim A\, (Q) = A,
S— 00

Hereafter we use for subsequences the same notations as for sequences.
— We show now that the same statement is true for p = k.

To prove this convergence we need to show the boundedness of the sequence
{6 (25)}52, by a constant not depending on s, and the existence of a subsequence
of eigenvalues satisfying the following inequalities

A < liminf A, (9) < hm Ak(2s) < limsup A (25) < Ag. (4.1)
First, let us show the boundedness of the sequence {\;(€2;)}52,. For every fixed
k € N and € > 0 let us denote by A () the following sets

Ap(€) = {L cu®)(z) = fjlap(s)ugs)(x), il o, (e)] =1,

flul )||Lp(sz)

(4.2)
ul =u, + Z @’y € WoP(Q)\{0}, p= 1,---,k}~

Here we used the induction abbumptions and the results of Section 3.2 for the
construction of the functions ufj )7 p=1,..., k. The functions qgfz), m=1,2,3, are
defined analogously to (3.11). The set A (£25) is the symmetric and compact subset

of L. Let us define map fy s : Ar(Qs) — RF \ {0} satisfying the following relation

(s
s (i)ﬂ) = tel,
luy Iz,

where ef, p =1,..., k, is the standard unit basis of R*. For the function

=3ty ——
I3 ap()uf e, o)

fks Zap fks( )
|Up ||L (2:)

The function fj s is an odd homeomorphlsm between A (2;) and an unit sphere
in R*. Such maps and their properties were considered in [8] In particular, the set
A (2s) belongs to the system of sets O s from Definition 2.4 of the critical levels.
Then

we set

f \Vus[Pde [ |Vul*9|P d
Ae(Q) < 2

A0 f\us\pdw T AP
Q

(4.3)
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where u(*%) is a function from the compact set Ay () on which the supremum in
(4.3) is achieved, namely,

k k 3
u(s,s) = de(g)ugj) e Z@p(E) (Up + Z qgj:?) .
p=1 p=1 m=1

We consider the right-hand side of (4.3). Without loss of generality, a,(c), p =
1,...,k, can be chosen such that

lim ax(e) =1, lima,(e) =0, p=1,...,k—1.

e—0 e—0
Then
k 3 p
[ an= v (Z&p@ (W 2 qu)) do= [ 1V Pds + (e,
Q. Q. =l m=1 Q.
(4.4)
k 3 p
Jueora= [15 76, (%+Zq§?> do = [ 10 Pdz+ rafe.5), (45
Q. Q, 1p=1 m=1 Q

where liII(l) 7 (g,8) =0, lim0 v2(g, s) = 0 uniformly with respect to s € N.
E— E—

We use also the following auxiliary statement.

Lemma 4.1. Let conditions (B1), (B2), (C) be satisfied. Then the following equal-
ities are valid

/ \Vul® |Pdz = / Vg, [Pda — / e, ug(2))dz + ys(s), (4.6)

Q Q Q
J1uwds = s+ o) (47)
Q. Q

where lim y3(s) =0, lim 74(s) = 0.
§—00 §— 00

The proof of Lemma 4.1 is rather technical and therefore we postpone it to Ap-
pendix 5.2.
Using (4.3)-(4.7), we derive

(f |Vug|Pdr — fc(:n,uk(ac))dx> +71(e,8) +v3(s)
Ae(2) < 2 2

- [ JuglPdz + 2 (e, 8) + ya(s)
Q

(4.8)

The sequences 71 (g,s), v3(e,s) tend to zero as € — 0 uniformly with respect to
s € N, 72(s), 7a(s) tend to zero as s — co. Then we have |y;| < 1/6 for ¢ small
enough and s big enough. This yields that there exists a constant C7¢ not depending
on g, s such that the following inequality holds

[ Ak (£25)] < Cho. (4.9)
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Tt follows from (4.9), that we can pass to the limit in (4.8) for s — co. As result we
obtain
lim sup Ag(92s)

J IVug|Pdx —({c(m,uk(x))dw + (g, ) +73(5)

< limsup lim @
smoo 0 J lug|Pdz +72(e, 8) + 7a(s)
Q

=X\e.  (4.10)

We derived the inequality on the right-hand side of (4.1). It remains to prove the
second inequality from (4.1), namely:

§—00

We normalize a k-th eigenfunction u, j to problem (1.1), (1.2) as

uk,sllz, @ =1

Then, the definition of eigenvalues and inequality (4.9) imply that

/|Vu;€7s‘pd$ = )\k(Qé) S CIO-
Q

Hence, there exists a subsequence of the sequence {uy, s }52; that converges weakly
in W, ?(Q). We use for this subsequence the same notation and denote its weak
limit by @, € W, (Q). Applying methods from [19] and (4.9), it can be checked the
existence of a constant M, not depending on s, such that the following inequality
is valid:
esssup |ug s(z)| < M.
€

We employ the asymptotic expansion of the function wuy s, that is
3
wrs(@) = (@) + ) 40 (@) + Bonl@), (4.12)

where q’gp ,2 have the same form as in (3.11) and are constructed analogously using

solutions of model problems (2.1), (2.2), cut-off functions (3.7), (3.8), and the weak

limit @y. Therefore, for the functions (jgp ,2 we obtain the same statements as in

Lemmas 3.5, 3.6, 3.7. The function &, € Wol’p(Qs) is a remainder term of the
expansion. Similarly as in the proof of Theorem 3.1 in [19], we prove that the
sequence {w, }2, converges strongly to zero in W, () as s — co. The proof is
omitted here.

Then, the subsequence {uy s}52; converges to 4y strongly in wir' (Q), v < p,
and weakly in W1P(Q) as s — oo. Using the same argument as in the proof of
equality (4.6), we obtain

Ak(€2s) :/|Vuk7s|pdx:/\Vﬂk|pdxf/c(z,ﬁk(l’))dz+’y5(s), (4.13)
Q Q Q
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where lim ~5(s) = 0.
Assume that inequality (4.11) is not valid, that is

liminf A\, (25) < Ak. (4.14)

§— 00

From the weak convergence of Uk,s 1O Uy In WO1 P(Q) it follows that 4y € L. Anal-
ogously to (4.2), we define a set Aj € Oy in the following way

- k
Ay = e)u, + ag(e)u, la,(e)] =1
{|U||L @ Z ’ Z o

p=1 p=1

where u,, p=1,...,k — 1, are eigenfunctions to problem (1.1), (1.2).
Using (4.13) on the left-hand side of inequality (4.14) and passing to the limit as
s — 00, we derive

[ IVug P de — [ c(z,ux(x)) de f|vuk,s|p dx
Q Q

=1 e — liminf A\ (Q
Tl de imin Thon s o #(82)
Q

f |VulP dz — [ c(z,u(z))dx
)

< A = inf su
VR uea [ |ulp dz
Q

[IVulPdz — [ c(z,u(x))dz  [|Va®Pde — [c(z, 0 (z))ds

Q Q Q Q
< su = , (4.15
=k T ds Tl de )
Q Q
k-1 _
where @(®) := 3" a,(¢)u, + ay(e)uy is the function belonging to the set Aj on
p=1

which the supremum of the functional on the right-hand side of (4.15) is achieved.
Let us choose a,(¢), p=1,...,k, such that

lim ai(e) =1, lima,(e)=0, p=1,...,k—1.

e—0 e—0

Then, using the continuity of the function ¢(z,u), we can pass to the limit in (4.15)
as € — 0 and get

[ IVug P de — [ c(z, g (x)) de [ IVug|Pde — [ c(x, g (x)) dz
) Q <A <2 )

J lalP dz [ |uglp dz
Q Q
This contradiction means that (4.11) is true. Relations (4.10), (4.11) prove (4.1).

That is, we proved the existence of the subsequence of eigenvalues {\;(25)}22,
such that

lm A\ (Qs) = A = [ |Vug|Pde — | c(x, ug(z))dz. (4.16)
fraa- |

§—00
Q
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The last equality follows from (4.13) after passing to the limit as s — co. Therefore
the function @y, is the k-th eigenfunction to problem (2.4), (2.5). Moreover, it was
shown that the subsequence {uy (}22, converges to @y strongly in W' (Q),p <
p, and weakly in WhP(Q)) as s — oo. Consequently, the statement of the Main
Theorem follows from (4.1) and (4.16).

5. Appendix

Remark 5.1. By K;,j = 1,2,..., we denote different positive constants depending
onn,p, C;, i =0,1,2,..., only.

5.1. Proof of Lemma 3.7

We investigate the following integral
P
/ ’vq@’ de = J + 5, (5.1)
Q

where

Jl(s) = — Z/|V1}(S z,Ys,4)|P de,

,LEI//
J25 : /‘VqB)‘ dm+2/\Vu x,954)|P du.
ZeI’I
First, let us show that
lim J$ = o0. (5.2)

Using the definition of qg?’) we derive

5 ==Y [196 @006 pde+ Y [ 19 @00 da

ZEI” lel”
= Z/|V’u(s)\pdx Z/ |Vv(s)\ o2 4 2Vl vy )
16]” 7161”
ORI E) = 3 Jovepytar—3 [ (190
’LEI” ZEI”

P
2

()2 = DIVL P + 296, Tul)e ol + (o) V) da

1
d S S 2 S S S Bl S
[ [ (1962 R + ()" = DIVl + 2707, 96l
0

el

+o{)Ive2))

P
2

1
ded :—13 Vol 2+ € (((987)2 = 1) Vol
T Q/O/( v + ( © v
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S S S S S 2 S £71 S S
12V, Tol )0l + ) 196 12) ) (((617)2 = DIVl

+2(Vel, Vo)l ol + )2Vl ) dedar.
Since 0 < ¢ <1 it means that

s) <K, Z /|VU(S P~ 2 (s) 1)|Vv§s)|2

ZEI”

12V, Vol el + (o 2Vl ) da

0 Y [ (1670 = U + 276 To 0l + o7 97 )
el o
We can estimate the right-hand side of the last inequality using (3.8). Denote by
ICES) the following ring
/Cgs) ={zeR": Tlpl(»s) <l|x-— | < T pzé)}

Then
S <K Y / Vo P (L= (o)) + K Y / Vo P2 o PV o Pde

i€ll) iel
(s) (s)
]C%S K; N

+K2 Z s)|p 2(V<p (s) V’U( ))@18) (5 d.]?—f—KQ Z / )2)g|V1}§5)\pd$

iEI;/IC(_S) ZGI“’C(S)

s Y [ AR e S [ e
ZGI”,CH Eery K

< K3 Z / |Vv( )|p dx + K3 / g)\p 2 (S),vas))vgs)dm
,LeI//}C S (

7,

+Ks Y <s>) / Vo P2 Pda

ity (P o

Spde.  (5.3)

+Ks z (Vo) Vol 8 ()

ety (P K

Let us consider the integrals on the right-hand side of (5.3). Using (3.1) we obtain

p S)\n—p C;D(]:i(S))
Z / |v( s) (z,95,4)[P dv < Ky Z(ﬂg )) ((p@)”"’)

= (p- ) o =
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cp(F = (hyn \TTLE) op ) 7
5 Z ) KG max @7) Z g .
p’LS) n—p 1<i<I(s) wn—P(dES)) i=1 (dz('s )"

icll i

The right-hand side of the last inequality tends to zero as s — oo due to the
properties of function w(t). This means that

(S (x,9s,4)|Pdx = 0. (5.4)

§—00

iery (i )

We denote by 0( )= = max |v( )(;U Us4)|- Then from (3.1) we have
zek;’

(s) p—1
0 @9, < 00 < ol [ 2FL) T pexk®. (55)
T (p™)m l

Using (3.4), (5.5) and the definition of I!/ we derive

/ Vol (2,95,0) | de < K Y 08 (Co(F) + (i)™

iell iell

= (o

(s 10i
]: s S)\n
< Ks ) ( e ) (Co(FL) + (i)™

iell!

FEV\ 7T
92( ()n27> +K92(p()

iell iell

Analogously to the proof of (5.4), we deduce from the properties of the function

w(t) and (3.6) that
. (s)|p _
tim 3 / Vol P de = 0. (5.6)
i€l IC( )

After applying Holder’s inequality and (5.6), (5.4) to other terms in (5.3) we
derive (5.2). It remains to prove that

lim Jl(s) = —/c(m,z?(x))d;v

Q

Let {9,}32, be a sequence of functions from C§°(§2) that converges to ¥(x) in
W,y P(€2) as £ — oo. The sequence {9,}52, has a subsequence which converges to
¥(x) almost everywhere. Let us keep the same notation for this subsequence. We

define )
Y, = ——— | Ypdu.
& measQl,/ ear

v
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For a fixed number ¢ € N we define a small number d = d(¢) > 0 such that the
following inequality is valid

100 — D(x)| < (2) ' (5.7)

almost everywhere on an arbitrary set E C €2 whose diameter is less then 2d.

We represent the set { as a union of disjoint subsets Q,, v = 1,...,T(¢), with
piecewise smooth boundaries so that the diameter of every set €2, is less than d.
We choose a number s; = s1(¢) such that for s > s; the inequality 7‘55) +d§s) <dis
satisfied for every i = 1,...,1(s). By I5(92,) we denote a set of indices i € I such

that CL‘Z(-S) € Q. Then we have the following representation for the integral J1<5):

I =0 4 g, (5.8)

where
T(0)

/|Vv (,0¢,)|P d,

v=14€l(Q) g

sl s
B3 S [ 0+ 19 0 b
v=11iel;(Q)

We use for solutions of model problems (2.1), (2.2) with ¢ ~ 9, and t~ ¥s,; the
following notations

igs) = ¥ (x,90), @55) = ¥ (x,9s,).

K3 3

Then using Holder’s inequality and estimates (3.2), (3.3) from Lemma 3.1, we obtain

(o)
J(sf) Z Z /|V1}(S |V1} s)|p dr < Z/ |VU s)|p ‘V s)|p)
v=14iel,( ’LGI”

Y

1
-5 [ [ o ool - e
0

i€l g,

1
ZZ/ﬁMWH@LWW%W“M“AﬁWWLWMW

€1y

1
<Ky [ [ (9P o vel - o))
0 Q

iel

I
s

x (V31,90 = 57) + (V@) — ) 2) dd



< Kll Z ( /|V@l(§)|P dx /|V(1_)1(9) o @1(9))|P dz
Q

iy

1
+ /|W§S>|P dz /|V(@§S> — NP da
Q Q

+ / Vo |P da / V(@ — 5P da
Q Q

_,’_ N————
kA%
_|_
—
<
=

< K Y (Co(FE)) 7 (Co(F)
icry

2(p—1)
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s =

Xoww—ﬂmﬁ*WWw—ﬁm|P 44Ww—ﬂmﬁ*ﬂww—ﬂmﬁy

Finally from (5.7) and Lemma 3.4 we obtain

TP < K1y S Wew — 00l? (Co(FD) + (1))

ey

)

< S S G EFEN) + (1)) <

eIy

Kis
l

where [ is a fixed number such that inequality (5.7) holds. Then
Jlim J <o,

uniformly with respect to s € N.

(5.9)

In view of the given partition {QV};rfl) of the domain €2, if there exists a constant
N > 0 and a number sy = s9(¢) so that, for [t| < N, s > s9, v =1,...,T(¢), then

we have

Z /‘VUZ(S)(m,tﬂpdl“—/C(x7t)dm < ﬁ

i€l ()

v

according to condition (C). Then

T(0)

KO ==3T S [Vt de = I,

v=14el, (Qu) Q
where
()
0 32 [t

=1,

() ()

(5.10)

(5.11)

JEN =23 % / Vol (2,9, P dz + Y / o@, V) dz.
y:lﬂ‘/

v=14icls(Q)
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Inequality (5.10) implies that
ﬁmJﬁazo (5.12)

where the convergence is uniform with respect to s € N. Let us represent the integral

J; 5(5,5) as follows

Je0 / o, 9(@))dz + IO + IO, (5.13)
Q

where
T (¢)
IO = 3 [(ela91) + el 01(a)) o
V:].QU

(0
SO =3 / (—e(x, 9a(2)) + c(z, 9(z)))dz.

l/:].QV

From the continuity of the function ¢(x,t) with respect to ¢ we obtain
lmnﬁazowmngazo. (5.14)

Taking into account (5.2), (5.9), (5.12), (5.14), from (5.1), (5.8), (5.11), (5.13) we
derive (3.12).

5.2. Proof of Lemma 4.1

Let us investigate the following integral

3 p

/\Vu,(:)|pdx z/ \Y (uk + Z qif’,?) dz = / |Vug|Pdx + Js, (5.15)

Q Q m=1 Q
where

3 p
Js 1= /{ \Y (Uk + q(i?) - |Vuk|p} dz.
Q m=1
Let us show that
lim Js; = —/c(x,uk(x))dx. (5.16)

Q
It follows in the standard way that

L 3
d (m)
Js://@ V(’Uk‘f'ﬂzqs,k)
Q0

P
dudx

m=1

p—2

(Ve ¥ (; q;j;p) )
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2

P 5 S S S
)dudz = / ‘Vq(?’) x)‘ o+ J$ + I + 9 + I (5.17)
Q

i

m=1

3
(3]

where
p—2

(Vug, V (Zq >dudm
3 2

(£
m=1

(u > q(m)>

()| fra ) s

From the strong convergence of {qi k)} , m = 1,2, and the weak convergence
s=1

(s

p—2

1
Jgs): p//
Q 0
3
\V4 <uk + 1 Z qi?,?)
m=1
1 3
o = [ (|3 (o w0 -
0 m=1
1= |

Q

p—2 p—2

of {qg ,z} to zero in WHP(Q) as s — oo (Lemma 3.5, Lemma 3.6), using Holder’s
inequahty,iwe derive
lim J{ =0, lim J& =o0. (5.18)

§— 00

Using the definition of qf’,z and the Holder inequality, we obtain

lim J§¥ =0, lim. J& = 0. (5.19)
Indeed,
p—2 2
1 3 P P 3 » P
JQS) < p/ / \Y% (uk + u Z qi?,?) dx / (Vuk,v (Z qi?,?) ) dr du
0 \O m=1 Q m=1

2

3 P

< Kig /|Vuk|%|v (E : qif“z>> Ede
m=1

2

< K7 /|Vuk|pdx /lV qglg ?,3) Pdx | +K17 /|Vuk\%\VqS,2|gdx

SN

The first term on the rlght—hand side tends to zero as s — oo due to Lemma 3.5.
We consider the second integral term

/|Vuk|2|VqS | dr < Kig /|Vuk| i (ac uk“))| dx

zEI”D( )
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<10 3 ([ Va0 g ) B
= p(®

S /\vuk| (g o )| B ). (5.20)

2
Z 1)

7

Using Hoélder’s inequality and (3.2) we have

Z / IVuk\2\Vv()(x “ksz)|2dx

i€y D
1 1
2 2

<2 / Vg da / Vo) (2, upe.0) [P
iely p(® D
1 1
2 2
< Ky Z |Vug|Pdx / |Vv( s) (z,up,s,i)Pdx
ey €LY o)
D

N|=

< Ko / \Vuk|pdx Z (Cp(f(q)) + (7’1(9))")

D)
igg’ ’

S K22 / |Vuk\pd:c . (521)
U o

iell

Here meas|J; ery D( *) tends to zero as s — oo due to (3.6). The convergence to zero

on the right-hand side of (5.21) as s — oo follows from the property of absolutely
continuity of integrals. Now we consider the second term on the right-hand side of

(5.20):
Z P /Ivuk|2|v (I uk:sz)‘ dz
iell! (p )2 5
IC'L
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Nl=
[N

1 .
<kn | Y [wupie| | Y g [ @
iery (p; )pK(S)

2

D

1 Co(F) o
< Koy Z (3))p / <|x p (.s)np) dx

il (p; Ko -
)\ 7Y 2
er(FD) )7
< Ko Z<p> : (5.22)
el (Pz('s))"fp

We have the convergence to zero analogously to the proof of (5.4). From (5.20),

(5.21), (5.22) follows that Jés) tends to zero as s — oo. Let us prove the second
equality of (5.19):

1 1 3 p—2
S d m
Iy =p/u//% v (nuk oy qi,k)> dn|Vq)[? dwdp
0 Q0 m=1

m=1

3 p pTTQ %
< Koy / <|V (Z qi’}?) | + |Vuk|> dx /|Vq£‘2|%\Vuk|g de | .
m=1

Q Q

3 p—2
< Kag / V)| [Vl (IV (Z qi,?) |+ |Vuk|> dx
Q

The right-hand side of the last inequality tends to zero due to the absolute con-
tinuity of integrals and (5.20). This proves (5.19). Finally, from (5.17)-(5.19) and
Lemma 3.7 we get (5.16). Then, by (5.15), (5.16) we obtain (4.6). Using the same
arguments and Lemmas 3.5, 3.6, we derive (4.7).
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