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Convergence of variational eigenvalues and
eigenfunctions to the Dirichlet problem for the
p-Laplacian in domains with fine-grained boundary
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Abstract

We study the problem of homogenization to the Dirichlet eigenvalue problems

for the p-Laplace operator in sequence of perforated domains with fine-grained

boundary. Using asymptotic expansion method, we derive the homogenized prob-

lem for the new equation with additional term of capacity type. Moreover, we

show that a sequence of eigenvalues to the problem in perforated domains con-

verges to the corresponding critical levels of the homogenized problem.
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1. Introduction and the problem statement

This paper is concerned with convergence of solutions to the Dirichlet eigenvalue
problem for the p-Laplacian in a sequence of domains with a complex geometry.
Neither numerical nor analytical methods are useful in solving problems in perfo-
rated domains. In the same time the complex microstructure of perforated domains
brings about no additional complications into solvability of such problems. Under
special conditions on perforations it can be shown that solutions of problems in
perforated domains are closed in some sense to solution of homogenized problem
for certain new differential equation in a simple domain.

Let Ω ⊂ Rn, n ≥ 3, be a bounded domain. For every fixed s ∈ N we consider
a finite number I(s) of disjoint closed domains F (s)

i ⊂ Ω, i = 1, . . . , I(s), with
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Žitná 25, 11567 Prague 1, Czech Republic (matus@math.cas.cz)
‖The research was supported by the Academy of Sciences, of the Czech Republic, Institutional

Research Plan no. AV0Z10190503 and by the Grant Agency of the Czech Republic N. 201050005

1



2
nonempty interior (i.e. none of F (s)

i degenerate to a point). While the number I(s)
of small sets tends to infinity as s → ∞, diameters of these small sets F (s)

i , i =
1, . . . , I(s), tend to zero. Let us introduce the following notations for perforations

Fs :=
I(s)⋃

i=1

F (s)
i , Ωs := Ω \ Fs.

A sequence of perforated domains Ωs in the case when the perforations are small
disjoint components, are called domains with fine-grained boundary ([9]) or strongly
perforated domains ([11]).

V.A. Marchenko and E.Ya. Khruslov were the first who investigated the Dirichlet
boundary value problems and eigenvalue problems for linear operators in strongly
perforated domains (e.g. [11] and references therein). Subsequently, homogenization
of the eigenvalue problems for linear operators with rapidly oscillating coefficients
and in perforated domains was studied by many authors; we only mention here
[13, 14, 23, 24, 16, 17].

To the best to our knowledge there are only few results about the homogenization
of nonlinear eigenvalue problems. For example, asymptotic behavior of the eigen-
values of a class of family of nonlinear monotone elliptic operators in a periodic
heterogeneous medium was studied in [2], [4]. In comparison with these works, we
consider a non–periodical structure of perforation. We also use a different approach
which gives us a possibility to obtain more detailed information about asymptotic
behavior of solutions to nonlinear eigenvalue problems in perforated domains.

We study asymptotic behavior of solutions to the following Dirichlet eigenvalue
problems:

−∆pus = λs|us|p−2us, x ∈ Ωs, (1.1)

us = 0, x ∈ ∂Ωs, (1.2)

where ∆pu :=
∑n

j=1
∂

∂xj

(
|∇u|p−2 ∂u

∂xj

)
is the standard p-Laplacian, 2 ≤ p < n.

Definition 1.1. We say that a number λs is an eigenvalue of problem (1.1), (1.2)
if there exists a function us ∈ W 1,p

0 (Ωs), us 6≡ 0, called an eigenfunction of (1.1),
(1.2), such that

∫

Ωs

n∑

j=1

|∇us|p−2 ∂us

∂xj

∂ϕs

∂xj
dx = λs

∫

Ωs

|us|p−2usϕsdx,

for every ϕs ∈ W 1,p
0 (Ωs).

Extending an eigenfunction us ∈ W 1,p
0 (Ωs) into Fs by zero and keeping the same

notation, we obtain a function us ∈ W 1,p
0 (Ω) (see [11], [19]).

There are several possibilities how to characterize sequences of variational eigen-
values and eigenfunctions for the p-Laplacian as critical levels and critical points of
the corresponding energy functional on a symmetric manifold. Some of them can
be found in [1, 3, 7, 15, 22, 25] and it is not possible to discuss them in detail here.
In our article we apply a definition which was introduced by Drábek and Robin-
son (see [5], [6]). We use this definition since it perfectly fits with the technique of
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the proof of our main result. On the other hand, one could use the other defini-
tions as well. For example, the definitions based on the notions of the Krasnoselskij
genus or Ljusternik-Schnirelmann category (see e.g. Struwe [22] and Zeidler [25])
are certainly possible to be employed. However, the proofs would be much more
technical.

The main result of this paper is the homogenization of problem (1.1), (1.2). We
show that eigenvalues to problem (1.1), (1.2) in perforated domains Ωs converge
to the corresponding critical levels of homogenized problem in the simple domain
Ω. The differential equation for the constructed homogenized problem has an ad-
ditional term of capacity character. The behavior of the first eigenvalue to the
Dirichlet problem for nonlinear second order elliptic equation in domains with fine-
grained boundary was studied in [21]. Our aim is to investigate higher eigenvalues
of problem (1.1), (1.2) using the approach introduced in [21]. The proof is based on
the method of asymptotic expansion developed by I.V. Skrypnik [19] for quasilinear
elliptic equations. In the framework of this method, we construct the asymptotic ex-
pansion of the solutions to problems (1.1), (1.2). The asymptotic expansion is built
in the terms of auxiliary functions which are solutions of the appropriate model
problems. Knowing the behavior of solutions of the model problems, we construct
the corresponding homogenized problem.

The paper is organized as follows. In Section 2 we formulate the assumptions
on the sequence of perforated domains Ωs, s = 1, 2, . . . , and the main result of
the paper. Section 3 contains the preliminary information about behaviour of the
solutions of the model problems and the construction of asymptotic expansion.
The Main Theorem is proved in Section 4. Proofs of the auxiliary Lemmas are in
Appendix (Section 5).

2. Formulation of the conditions and the main result

To formulate conditions on Ωs we introduce a qualitative characterization of mas-
siveness of the set F (s)

i , ∀ s = 1, 2, . . . , ∀ i = 1, . . . , I(s).

Definition 2.1. By Cp(E) we denote the p-capacity of a set E ⊂ B(x0,
1
2 ), i.e.

Cp(E) = inf
ϕ∈V (E)

∫

B(x0,1)

|∇ϕ|p dx,

where V (E) = {ϕ ∈ C∞0 (B(x0, 1)) : ϕ(x) = 1, x ∈ E}, (see [12]).

Note that in the linear case p = 2 and in three dimensions, n = 3, the value Cp(E)
is the Newton capacity.

It the sequel, by Cj ,∀j = 0, 1, 2, . . . , we denote positive constants not depending
on s but depending on n and p only.

Let B(x(s)
i , r

(s)
i ) be a minimal ball with radius r

(s)
i and center x

(s)
i such that

F (s)
i ⊂ B(x(s)

i , r
(s)
i ). By d

(s)
i we denote the distance between B(x(s)

i , r
(s)
i ) and⋃

j 6=i

B(x(s)
j , r

(s)
j ) ∪ ∂Ω. We assume that d

(s)
i > 0 for any choice of s and i (see

Figure 1).
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Figure 1. Domain with fine-grained boundary.

Assume that the following conditions are satisfied for all s = 1, 2, . . . , i = 1, . . . , I(s):
(B1) r

(s)
i ≤ C0d

(s)
i , where C0 is a constant not depending on i and s, and

lim
s→∞

max
1≤i≤I(s)

d
(s)
i = 0;

(B2) there exist a positive constant C1 and a continuous nondecreasing function
α : [0,+∞) → [0, +∞) satisfying α(0) = 0 and α(t)

t →
t→∞

∞, such that

I(s)∑

i=1

Cp(F (s)
i )

{Cp(F (s)
i ) + αn−1(r(s)

i )

(d(s)
i )n

} 1
p−1 ≤ C1

for every s, i.

Example 2.1. Let p = 2, n = 3 and the sets F (s)
i are such that the diameters of

F (s)
i are congruous with its inradiuses. In this case capacities Cp(F (s)

i ) of the sets
F (s)

i are equal to its diameters and condition (B2) has the following form

I(s)∑

i=1

(r(s)
i )2

(d(s)
i )3

≤ C1.

Then conditions (B1), (B2) mean that diameters of sets F (s)
i tend to zero faster

than distances between these sets as s →∞.

To formulate an additional condition for the sets F (s)
i that guarantees the possi-

bility of construction of an averaged problem, we define auxiliary functions v
(s)
i (x, t)

which are solutions of the appropriate model problems near small sets F (s)
i .
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Let x

(s)
i be as above. We use the following notations

B
(s)
i := B(x(s)

i , 1), Ω(s)
i := B

(s)
i \ F (s)

i .

For every fixed t ∈ R we consider the following model problem

∆pv
(s)
i = 0, x ∈ Ω(s)

i , (2.1)

v
(s)
i = 0, x ∈ ∂B

(s)
i , v

(s)
i = t, x ∈ ∂F (s)

i . (2.2)

Definition 2.2. A function v
(s)
i = v

(s)
i (x, t) is said to be a weak solution of problem

(2.1), (2.2) if

(i) the function v
(s)
i − tψ0(x− x

(s)
i ) belongs to the space W 1,p

0 (Ω(s)
i ), where ψ0 ∈

C∞0 (B(0, 1)) and ψ0(x) = 1, x ∈ B(0, 1
2 );

(ii) for every function ψ ∈ W 1,p
0 (Ω(s)

i ) the following integral identity holds:

n∑

j=1

∫

Ω
(s)
i

|∇v
(s)
i |p−2 ∂v

(s)
i

∂xj

∂ψ

∂xj
dx = 0. (2.3)

Outside of Ω(s)
i we set v

(s)
i (x, t) = tψ0(x−x

(s)
i ) and keep for the redefined function

the same notation.

Remark 2.1. The existence and uniqueness of a solution v
(s)
i to problem (2.1),

(2.2) were proved in [19] for every fixed s ∈ N and i = 1, . . . , I(s).

We assume that the following condition is satisfied:
(C) There exists a function c(x, t) which is continuous in x for any t ∈ R and of

the class C1 in t for almost all x ∈ Ω, such that for every ball B ⊂ Ω we have

lim
s→∞

∑

i∈Is(B)

∫

Ω

|∇v
(s)
i (x, t)|pdx =

∫

B

c(x, t)dx

and convergence to the limit is uniform in t on any bounded interval for t. Here
Is(B) is the set of indices i, 1 ≤ i ≤ I(s) such that x

(s)
i ∈ B.

Some examples of the sets Fs for which the condition (C) is satisfied can be
found in [9] and [10] for the case p = 2.

Example 2.2. Let the set Fs consists from a finite number of congruous domains
such that some of their points constitute a space cube grating in a bounded domain
Ω ⊂ R3. The period of this grating equals to l = l(s). Let us use the following
notations

% := %
(s)
i = diamF (s)

i , C := C(s)
i = C2(F (s)

i ).

Let a sequence of problems be such that l → 0, % ≤ l
3 as s →∞, and the following

limit exists
lim
l→0

C
l3

= q.

Then it was shown in [10] that condition (C) is satisfied with a function c(x) ≡ q.
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We consider the following homogenized problem in Ω:

−∆pu− c0(x, u(x)) = λ|u|p−2u, x ∈ Ω, (2.4)
u = 0, x ∈ ∂Ω, (2.5)

where c0(x, t) = ∂c(x,t)
∂t , see (C) for c(x, t).

Definition 2.3. We say that a number λ is an eigenvalue of problem (2.4), (2.5),
if there exists a function u ∈ W 1,p

0 (Ω), u 6≡ 0, called an eigenfunction of (2.4),
(2.5), such that

∫

Ω

n∑

j=1

|∇u|p−2 ∂u

∂xj

∂ϕ

∂xj
dx−

∫

Ω

c0(x, u(x))ϕdx = λ

∫

Ω

|u|p−2uϕ dx,

for every ϕ ∈ W 1,p
0 (Ω).

Let us define sequences of critical levels and critical points following the approach
introduced in [5],[6].

Definition 2.4. Define the symmetric manifolds:

L :=
{

u ∈ W 1,p
0 (Ω) :

∫

Ω

|u|p dx = 1
}

, Ls :=
{

us ∈ W 1,p
0 (Ωs) :

∫

Ωs

|us|p dx = 1
}

.

For every k, s ∈ N by Θk,Θk,s we denote the following sets

Θk := {A ⊂ L : A is the image of a continuous odd function h : Lk−1 → L},
Θk,s := {As ⊂ Ls : As is the image of a continuous odd function hs : Lk−1 → Ls},

where Lk−1 represents the unit sphere in Rk.
We define now critical levels:

λk := inf
A∈Θk

sup
u∈A

∫
Ω

|∇u|p dx− ∫
Ω

c(x, u(x)) dx

∫
Ω

|u|p dx
, k ∈ N, (2.6)

λk(Ωs) := inf
As∈Θk,s

sup
us∈As

∫
Ω

|∇us|p dx

∫
Ω

|us|p dx
, k, s ∈ N. (2.7)

Corresponding critical points will be denoted by uk, uk,s respectively. On these func-
tions the minimaxes in (2.6), (2.7) are achieved. Notice that both uk and uk,s are
not determined uniquely.

It was shown in [5],[6] that {λk(Ωs)}∞k=1 is a sequence of eigenvalues for (1.1), (1.2)
and uk,s are the corresponding eigenfunctions. However, it is an open problem for
the p-Laplacian in higher dimensions, whether {λk(Ωs)}∞k=1 and {uk,s}∞k=1 exhaust



7
the sequence of all eigenvalues and eigenfunctions, respectively. Similarly as in [5],
compactness argument yields that every λk, k = 1, 2, . . . , is a critical level for

u 7−→
∫

Ω

|∇u|p dx−
∫

Ω

c(x, u(x)) dx

subject to ∫

Ω

|u|p dx = 1.

The existence of critical levels λk, k ∈ N, follows from properties of solutions to
model problem (2.1), (2.2) which will be mentioned later in Section 3.1 (cf. Re-
mark 3.1).

Let uk(x) be a critical point associated with λk. The Lagrange multiplier method
implies the existence of a multiplier µk such that

p

∫

Ω

n∑

j=1

|∇uk|p−1 ∂uk

∂xj

∂ϕ

∂xj
dx−

∫

Ω

c0(x, uk(x))ϕdx = µkp

∫

Ω

|uk|p−2ukϕdx

holds for every ϕ ∈ W 1,p
0 (Ω). One can see immediately that µk = λk if and only if

1
p

c0(x, uk(x))uk(x) = c(x, uk(x)).

Notice that this is the case when c is homogeneous with respect to the second
variable. On the other hand, if c is not homogeneous, λk is not an eigenvalue of
(2.4), (2.5), in general. To show homogeneity of function c is the subject of further
investigations. However, the critical point uk is an eigenfunction of (2.4), (2.5)
associated with the eigenvalue µk.

Finally, we also note that methods from [19] imply that there exists a positive
constant C̃, depending on n, k only, such that the following inequality is valid

ess sup
x∈Ω

|uk(x)| ≤ C̃, k ∈ N.

Now we are in a position to formulate the main result of the paper.

Main Theorem. Let conditions (B1), (B2), (C) be satisfied. Then for every k ∈
N and for every sequence of critical points {uk,sm}∞m=1 (here {sm}∞m=1 ⊂ N) there
exist a subsequence {uk,sml

}∞l=1 and an eigenfunction uk of (2.4), (2.5) such that

{uk,sml
}∞l=1 converges strongly to uk in W 1,p′

0 (Ω) for every p′ < p and weakly in
W 1,p

0 (Ω) as l →∞, and the following statement holds:

lim
l→∞

λk(Ωsml
) = λk.
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3. Preliminaries

3.1. Estimates of solutions of the model problems (2.1), (2.2)

The study of asymptotic behavior of solutions to problem (1.1), (1.2) is based on
integral and pointwise estimates of the auxiliary functions v

(s)
i which are solutions

of problems of the type (2.1), (2.2). We recall the properties of these solutions which
were proved in [19],[21] applying the technique from [18],[20].

Lemma 3.1. (Theorem 2.2, [19]). Let N be a fixed positive number and |t| ≤ N .
Then there exists a constant C2 depending only on n, p,N such that for solution
v
(s)
i of problem (2.1), (2.2) for every s = 1, 2, . . . , 1 ≤ i ≤ I(s), the following

inequalities hold

(i) |v(s)
i (x, t)| ≤ C2|t|

( Cp(F (s)
i )

|x− x
(s)
i |n−p

) 1
p−1

, x ∈ B
(s)
i \B(x(s)

i , r
(s)
i ), (3.1)

(ii) ‖v(s)
i ‖2

W 1,2(B
(s)
i )

+ ‖v(s)
i ‖p

W 1,p(B
(s)
i )

≤ C2{|t|pCp(F (s)
i )} 2

p {|t|pCp(F (s)
i ) + (r(s)

i )n} p−2
p , (3.2)

(iii) ‖∇v̄
(s)
i −∇v̂

(s)
i ‖2

L2(B
(s)
i )

+ ‖∇v̄
(s)
i −∇v̂

(s)
i ‖p

Lp(B
(s)
i )

≤ C2|t̄− t̂|2{Cp(F (s)
i )} 2

p {Cp(F (s)
i ) + (r(s)

i )n} p−2
p , (3.3)

where v̄
(s)
i := v

(s)
i (x, t̄), v̂

(s)
i := v

(s)
i (x, t̂), |t̄| ≤ N, |t̂| ≤ N,

(iv) ‖∇v
(s)
i ‖p

Lp(Eθ) ≤ C2
θ

t
{|t|pCp(F (s)

i )} 2
p {|t|pCp(F (s)

i ) + (r(s)
i )n} p−2

p , (3.4)

for every θ : 0 < θ < |t|, here Eθ := {x ∈ B
(s)
i : 0 ≤ v

(s)
i (x, t) ≤ θ}.

Lemma 3.2. (Lemma 2, [21]). There exists a positive constant C3, depending on
n and p only, such that the following inequality is valid

|v(s)
i (x, t)| ≥ C3|t|

( Cp(F (s)
i )

|x− x
(s)
i |n−p

) 1
p−1

, x ∈ B
(s)
i \B(x(s)

i , r
(s)
i ),

for s = 1, 2, . . . , 1 ≤ i ≤ I(s).

Lemma 3.3. (Lemma 3, [21]). Let N be a fixed positive number and |t| ≤ N .
Then there exists a positive constant C4, depending on n, p,N only, such that the
following inequality is valid

|∇v
(s)
i (x, t)| ≤ C4

|t|
|x− x

(s)
i |

{ Cp(F (s)
i )

|x− x
(s)
i |n−p

} 1
p−1

, x ∈ B
(
x

(s)
i ,

3
4

)
\B(x(s)

i , 2d
(s)
i ),

for s = 1, 2, . . . , 1 ≤ i ≤ I(s).

Remark 3.1. It follows from Lemma 3.3 that the function c(x, u) from condition
(C) satisfies

c(x, u) ≤ C5|u|p, |c0(x, u)| ≤ C6|u|p−1, c0(x, 0) = 0 (3.5)
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for all u ∈ R and almost all x ∈ Ω. Inequalities (3.5) guarantee that for every
k ∈ N a critical level λk and a corresponding critical point uk(x) associated with
(2.4), (2.5) exist and are finite.

3.2. Cut-off functions and construction of asymptotic expansion

In the framework of approach developed by I.V. Skrypnik in [19], we construct
the asymptotic expansion of solutions to the non–linear eigenvalue problem in per-
forated domains in terms of solutions of the model problems (2.1), (2.2). In this
Section we build for a function from W 1,p

0 (Ω) ∩L∞(Ω) the special functions which
are near the critical points of the corresponding functionals from (2.7).

We define a nondecreasing function ω : [0, +∞) → [0, +∞) such that ω(t) ≤ C0t
1+C0

and ω satisfies the following properties

ω(t) ≤ t
n

n−1 ,
ω(t)

t
→

t→0
0,

αn−1(ω(t))
tn

→
t→∞

∞,
tn

ωn−m(t)
→

t→∞
0.

(We used the constant C0 from (B1) and the function α(t) from condition (B2).)
The construction of this function can be found in [19]. We also introduce a sequence
ρ
(s)
i = max{r(s)

i , ω(d(s)
i )} and subsets of indices

I ′s = {i : i = 1, . . . , I(s), r
(s)
i ≥ ω(d(s)

i )},
I ′′s = {i : i = 1, . . . , I(s), r(s)

i < ω(d(s)
i )}.

In [19] the following statement was proved.

Lemma 3.4. (Lemma 3.1, [19]). Let conditions (B1), (B2) be satisfied. Then

lim
s→∞

∑

i∈I′s

Cp(F (s)
i ) = 0, lim

s→∞

∑

i∈I′′s

(ρ(s)
i )n = 0,

I(s)∑

i=1

Cp(F (s)
i ) ≤ C7. (3.6)

We define cut-off functions ψ
(s)
i , ϕ

(s)
i with the following properties:

(i) ψ
(s)
i ∈ W 1,p

0

(
B

(
x

(s)
i ,

(
1 +

1
2C0

)
r
(s)
i

))
, ψ

(s)
i = 1, x ∈ F (s)

i ,

0 ≤ ψ
(s)
i ≤ 1,

∫

Ω

|∇ψ
(s)
i |pdx ≤ C8{Cp(F (s)

i ) + 2−i−s}; (3.7)

(ii) we choose numbers τ1, τ2 : 1 < τ1 < τ2 < 1 +
1

2C0
,

and functions ϕ
(s)
i ∈ C∞0 (Ω) such that

0 ≤ ϕ
(s)
i (x) ≤ 1, |∇ϕ

(s)
i | ≤ C9

ρ
(s)
i

, ϕ
(s)
i =

{
1, x ∈ B(x(s)

i , τ1ρ
(s)
i ),

0, x /∈ B(x(s)
i , τ2ρ

(s)
i ).

(3.8)

Let us note that the supports of functions ϕ
(s)
i (ψ(s)

i ) do not mutually intersect.
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Let ϑ ∈ W 1,p

0 (Ω)∩L∞(Ω) be an arbitrary function. We denote by ϑs,i the average
of the function ϑ over the ball D(s)

i = B(x(s)
i , τ2ρ

(s)
i ), namely

ϑs,i =
1

measD(s)
i

∫

D(s)
i

ϑ dx. (3.9)

We use the following ”ansatz” for construction of asymptotic expansion of solution
to nonlinear eigenvalue problems in perforated domains. We define a function ϑs ∈
W 1,p

0 (Ωs) such that

ϑs(x) = ϑ(x) +
3∑

m=1

q(m)
s (x), (3.10)

where
q(1)
s (x) =

∑

i∈I′s

(ϑs,i − ϑ(x))ψ(s)
i (x) +

∑

i∈I′′s

(ϑs,i − ϑ(x))ϕ(s)
i (x),

q(2)
s (x) = −

∑

i∈I′s

v
(s)
i (x, ϑs,i)ϕ

(s)
i (x), (3.11)

q(3)
s (x) = −

∑

i∈I′′s

v
(s)
i (x, ϑs,i)ϕ

(s)
i (x).

This construction will be used in proof of the Main Theorem. The aim of this ansatz
is to represent functions which converge weakly as a sum of the weak limit and
functions constructed with the help of solutions to the appropriate model problems.
The asymptotic behaviour of these special functions is possible to study. Namely,
using the properties of the auxiliary functions v

(s)
i (x, t), Lemma 3.4, and methods

from [19], one can prove the following properties of q
(m)
s (x), m = 1, 2, 3.

Lemma 3.5. Let conditions (B1), (B2) be satisfied, then the sequences {q(1)
s }∞s=1

and {q(2)
s }∞s=1 converge to zero strongly in W 1,p(Ω) as s →∞.

Lemma 3.6. Let conditions (B1), (B2) be satisfied, then the sequence {q(3)
s }∞s=1

converges to zero strongly in W 1,p′(Ω) for p′ < p and converges to zero weakly in
W 1,p(Ω) as s →∞.

Lemma 3.7. Let conditions (B1), (B2), (C) be satisfied, then

lim
s→∞

∫

Ω

|∇q(3)
s |p dx = −

∫

Ω

c(x, ϑ(x)) dx. (3.12)

The detailed proof of Lemma 3.7 is postponed to Appendix 5.1.

4. Proof of the Main Theorem

To prove the Main Theorem, we apply the induction with respect to k ∈ N:
− For k = 1 the Main Theorem was proved in paper [21].
− Suppose that the statement of the Main Theorem is true for the natural num-

bers 1, . . . , k − 1. That is, for every ρ = 1, . . . , k − 1, a subsequence of sequence
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{uρ,s}∞s=1 converges to uρ strongly in W 1,p′

0 (Ω) for every p′ < p, and weakly in
W 1,p

0 (Ω) as s →∞, and for the corresponding subsequence of sequence {λρ(Ωs)}∞s=1

the following equalities are valid

lim
s→∞

λρ(Ωs) = λρ.

Hereafter we use for subsequences the same notations as for sequences.
− We show now that the same statement is true for ρ = k.
To prove this convergence we need to show the boundedness of the sequence

{λk(Ωs)}∞s=1 by a constant not depending on s, and the existence of a subsequence
of eigenvalues satisfying the following inequalities

λk ≤ lim inf
s→∞

λk(Ωs) ≤ lim
s→∞

λk(Ωs) ≤ lim sup
s→∞

λk(Ωs) ≤ λk. (4.1)

First, let us show the boundedness of the sequence {λk(Ωs)}∞s=1. For every fixed
k ∈ N and ε > 0 let us denote by Ak(Ωs) the following sets

Ak(Ωs) :=
{

u(s)

‖u(s)‖Lp(Ω)
: u(s)(x) =

k∑
ρ=1

αρ(ε)u
(s)
ρ (x),

k∑
ρ=1

|αρ(ε)| = 1,

u
(s)
ρ = uρ +

3∑
m=1

q
(m)
s,ρ ∈ W 1,p

0 (Ωs)\{0}, ρ = 1, ..., k
}

.

(4.2)

Here we used the induction assumptions and the results of Section 3.2 for the
construction of the functions u

(s)
ρ , ρ = 1, . . . , k. The functions q

(m)
s,ρ , m = 1, 2, 3, are

defined analogously to (3.11). The set Ak(Ωs) is the symmetric and compact subset
of L. Let us define map fk,s : Ak(Ωs) → Rk \ {0} satisfying the following relation

fk,s

(
± u

(s)
ρ

‖u(s)
ρ ‖Lp(Ωs)

)
= ±ek

ρ,

where ek
ρ, ρ = 1, ..., k, is the standard unit basis of Rk. For the function

u(s) =
k∑

ρ=1

αρ(ε)u(s)
ρ

1

‖
k∑

ρ=1
αρ(ε)u

(s)
ρ ‖Lp(Ωs)

we set

fk,s(u(s)) =
k∑

ρ=1

αρ(ε)fk,s

(
u

(s)
ρ

‖u(s)
ρ ‖Lp(Ωs)

)
.

The function fk,s is an odd homeomorphism between Ak(Ωs) and an unit sphere
in Rk. Such maps and their properties were considered in [8]. In particular, the set
Ak(Ωs) belongs to the system of sets Θk,s from Definition 2.4 of the critical levels.
Then

λk(Ωs) ≤ sup
us∈Ak(Ωs)

∫
Ω

|∇us|p dx

∫
Ω

|us|p dx
=

∫
Ω

|∇u(s,ε)|p dx

∫
Ω

|u(s,ε)|p dx
, (4.3)
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where u(s,ε) is a function from the compact set Ak(Ωs) on which the supremum in
(4.3) is achieved, namely,

u(s,ε) :=
k∑

ρ=1

α̃ρ(ε)u(s)
ρ =

k∑
ρ=1

α̃ρ(ε)

(
uρ +

3∑
m=1

q(m)
s,ρ

)
.

We consider the right-hand side of (4.3). Without loss of generality, α̃ρ(ε), ρ =
1, . . . , k, can be chosen such that

lim
ε→0

α̃k(ε) = 1, lim
ε→0

α̃ρ(ε) = 0, ρ = 1, . . . , k − 1.

Then
∫

Ωs

|∇u(s,ε)|pdx=
∫

Ωs

∣∣∣∣∣∇
(

k∑
ρ=1

α̃ρ(ε)

(
uρ +

3∑
m=1

q(m)
s,ρ

))∣∣∣∣∣

p

dx=
∫

Ωs

|∇u
(s)
k |pdx + γ1(ε, s),

(4.4)
∫

Ωs

|u(s,ε)|pdx =
∫

Ωs

∣∣∣∣∣
k∑

ρ=1

α̃ρ(ε)

(
uρ +

3∑
m=1

q(m)
s,ρ

)∣∣∣∣∣

p

dx =
∫

Ω

|u(s)
k |pdx + γ2(ε, s), (4.5)

where lim
ε→0

γ1(ε, s) = 0, lim
ε→0

γ2(ε, s) = 0 uniformly with respect to s ∈ N.
We use also the following auxiliary statement.

Lemma 4.1. Let conditions (B1), (B2), (C) be satisfied. Then the following equal-
ities are valid

∫

Ω

|∇u
(s)
k |pdx =

∫

Ω

|∇uk|pdx−
∫

Ω

c(x, uk(x))dx + γ3(s), (4.6)

∫

Ωs

|u(s)
k |pdx =

∫

Ω

|uk|pdx + γ4(s), (4.7)

where lim
s→∞

γ3(s) = 0, lim
s→∞

γ4(s) = 0.

The proof of Lemma 4.1 is rather technical and therefore we postpone it to Ap-
pendix 5.2.

Using (4.3)-(4.7), we derive

λk(Ωs) ≤

(∫
Ω

|∇uk|pdx− ∫
Ω

c(x, uk(x))dx

)
+ γ1(ε, s) + γ3(s)

∫
Ω

|uk|pdx + γ2(ε, s) + γ4(s)
. (4.8)

The sequences γ1(ε, s), γ3(ε, s) tend to zero as ε → 0 uniformly with respect to
s ∈ N, γ2(s), γ4(s) tend to zero as s →∞. Then we have |γi| ≤ 1/6 for ε small
enough and s big enough. This yields that there exists a constant C10 not depending
on ε, s such that the following inequality holds

|λk(Ωs)| ≤ C10. (4.9)
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It follows from (4.9), that we can pass to the limit in (4.8) for s →∞. As result we
obtain

lim sup
s→∞

λk(Ωs)

≤ lim sup
s→∞

lim
ε→0

∫
Ω

|∇uk|pdx− ∫
Ω

c(x, uk(x))dx + γ1(ε, s) + γ3(s)
∫
Ω

|uk|pdx + γ2(ε, s) + γ4(s)
= λk. (4.10)

We derived the inequality on the right-hand side of (4.1). It remains to prove the
second inequality from (4.1), namely:

lim inf
s→∞

λk(Ωs) ≥ λk. (4.11)

We normalize a k-th eigenfunction us,k to problem (1.1), (1.2) as

‖uk,s‖Lp(Ω) = 1.

Then, the definition of eigenvalues and inequality (4.9) imply that
∫

Ω

|∇uk,s|pdx = λk(Ωs) ≤ C10.

Hence, there exists a subsequence of the sequence {uk,s}∞s=1 that converges weakly
in W 1,p

0 (Ω). We use for this subsequence the same notation and denote its weak
limit by ūk ∈ W 1,p

0 (Ω). Applying methods from [19] and (4.9), it can be checked the
existence of a constant M , not depending on s, such that the following inequality
is valid:

ess sup
x∈Ω

|uk,s(x)| ≤ M.

We employ the asymptotic expansion of the function uk,s, that is

uk,s(x) = ūk(x) +
3∑

p=1

q̄
(p)
s,k(x) + ω̄s,k(x), (4.12)

where q̄
(p)
s,k have the same form as in (3.11) and are constructed analogously using

solutions of model problems (2.1), (2.2), cut-off functions (3.7), (3.8), and the weak
limit ūk. Therefore, for the functions q̄

(p)
s,k we obtain the same statements as in

Lemmas 3.5, 3.6, 3.7. The function ω̄s,k ∈ W 1,p
0 (Ωs) is a remainder term of the

expansion. Similarly as in the proof of Theorem 3.1 in [19], we prove that the
sequence {ω̄s,k}∞s=1 converges strongly to zero in W 1,p

0 (Ω) as s → ∞. The proof is
omitted here.

Then, the subsequence {uk,s}∞s=1 converges to ūk strongly in W 1,p′(Ω), p′ < p,
and weakly in W 1,p(Ω) as s → ∞. Using the same argument as in the proof of
equality (4.6), we obtain

λk(Ωs) =
∫

Ω

|∇uk,s|pdx =
∫

Ω

|∇ūk|pdx−
∫

Ω

c(x, ūk(x))dx + γ5(s), (4.13)
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where lim

s→∞
γ5(s) = 0.

Assume that inequality (4.11) is not valid, that is

lim inf
s→∞

λk(Ωs) < λk. (4.14)

From the weak convergence of uk,s to ūk in W 1,p
0 (Ω) it follows that ūk ∈ L. Anal-

ogously to (4.2), we define a set Āk ∈ Θk in the following way

Āk :=

{
ũ

‖ũ‖Lp(Ω)
: ũ =

k−1∑
ρ=1

αρ(ε)uρ + αk(ε)ūk,

k∑
ρ=1

|αρ(ε)| = 1

}
,

where uρ, ρ = 1, . . . , k − 1, are eigenfunctions to problem (1.1), (1.2).
Using (4.13) on the left-hand side of inequality (4.14) and passing to the limit as

s →∞, we derive
∫
Ω

|∇ūk|p dx− ∫
Ω

c(x, ūk(x)) dx

∫
Ω

|ūk|p dx
= lim inf

s→∞

∫
Ω

|∇uk,s|p dx

∫
Ω

|uk,s|p dx
= lim inf

s→∞
λk(Ωs)

< λk = inf
A∈Θk

sup
u∈A

∫
Ω

|∇u|p dx− ∫
Ω

c(x, u(x))dx

∫
Ω

|u|p dx

≤ sup
u∈Āk

∫
Ω

|∇u|p dx− ∫
Ω

c(x, u(x)) dx

∫
Ω

|u|p dx
=

∫
Ω

|∇ũ(ε)|p dx− ∫
Ω

c(x, ũ(ε)(x)) dx

∫
Ω

|ũ(ε)|p dx
, (4.15)

where ũ(ε) :=
k−1∑
ρ=1

ᾱρ(ε)uρ + ᾱk(ε)ūk is the function belonging to the set Āk on

which the supremum of the functional on the right-hand side of (4.15) is achieved.
Let us choose ᾱρ(ε), ρ = 1, . . . , k, such that

lim
ε→0

ᾱk(ε) = 1, lim
ε→0

ᾱρ(ε) = 0, ρ = 1, . . . , k − 1.

Then, using the continuity of the function c(x, u), we can pass to the limit in (4.15)
as ε → 0 and get

∫
Ω

|∇ūk|p dx− ∫
Ω

c(x, ūk(x)) dx

∫
Ω

|ūk|p dx
< λk ≤

∫
Ω

|∇ūk|p dx− ∫
Ω

c(x, ūk(x)) dx

∫
Ω

|ūk|p dx
.

This contradiction means that (4.11) is true. Relations (4.10), (4.11) prove (4.1).
That is, we proved the existence of the subsequence of eigenvalues {λk(Ωs)}∞s=1

such that
lim

s→∞
λk(Ωs) = λk =

∫

Ω

|∇ūk|pdx−
∫

Ω

c(x, ūk(x))dx. (4.16)
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The last equality follows from (4.13) after passing to the limit as s →∞. Therefore
the function ūk is the k-th eigenfunction to problem (2.4), (2.5). Moreover, it was
shown that the subsequence {uk,s}∞s=1 converges to ūk strongly in W 1,p′(Ω), p′ <
p, and weakly in W 1,p(Ω) as s → ∞. Consequently, the statement of the Main
Theorem follows from (4.1) and (4.16).

5. Appendix

Remark 5.1. By Kj , j = 1, 2, . . . , we denote different positive constants depending
on n, p, Ci, i = 0, 1, 2, . . . , only.

5.1. Proof of Lemma 3.7

We investigate the following integral
∫

Ω

∣∣∣∇q(3)
s

∣∣∣
p

dx = J
(s)
1 + J

(s)
2 , (5.1)

where
J

(s)
1 := −

∑

i∈I′′s

∫

Ω

|∇v
(s)
i (x, ϑs,i)|p dx,

J
(s)
2 :=

∫

Ω

∣∣∣∇q(3)
s

∣∣∣
p

dx +
∑

i∈I′′s

∫

Ω

|∇v
(s)
i (x, ϑs,i)|p dx.

First, let us show that
lim

s→∞
J

(s)
2 = 0. (5.2)

Using the definition of q
(3)
s we derive

J
(s)
2 = −

∑

i∈I′′s

∫

Ω

|∇(v(s)
i (x, ϑs,i)ϕ

(s)
i )|pdx +

∑

i∈I′′s

∫

Ω

|∇v
(s)
i (x, ϑs,i)|p dx

=
∑

i∈I′′s

∫

Ω

|∇v
(s)
i |pdx−

∑

i∈I′′s

∫

Ω

(
|∇v

(s)
i |2(ϕ(s)

i )2 + 2(∇ϕ
(s)
i ,∇v

(s)
i )ϕ(s)

i v
(s)
i

+(v(s)
i )2|∇ϕ

(s)
i |2

) p
2
dx =

∑

i∈I′′s

∫

Ω

(|∇v
(s)
i |2) p

2 dx−
∑

i∈I′′s

∫

Ω

(
|∇v

(s)
i |2

+((ϕ(s)
i )2 − 1)|∇v

(s)
i |2 + 2(∇ϕ

(s)
i ,∇v

(s)
i )ϕ(s)

i v
(s)
i + (v(s)

i )2|∇ϕ
(s)
i |2

) p
2
dx

= −
∑

i∈I′′s

∫

Ω

1∫

0

d

dξ

(
|∇v

(s)
i |2 + ξ

(
((ϕ(s)

i )
2 − 1)|∇v

(s)
i |2 + 2(∇v

(s)
i ,∇ϕ

(s)
i )v(s)

i ϕ
(s)
i

+(v(s)
i )2|∇ϕ

(s)
i |2

)) p
2
dξdx = −p

2

∑

i∈I′′s

∫

Ω

1∫

0

(
|∇v

(s)
i |2 + ξ

(
((ϕ(s)

i )2 − 1)|∇v
(s)
i |2
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+2(∇ϕ
(s)
i ,∇v

(s)
i )ϕ(s)

i v
(s)
i + (v(s)

i )
2|∇ϕ

(s)
i |2

)) p
2−1(

((ϕ(s)
i )2 − 1)|∇v

(s)
i |2

+2(∇ϕ
(s)
i ,∇v

(s)
i )ϕ(s)

i v
(s)
i + (v(s)

i )2|∇ϕ
(s)
i |2

)
dξdx.

Since 0 ≤ ξ ≤ 1 it means that

J
(s)
2 ≤ K1

∑

i∈I′′s

∫

Ω

|∇v
(s)
i |p−2

(
((ϕ(s)

i )2 − 1)|∇v
(s)
i |2

+2(∇ϕ
(s)
i ,∇v

(s)
i )ϕ(s)

i v
(s)
i + |v(s)

i |2|∇ϕ
(s)
i |2

)
dx

+K1

∑

i∈I′′s

∫

Ω

(
|(ϕ(s)

i )2 − 1||∇v
(s)
i |2 + 2(∇ϕ

(s)
i ∇v

(s)
i )ϕ(s)

i v
(s)
i + |v(s)

i |2|∇ϕ
(s)
i |2

) p
2
dx.

We can estimate the right-hand side of the last inequality using (3.8). Denote by
K(s)

i the following ring

K(s)
i := {x ∈ Rn : τ1ρ

(s)
i ≤ |x− x

(s)
i | ≤ τ2ρ

(s)
i }.

Then

J
(s)
2 ≤ K2

∑

i∈I′′s

∫

K(s)
i

|∇v
(s)
i |p(1− (ϕ(s)

i )2)dx + K2

∑

i∈I′′s

∫

K(s)
i

|∇v
(s)
i |p−2|v(s)

i |2|∇ϕ
(s)
i |2dx

+K2

∑

i∈I′′s

∫

K(s)
i

|∇v
(s)
i |p−2(∇ϕ

(s)
i ,∇v

(s)
i )ϕ(s)

i v
(s)
i dx+K2

∑

i∈I′′s

∫

K(s)
i

(1−(ϕ(s)
i )2)

p
2 |∇v

(s)
i |pdx

+K2

∑

i∈I′′s

∫

K(s)
i

(∇ϕ
(s)
i ,∇v

(s)
i )

p
2 (ϕ(s)

i )
p
2 (v(s)

i )
p
2 + K2

∑

i∈I′′s

∫

K(s)
i

|v(s)
i |p|∇ϕ

(s)
i |pdx

≤ K3

∑

i∈I′′s

∫

K(s)
i

|∇v
(s)
i |p dx + K3

∑

i∈I′′s

∫

K(s)
i

|∇v
(s)
i |p−2(∇ϕ

(s)
i ,∇v

(s)
i )v(s)

i dx

+K3

∑

i∈I′′s

1

(ρ(s)
i )2

∫

K(s)
i

|∇v
(s)
i |p−2|v(s)

i |2dx

+K3

∑

i∈I′′s

∫

K(s)
i

(∇ϕ
(s)
i ,∇v

(s)
i )

p
2 (v(s)

i )
p
2 dx + K3

∑

i∈I′′s

1

(ρ(s)
i )p

∫

K(s)
i

|v(s)
i |p dx. (5.3)

Let us consider the integrals on the right-hand side of (5.3). Using (3.1) we obtain

∑

i∈I′′s

1

(ρ(s)
i )p

∫

K(s)
i

|v(s)
i (x, ϑs,i)|p dx ≤ K4

∑

i∈I′′s

(ρ(s)
i )n−p

(
Cp(F (s)

i )

(ρ(s)
i )n−p

) p
p−1
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≤ K5

∑

i∈I′′s

(
Cp

p(F (s)
i )

(ρ(s)
i )n−p

) 1
p−1

≤ K6 max
1≤i≤I(s)

(
(d(s)

i )n

ωn−p(d(s)
i )

) 1
p−1 I(s)∑

i=1

(
Cp

p(F (s)
i )

(d(s)
i )n

) 1
p−1

.

The right-hand side of the last inequality tends to zero as s → ∞ due to the
properties of function ω(t). This means that

lim
s→∞

∑

i∈I′′s

1

(ρ(s)
i )p

∫

K(s)
i

|v(s)
i (x, ϑs,i)|pdx = 0. (5.4)

We denote by θ
(s)
i := max

x∈K(s)
i

|v(s)
i (x, ϑs,i)|. Then from (3.1) we have

|v(s)
i (x, ϑs,i)| ≤ θ

(s)
i ≤ C2|ϑs,i|

(
Cp(F (s)

i )

(ρ(s)
i )n−p

) 1
p−1

, x ∈ K(s)
i . (5.5)

Using (3.4), (5.5) and the definition of I ′′s we derive

∑

i∈I′′s

∫

K(s)
i

|∇v
(s)
i (x, ϑs,i)|p dx ≤ K7

∑

i∈I′′s

θ
(s)
i (Cp(F (s)

i ) + (r(s)
i )n)

≤ K8

∑

i∈I′′s

(
Cp(F (s)

i )

(ρ(s)
i )n−p

) 1
p−1

(Cp(F (s)
i ) + (r(s)

i )n)

= K9

∑

i∈I′′s

(
Cp

p(F (s)
i )

(ρ(s)
i )n−p

) 1
p−1

+ K9

∑

i∈I′′s

(ρ(s)
i )n.

Analogously to the proof of (5.4), we deduce from the properties of the function
ω(t) and (3.6) that

lim
s→∞

∑

i∈I′′s

∫

K(s)
i

|∇v
(s)
i |p dx = 0. (5.6)

After applying Hölder’s inequality and (5.6), (5.4) to other terms in (5.3) we
derive (5.2). It remains to prove that

lim
s→∞

J
(s)
1 = −

∫

Ω

c(x, ϑ(x))dx.

Let {ϑ`}∞`=1 be a sequence of functions from C∞0 (Ω) that converges to ϑ(x) in
W 1,p

0 (Ω) as ` → ∞. The sequence {ϑ`}∞`=1 has a subsequence which converges to
ϑ(x) almost everywhere. Let us keep the same notation for this subsequence. We
define

ϑ`,ν =
1

measΩν

∫

Ων

ϑ` dx.
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For a fixed number ` ∈ N we define a small number d = d(`) > 0 such that the
following inequality is valid

|ϑ`,ν − ϑ(x)| ≤
(

1
`

) p
2

(5.7)

almost everywhere on an arbitrary set E ⊂ Ω whose diameter is less then 2d.
We represent the set Ω as a union of disjoint subsets Ων , ν = 1, . . . , Υ(`), with

piecewise smooth boundaries so that the diameter of every set Ων is less than d.
We choose a number s1 = s1(`) such that for s ≥ s1 the inequality r

(s)
i +d

(s)
i < d is

satisfied for every i = 1, . . . , I(s). By Is(Ων) we denote a set of indices i ∈ I ′′s such
that x

(s)
i ∈ Ων . Then we have the following representation for the integral J

(s)
1 :

J
(s)
1 = J

(s,`)
3 + J

(s,`)
4 , (5.8)

where

J
(s,`)
3 := −

Υ(`)∑
ν=1

∑

i∈Is(Ων)

∫

Ω

|∇v
(s)
i (x, ϑ`,ν)|p dx,

J
(s,`)
4

Υ(`)∑
ν=1

∑

i∈Is(Ων)

∫

Ω

(−|∇v
(s)
i (x, ϑs,i)|p + |∇v

(s)
i (x, ϑ`,ν)|p) dx.

We use for solutions of model problems (2.1), (2.2) with t̄ ∼ ϑ`,ν and t̂ ∼ ϑs,i the
following notations

v̄
(s)
i := v

(s)
i (x, ϑ`,ν), v̂

(s)
i := v

(s)
i (x, ϑs,i).

Then using Hölder’s inequality and estimates (3.2), (3.3) from Lemma 3.1, we obtain

J
(s,`)
4 =

Υ(`)∑
ν=1

∑

i∈Is(Ων)

∫

Ω

(|∇v̄
(s)
i |p − |∇v̂

(s)
i |p) dx ≤

∑

i∈I′′s

∫

Ω

(|∇v̄
(s)
i |p − |∇v̂

(s)
i |p) dx

=
∑

i∈I′′s

∫

Ω

1∫

0

d

dζ
(|∇(v̂(s)

i + ζ(v̄(s)
i − v̂

(s)
i ))|2) p

2 dζdx

=
∑

i∈I′′s

∫

Ω

1∫

0

p|∇(v̂(s)
i +ζ(v̄(s)

i −v̂
(s)
i ))|p−2

(∇(v̂(s)
i +ζ(v̄(s)

i −v̂
(s)
i )),∇(v̄(s)

i −v̂
(s)
i )

)
dζdx

≤ K10

∑

i∈I′′s

1∫

0

∫

Ω

(
|∇v̂

(s)
i |p−2 + ζp−2|∇(v̄(s)

i − v̂
(s)
i )|p−2

)

×
(
(∇ṽ

(s)
i ,∇(v̄(s)

i − ṽ
(s)
i )) + ζ|∇(v̄(s)

i − ṽ
(s)
i )|2

)
dxdζ
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≤ K11

∑

i∈I′′s

(



∫

Ω

|∇v̂
(s)
i |p dx




p−1
p




∫

Ω

|∇(v̄(s)
i − v̂

(s)
i )|p dx




1
p

+




∫

Ω

|∇v̂
(s)
i |p dx




1
p




∫

Ω

|∇(v̄(s)
i − v̂

(s)
i )|p dx




p−1
p

+




∫

Ω

|∇v̂
(s)
i |p dx




p−2
p




∫

Ω

|∇(v̄(s)
i − v̂

(s)
i )|p dx




2
p

+
∫

Ω

|∇(v̄(s)
i − v̂

(s)
i )|p dx

)

≤ K12

∑

i∈I′′s

(Cp(F (s)
i ))

2
p (Cp(F (s)

i ) + (r(s)
i )n)

p−2
p

×
(
|ϑ`,ν − ϑs,i|

2
p + |ϑ`,ν − ϑs,i|

2(p−1)
p + |ϑ`,ν − ϑs,i|

4
p + |ϑ`,ν − ϑs,i|2

)
.

Finally from (5.7) and Lemma 3.4 we obtain

J
(s,`)
4 ≤ K13

∑

i∈I′′s

|ϑ`,ν − ϑs,i|
2
p (Cp(F (s)

i ) + (r(s)
i )n)

≤ K14

l

∑

i∈I′′s

(Cp(F (s)
i ) + (r(s)

i )n) ≤ K15

l
,

where l is a fixed number such that inequality (5.7) holds. Then

lim
`→∞

J
(s,`)
4 = 0, (5.9)

uniformly with respect to s ∈ N.
In view of the given partition {Ων}Υ(`)

ν=1 of the domain Ω, if there exists a constant
N > 0 and a number s2 = s2(`) so that, for |t| ≤ N, s ≥ s2, ν = 1, . . . , Υ(`), then
we have ∣∣∣∣∣∣

∑

i∈Is(Ων)

∫

Ω

|∇v
(s)
i (x, t)|pdx−

∫

Ων

c(x, t)dx

∣∣∣∣∣∣
<

1
Υ(`)`

(5.10)

according to condition (C). Then

J
(s,`)
3 = −

Υ(`)∑
ν=1

∑

i∈Is(Ων)

∫

Ω

|∇v
(s)
i (x, ϑ`,ν)|p dx = J

(s,`)
5 + J

(s,`)
6 , (5.11)

where

J
(s,`)
5 := −

Υ(`)∑
ν=1

∫

Ων

c(x, ϑ`,ν)dx,

J
(s,`)
6 := −

Υ(`)∑
ν=1

∑

i∈Is(Ων)

∫

Ω

|∇v
(s)
i (x, ϑ`,ν)|p dx +

Υ(`)∑
ν=1

∫

Ων

c(x, ϑ`,ν) dx.
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Inequality (5.10) implies that

lim
`→∞

J
(s,`)
6 = 0 (5.12)

where the convergence is uniform with respect to s ∈ N. Let us represent the integral
J

(s,`)
5 as follows

J
(s,`)
5 = −

∫

Ω

c(x, ϑ(x))dx + J
(`)
7 + J

(`)
8 , (5.13)

where

J
(`)
7 :=

Υ(`)∑
ν=1

∫

Ων

(−c(x, ϑ`,ν) + c(x, ϑ`(x))dx,

J
(`)
8 :=

Υ(`)∑
ν=1

∫

Ων

(−c(x, ϑ`(x)) + c(x, ϑ(x)))dx.

From the continuity of the function c(x, t) with respect to t we obtain

lim
l→∞

J
(`)
7 = 0, lim

l→∞
J

(`)
8 = 0. (5.14)

Taking into account (5.2), (5.9), (5.12), (5.14), from (5.1), (5.8), (5.11), (5.13) we
derive (3.12).

5.2. Proof of Lemma 4.1

Let us investigate the following integral

∫

Ω

|∇u
(s)
k |pdx =

∫

Ω

∣∣∣∣∣∇
(

uk +
3∑

m=1

q
(m)
s,k

)∣∣∣∣∣

p

dx =
∫

Ω

|∇uk|pdx + Js, (5.15)

where

Js :=
∫

Ω

{∣∣∣∣∣∇
(

uk +
3∑

m=1

q
(m)
s,k

)∣∣∣∣∣

p

− |∇uk|p
}

dx.

Let us show that
lim

s→∞
Js = −

∫

Ω

c(x, uk(x))dx. (5.16)

It follows in the standard way that

Js =
∫

Ω

1∫

0

d

dµ

∣∣∣∣∣∇
(

uk + µ

3∑
m=1

q
(m)
s,k

)∣∣∣∣∣

p

dµdx

= p

∫

Ω

1∫

0

∣∣∣∣∣∇
(

uk + µ

3∑
m=1

q
(m)
s,k

)∣∣∣∣∣

p−2 ((
∇uk,∇

(
3∑

m=1

q
(m)
s,k

))
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+µ

∣∣∣∣∣∇
(

3∑
m=1

q
(m)
s,k

)∣∣∣∣∣

2 )
dµdx =

∫

Ω

∣∣∣∇q
(3)
s,k(x)

∣∣∣
p

dx + J
(s)
9 + J

(s)
10 + J

(s)
11 + J

(s)
12 , (5.17)

where

J
(s)
9 := p

∫

Ω

1∫

0

∣∣∣∣∣∇
(

uk + µ

3∑
m=1

q
(m)
s,k

)∣∣∣∣∣

p−2

(∇uk,∇
(

3∑
m=1

q
(m)
s,k

)
)dµdx,

J
(s)
10 := p

∫

Ω

1∫

0

µ

∣∣∣∣∣∇
(

uk + µ

3∑
m=1

q
(m)
s,k

)∣∣∣∣∣

p−2



∣∣∣∣∣∇
(

3∑
m=1

q
(m)
s,k

)∣∣∣∣∣

2

−
∣∣∣∇q

(3)
s,k

∣∣∣
2


 dµdx,

J
(s)
11 := p

∫

Ω

1∫

0

µ




∣∣∣∣∣∇
(

uk + µ

3∑
m=1

q
(m)
s,k

)∣∣∣∣∣

p−2

−
∣∣∣∣∣∇

(
µ

3∑
m=1

q
(m)
s,k

)∣∣∣∣∣

p−2



∣∣∣∇q
(3)
s,k

∣∣∣
2

dxdµ,

J
(s)
12 :=

∫

Ω




∣∣∣∣∣∇
(

3∑
m=1

q
(m)
s,k

)∣∣∣∣∣

p−2

−
∣∣∣∇q

(3)
s,k

∣∣∣
p−2




∣∣∣∇q
(3)
s,k

∣∣∣
2

dx.

From the strong convergence of
{

q
(m)
s,k

}∞
s=1

, m = 1, 2, and the weak convergence

of
{

q
(3)
s,k

}∞
s=1

to zero in W 1,p(Ω) as s →∞ (Lemma 3.5, Lemma 3.6), using Hölder’s
inequality, we derive

lim
s→∞

J
(s)
10 = 0, lim

s→∞
J

(s)
12 = 0. (5.18)

Using the definition of q
(3)
s,k and the Hölder inequality, we obtain

lim
s→∞

J
(s)
9 = 0, lim

s→∞
J

(s)
11 = 0. (5.19)

Indeed,

J
(s)
9 ≤ p

1∫

0




∫

Ω

∣∣∣∣∣∇
(

uk + µ

3∑
m=1

q
(m)
s,k

)∣∣∣∣∣

p

dx




p−2
p



∫

Ω

(
∇uk,∇

(
3∑

m=1

q
(m)
s,k

)) p
2
dx




2
p

dµ

≤ K16




∫

Ω

|∇uk|
p
2 |∇

(
3∑

m=1

q
(m)
s,k

)
| p
2 dx




2
p

≤ K17




∫

Ω

|∇uk|pdx




1
2



∫

Ω

|∇
(
q
(1)
s,k + q

(2)
s,k

)
|pdx




1
2

+K17




∫

Ω

|∇uk|
p
2 |∇q

(3)
s,k|

p
2 dx




2
p

.

The first term on the right-hand side tends to zero as s → ∞ due to Lemma 3.5.
We consider the second integral term

∫

Ω

|∇uk|
p
2 |∇q

(3)
s,k|

p
2 dx ≤ K18

∑

i∈I′′s

∫

D(s)
i

|∇uk|
p
2 |∇(ϕ(s)

i v
(s)
i (x, uk,s,i))|

p
2 dx
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≤ K19

∑

i∈I′′s

( ∫

D(s)
i

|∇uk|
p
2 |∇v

(s)
i (x, uk,s,i)|

p
2 dx

+
1

(ρ(s)
i )

p
2

∫

K(s)
i

|∇uk|
p
2 |v(s)

i (x, uk,s,i)|
p
2 dx

)
. (5.20)

Using Hölder’s inequality and (3.2) we have

∑

i∈I′′s

∫

D(s)
i

|∇uk|
p
2 |∇v

(s)
i (x, uk,s,i)|

p
2 dx

≤
∑

i∈I′′s




∫

D(s)
i

|∇uk|pdx




1
2




∫

D(s)
i

|∇v
(s)
i (x, uk,s,i)|pdx




1
2

≤ K20




∑

i∈I′′s

∫

D(s)
i

|∇uk|pdx




1
2




∑

i∈I′′s

∫

D(s)
i

|∇v
(s)
i (x, uk,s,i)|pdx




1
2

≤ K21




∫

⋃
i∈I′′s

D(s)
i

|∇uk|pdx




1
2 

∑

i∈I′′s

(Cp(F (s)
i ) + (r(s)

i )n)




1
2

≤ K22




∫

⋃
i∈I′′s

D(s)
i

|∇uk|pdx




1
2

. (5.21)

Here meas
⋃

i∈I′′s
D(s)

i tends to zero as s →∞ due to (3.6). The convergence to zero
on the right-hand side of (5.21) as s → ∞ follows from the property of absolutely
continuity of integrals. Now we consider the second term on the right-hand side of
(5.20):

∑

i∈I′′s

1

(ρ(s)
i )

p
2

∫

K(s)
i

|∇uk|
p
2 |v(s)

i (x, uk,s,i)|
p
2 dx

≤
∑

i∈I′′s




∫

K(s)
i

|∇uk|pdx




1
2




1

(ρ(s)
i )p

∫

K(s)
i

|v(s)
i (x, uk,s,i)|pdx




1
2
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≤ K23




∑

i∈I′′s

∫

K(s)
i

|∇uk|pdx




1
2




∑

i∈I′′s

1

(ρ(s)
i )p

∫

K(s)
i

|v(s)
i (x, uk,s,i)|pdx




1
2

≤ K24




∑

i∈I′′s

1

(ρ(s)
i )p

∫

K(s)
i

( Cp(F (s)
i )

|x− x
(s)
i |n−p

) p
p−1

dx




1
2

≤ K25


∑

i∈I′′s

(
Cp

p(F (s)
i )

(ρ(s)
i )n−p

) 1
p−1




1
2

. (5.22)

We have the convergence to zero analogously to the proof of (5.4). From (5.20),
(5.21), (5.22) follows that J

(s)
9 tends to zero as s → ∞. Let us prove the second

equality of (5.19):

J
(s)
11 = p

1∫

0

µ

∫

Ω

1∫

0

d

dη




∣∣∣∣∣∇
(

ηuk + µ

3∑
m=1

q
(m)
s,k

)∣∣∣∣∣

p−2

 dη|∇q

(3)
s,k|2 dxdµ

≤ K26

∫

Ω

|∇q
(3)
s,k| |∇uk|

(
|∇

(
3∑

m=1

q
(m)
s,k

)
|+ |∇uk|

)p−2

dx

≤ K27




∫

Ω

(
|∇

(
3∑

m=1

q
(m)
s,k

)
|+ |∇uk|

)p

dx




p−2
p




∫

Ω

|∇q
(3)
s,k|

p
2 |∇uk|

p
2 dx




2
p

.

The right-hand side of the last inequality tends to zero due to the absolute con-
tinuity of integrals and (5.20). This proves (5.19). Finally, from (5.17)-(5.19) and
Lemma 3.7 we get (5.16). Then, by (5.15), (5.16) we obtain (4.6). Using the same
arguments and Lemmas 3.5, 3.6, we derive (4.7).
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