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Abstract

In the cylinder (Br\F) x (0,T) we consider the Dirichlet problem for the

p-Laplace evolution equation. Here F is an open set of diameter d, B C R"

is an open ball of radius R = R(T,d,p), d is small enough, and p € (f—fl, 2].

Using Moser’s iterative procedure, we derive the poitnwise estimates for the
solution of this problem in terms of the diameter of the set F.
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1 Introduction

The goal of the paper is to derive the pointwise estimates of the solution to the
following parabolic boundary value problem:

up — div (\Vu|p_2 Vu) =0 in (Bg\F) x (0,T);
u(z,t) =0on dBg x [0,T7] and wu(x,t) =k on dF x [0,T]; (1.1)
u(z,0) =k f(z) in Br\F,
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where F C By C Br C R™ (n > 3) is an open set with sufficiently smooth boundary;
2n

0<d<min{l, §},T>0,p€ (;2%,2], k € R and where, from now on, B, denotes
an open ball centered at the point zero and of radius 9. The value of the radius
R = R(T,d,p, k) will be specified later in Theorem 2.2 (see Section 2).

Problem (1.1) is closely related to Skrypnik’s method of homogenization of the
Dirichlet non-linear parabolic problems in non—periodic strongly perforated do-
mains in the case when the perforations are small disjoint components (domains with
fine—grained boundary). In the framework of this method, we construct the asymp-
totic expansion of the solution of the corresponding non—linear evolution problem
in the perforated domain in terms of the model problem like (1.1). Knowing the
behavior of the solution of this model problem one can obtain the homogenized
problem.

Notice that the homogenization of the Dirichlet boundary value problem in
perforated domains was first studied in [15] and then it was revisited by many
authors (see, e.g., [8, 17, 25, 1], and the references therein). We also notice that
the homogenization of nonlinear elliptic and parabolic equations is a long-standing
problem and a number of methods have been developed. There is an extensive
literature on the subject. We will not attempt a review of the literature here, but
merely mention [7, 20, 31, 2, 3, 4, 5], and the references therein.

The goal of the paper is to derive the pointwise estimates of the solution to
the parabolic problem (1.1) under a special choice of the value R and p € (f—fl, 2].
Using an approach based on the classical iterative method which was introduced
by Moser (see [18]) and following the ideas of [22, 24] we show that the solution of
(1.1) satisfies the following pointwise estimate:

d

||

lu(z,t)| < C( >21 in (Br\F) x (0,7),

where the constant C = C(k,n,p,T). Notice that the pointwise estimates of the
fundamental solutions are closely related to the study of their regularity and the
qualitative behavior of the solutions in the vicinity of the boundary points. In
particular, they are important for the study of removable isolated singularities ([29],
[19]), and the Wiener criterion of regularity of the boundary point ([27], [28]). The
corresponding estimates for linear and quasilinear elliptic equations were obtained
in [14, 12, 13, 10], and for p-Laplacian in [30]. The study of the corresponding
problem for the non-linear operators is a more complicated problem (see [9]). The
estimates for the potentials for non—linear elliptic operators were obtained by 1.V.
Skrypnik in [22]. The corresponding result for non-linear parabolic operator was
obtained in [23, 24, 26] in the case p = 2, using approach developed in [21, 6]. Notice
that the proof given in the paper is essentially different from that for equations
corresponding to the case of linear growth of the coefficients with respect to |Vul.
Here we restrict ourselves to the case nQ—fl < p £ 2. The case p > 2 requires the
development of another technique and it is the subject of the forthcoming papers.

The paper is organized as follows. In Section 2 we formulate the assumptions
on the data of problem (1.1) and formulate the main result of the paper. It will be
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proved (for n > 3) in Sections 3-6. First, in Sections 3, 4 we obtain preliminary
integral and pointwise estimates for the solution of the boundary value problem
(1.1). Then in Section 5, using the results of the previous sections, we obtain the
improved pointwise and integral estimates. Finally, in Section 6 we complete the
proof of the main result.

Notational convetion. In what follows by C, (), c; we denote generic constants
that depend on n, p, T and do not depend on k,d.

2 Statement of the problem and the main result

Let Br C R™ (n > 2) be an open ball centered at the point zero and of radius R,
T>0,keR, and 0 <d < min{1, £}.

Let F be an open subset of Br with sufficiently smooth boundary such that
F C Bg. We set Q = Bg \ F and introduce the following notation:

Qr={(z,t): z€Qte€ (0,7}, Qi={(z,t): z€Q,te (0,0}

In the cylinder Q7 we consider the following initial boundary value problem:

ug — div (\Vu\p_Q Vu) =0 in Qr;
u(z,t) =0 on OBg x (0,T) and u(z,t) = k on OF x (0,T); (2.1)
u(z,0) =k f(z) in Q,
where
2n
n+1

We suppose that the function f € Wol’p(BR) is such that f(z) = 1 in F, and satisfies
the bounds:

<p<2 (2.2)

5|3
|
=

nggmin{l, C’(d> } in Br and /|Vf|pdx§0d”7p. (2.3)

]
Q

Remark 2.1. The special choice of the function f appears here due to the ap-
plications of the pointwise estimates obtained in the paper, in particular, in the
homogenization theory (Skrypnik’s homogenization approach).

Now, for any p satisfying (2.2) we introduce the Banach spaces (see, e.g., [9]):
V2P(Qr) = Loo(0, T La(2)) N Ly(0, T3 WHP(Q));
Vo " (Qr) = Lo (0, T3 La(2)) N L, (0, T Wy 7 (€2)).
The norm in these spaces is defined by:

[ullvar@ry = ess supocicr [[uls B)llLo@) + IVUllL,(@r)-
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When p = 2 we set Vi?(Qr) = VE(Qr) and V22(Qr) = V3(Qr). For the
properties of the spaces V@ (Qr), V2(Qr) we refer to [11].
Consider now problem (2.1). The weak solution of (2.1) is understood as follows.

Definition 2.1. A locally integrable bounded function function u = u(z,t) is said
to be a weak solution to problem (2.1) if:

(i) ue VP (Qr);
(ii) u(-t) loo=k f(x) in the sense of traces of functions in Vi (Qr);

(iii) for any function ¢ = ¢(z, ) such that ¢ € VP (Qr) and ¢, € L2(0,T; L*(2))
and every ¢ € [0,T], the following integral identity holds:

¢
/u(x,t)cp(x,t) dx‘o — / (ugot — |Vu" ™ Vu Vgo) dzdt = 0. (2.4)
Q Qe

Remark 2.2. Without lost of generality we suppose that u; € L?(Qr). If not, we
consider the Steklov averages (see, e.g., [9]).

The existence and uniqueness result for the parabolic problem (2.1) is well known
(see, e.g., [11, 9]). If nQ—fl < p < 2 the parabolic p—Laplace equation has a unique
weak solution for corresponding initial data. That is, the following theorem holds.

Theorem 2.1. Let f € W&’p(BR), where p satisfies (2.2). Then, for any k €
R, T >0 and 0 < d < R/2, there exists a unique weak solution of problem (2.1). If
in addition k > 0 and f > 0 in Bg, then there exists a unique positive weak solution

of (2.1).

Remark 2.3. It follows from the maximum principle that
0 < usignk < |k| in Qr, (2.5)
where u = u(z,t) is the weak solution of (2.1).

In fact, the weak solution of problem (2.1) possesses higher regularity properties
(i.e. higher than it was stated in Theorem 2.1). Namely, it is known from [9], that
if u is a bounded solution of the parabolic p—Laplace equation for p € (%, 2], then
u is a locally Holder continuous function with the Hélder exponent and the Holder
norm depending only on p,n and the local L>—norm of the solution.

Now we are in position to formulate the main result of the paper.

Theorem 2.2 (Main theorem). Letn >3, k€ R, T >0, 0 < d < min{1, %},

p satisfies (2.2),
= )
= 2.
K <<|kp—1+k|>d"—”> ’ =
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and u = u(x,t) be a weak solution of problem (2.1). Then there exists a constant
C = C(n,p,T) such that the following estimate

. . _ _ d \ vt
(o, t0)] <cmm{|k|,mm{|k|,<|k|+k|p DIk (M) } @.7)

is valid for any (xo,t9) € Q.

Remark 2.4. The definition (2.6) of the radius R shows the conformity between

the height and the base of cylinder 7. Because the growths of the elliptic and

parabolic parts of the equation are essentially different.

Remark 2.5. Notice that using the approach proposed in the paper one can obtain
n—p

a corresponding estimate for n = 2. Namely, in this case the term (ﬁ) s

In L

ln@. Since the proofs of the pointwise estimates for n =2 and n > 3
d

replaced by

are similar (with corresponding modifications), we restrict ourselves to the case
n > 3.

Remark 2.6. Taking into account estimate (2.5), it is enough to prove the following
inequality

. e (4
e to)] < € min(el o] + k=) ()7
In what follows, without loss of generality, it will be assumed that k is a strictly
positive parameter. In fact, if k& < 0, then one can consider the function v(z,t) =
—u(z,t) which is the solution of (2.1) with —k instead of k.

3 Preliminary estimates for the solution of prob-
lem (2.1)

In this section we will establish some preliminary integral and pointwise estimates
for the solution of the boundary value problem (2.1).

Let p be a positive parameter such that 2d < p < R. Then we introduce the
following notation:

m, = max{u(z,t) : (x,t) € (Br\By) x (0,T)}; (3.1)
up(z,t) = max{0, (u(x,t) —m,)}; (3.2)
Ey={(z,t) € Qr : uy(x,t) >0} (3.3)

[u(z; t)] = min{u, p}; (3.4)
Epp ={(z,t) € Qr : 0 < up(z,t) < phy (3.5)
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Eout)={x € Br,t=7:0<uy(z,7) < p}, (3.6)
EF =A{(x,t) € Qr : up(x,t) > p}. (3.7)

First, we obtain integral bounds for the solution of the boundary value problem
(2.1). The following result holds.

Lemma 3.1. Let u be the weak solution of the boundary value problem (2.1). Then,
foranyt € (0,T), k>0,2d <p<R, pe(0,k—m,), u satisfies the bounds:

/uz(x,t) dzr + / |Vul? dedt < ¢ (k2 + kP) d"P; (3.8)
Q Qr
/ufz’(x,t) dx + / IVu,|P dedt < co (k+ kP~Y)(k —m,)d"P; (3.9)
Qr
/[up(x,t)]i dr + / |Vu,|P dedt < czp(k+ kP~1)d" P, (3.10)
Q Ep

where ¢y, ca, c3 are constant that does not depend on k,d.

Proof of Lemma 3.1. First we prove estimate (3.8). Plugging the function
o(z,t) = u(z,t) — k f(z) in the integral identity (2.4) and using (2.3) one obtains:
/uz(x,t) dz + / |VulP dedt < C (k*d" + T kPd*P) < C (k* + kP) d"7

Q Qr

and the desired bound (3.8) is proved.
In a similar way, plugging the test functions

k—m, I

7k—mp

@1(93,75) - Up(l‘,t) - u(x’t) and @2(‘rvt) - [ul)(xat)]u up(zvt)
for 0 < p < k —m, in the integral identity (2.4) and using (3.8) one obtains the
bounds (3.9) and (3.10), respectively.

Lemma 3.1 is proved.

Using integral estimates from Lemma 3.1, we obtain now a preliminary local
estimate for the solution of the boundary value problem (2.1). Later on, in Section
5, we will improve this pointwise estimate and obtain the main result of the paper.
The proofs of the lemma and the main theorem are based on the Moser’s iteration
technique (see for example [18]).

The following result holds.

Lemma 3.2. Let u be the weak solution of the boundary value problem (2.1) and
let (zo,to) be any point of the cylinder Qr such that |zo| = p > 8d. Then

n—p
u(zo, to) < s (k+kP71) dpn , (3.11)

where ¢4 18 a constant that does not depend on k,d.
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Proof of Lemma 3.2. First, we introduce the notation. Denote by {pgl)}7 {p§2)}
the sequences such that:

1 P s 2 14 s .
p) =50 +279), pP=C3-27) (G=12..). (3.12)

Let now G; be a set defined by:
n. (1 2 ,
gi={weR": oV <lz|<pfP} (G=1,2..)

and §; € C°(R™) be a cut-off function such that (i) 0 < §;(z) < 1 in R™, (ii)
&(x)=11inG; and &;(x) = 01in R™ \ G, 41, (iil) |VE;| < 527 /pin G411\ G;, where
cs is a constant that does not depend on j and p.

We set @(z,t) = u'(z,t)€]" (x), where I,m > 0. Plugging the function ¢ in the
integral identity (2.4), using Young’s inequality, the property (iii) of the cut—off
function ¢;, and taking into account that u > 0 in Qr, we obtain :

/u”l(a:,t)g}n(x) dx + / |Vu(x,t)\pul_1(x,t)§?(x) dzdt <

Q Qr
2Jp
SC(l+m)P— /ul*Hp(x,t)me*p(x) dxdt. (3.13)
p
Qr
Let now
M; = ess sup{u(z,t) : (z,t) € G; x (0,T)}. (3.14)
Then applying Moser’s iteration procedure to (3.13) we get:
27(n+p) T
2+(2-p) 2 (2-p)z 2717
M; <SCOM; 4, P / / uP (x,t) dedt. (3.15)
0 Gj+1

It is clear that due to the definition
[u(z,t)]rr,,, = min{u, M1} = u(z,t) in G x (0,7).

Now Lemma 3.1, Poincare’s inequality, and (3.15) imply that

2+(2-p) 2 (2-p)z 2/ (" HP)
M; SCOM; 4, e / |Vu(z,t)|P dedt
Ep M1
9J(n+p) _p)n
<CT— (k+ ka7 (3.16)
Tterating inequality (3.16) we obtain that
dn—r

M, <C (k+kY)

"
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This proves Lemma 3.2.
In what follows we obtain some additional integral estimates for the solution of
problem (2.1). To this end we consider the following auxiliary elliptic problem:

div (|Vgp(av)|p_2 Vgp(x)) =0 in B, \ By
gp(x) =1 on 0Bg; (3.17)
go(x) =0 on 0B,

where p = |zo| > 8d.
It is easy to see that the solution of problem (3.17) is given by

_"L*p _’717}’)
o 77 —p

gp(x): ’ xGBp\E~

_n-p _n—-p
d p—1 — p p—1

We extend the function g, to the whole ball B by the formula:

1 in By;

and keep for it the same notation, then

n—p
AN
/g’p’ de < C (p> P, / Vg P de < Cd"™P. (3.19)
Br

Br

Now we make use of the function g, and inequality (3.19) to obtain an additional
integral estimate for the solution to problem (2.1). First, we introduce the notation.
We denote by A = A(t) a smooth function in R such that (i) 0 < A(¢) < 1in R, (ii)
A(t) =1if [t| < 3, (iii) A(t) = 01if [t| > 1, and (iv) |L]| < 2in R.

Lemma 3.3. Let v and g, be the solutions of problems (2.1) and (3.17), respec-
tively. Then there exist positive constants Ky and Ko, which do not depend on k, d, p,
such that for a parameter s satisfying the inequality

d p—1 (2717)
K1k2~PpP () <s < T, (3.20)
p
for any t,7 € [0,T), T = s, we have:
2
/u (z,)gh(x)NE(t — 7) dx + / [Vu(z, t)[Pgh ()AL (t — 7) dedt <
Q Qr
<Ky kP sd™ P, (3.21)

where A\s(t — 1) = A((t —7)/s).
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Proof of Lemma 3.3. We set
p(z,t) = u(z, t)gh ()N (t — 1) — kgp ()N (t — 7)

and plug the function ¢ in the integral identity (2.4). Using (2.5), the definition
of the functions A, g,, inequalities (3.19), and Young’s inequality, one can easily
obtain the following estimate:

/uQ(aj, t)gh(x)NE(t — 7) dx + / |Vu(z, t)[Pgh () N5 (t — 7) dadt
Qr

Q
< ¢ / u?(z, t)gg(x))\g_l(t — 1) dzdt + Ck/u(m, t)gh(x) N (t — 1) dz
s
Qr Q

+C§ /u(m,t)gﬁ(m)xg—l(t_ﬂ dadt + /up(x,t)|Vgp(x)|p N(t— 7) dadt

Qr QT
o . k2 /d =% .
<22 krarr+ = (2) o). (3.22)
s s \p
Now it follows from condition (3.20) that
n—p
2 =T K2 ()7 pn
S(E) e () e,
5 \p K. g2—p o (d »—r(2-p) K1
1 1% (;)

This inequality and (3.22) immediately imply the desired inequality (3.21) with
Ky = Cp max{1, K%} and Lemma 3.3 is proved.

4 Auxiliary integral estimates

In this section we obtain auxiliary estimates for the following integrals:

Ip(s,7) = ess sup;e(o,1) /u/%(x,t))\’;(t —7)dz + / |Vu(z, t)|” No(t — 1) dadt,
Q &p

Ipu(8,7) = ess supye(o,7) / [up(x,t)]i)\’s’(t—ﬂd:r—i—/ |Vu(x, t)|P N2 (t —7) dzdt,
Ep,u(t) Epn

Jpu(8,7) = £ / (u, — Nt — 1) dadt
s
Eln
where u is the solution of problem (2.1), u, is defined in (3.2) with » = p, the
function A, is defined in Lemma 3.3, [u,(z,t)], = min {u,(z,t), u}, and the sets £,,
Ep Epu(t), £, are defined in (3.3), (3.5)(3.7), respectively.
First, we estimate the integral I,(s, 7). The following result holds.
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Lemma 4.1. Let s be a parameter satisfying (3.20). Then
I,(s,7) < %7 / u? (z, )N, (t — 7) dadt + c7(k — mp)kP ™ sd" P, (4.1)
&
where c7 s a constant that does not depend on s, k,d.
Proof of Lemma 4.1. In the integral identity (2.4) we set:
p(a,t) = upN(t —7) — (k= mp)gp(2) X (t — 7).

Then using Lemma 3.3 we obtain:

I,(s,7) < %/ui)\g dzdt + C(k —m,) / [Vul” gh AL dadt
&Ep T
X S/ Vo dz | < %7 / ui)\gs drdt + c7(k —m,)kP~ sd" P, (4.2)
Q Qr

Lemma 4.1 is proved.
Now, we estimate the integral I,, ,,(s, 7). The following result holds.

Lemma 4.2. Let s be a parameter satisfying (3.20). Then

I, u(s,7) < %8 / [up]i)\gs(t — 1) dzdt + cgJ, (s, T)

T
Eon

+cs (I,(s, 1)+ 1,(2s,7)), (4.3)

k—m,
where cg s a constant that does not depend on s, k,d.

Proof of Lemma 4.2. In the integral identity (2.4) we set:

¢ = [up(z, )] At = 7) =

el DN =)
and immediately obtain (4.3). Lemma 4.2 is proved.

To estimate the second term on the right hand side of (4.3) we make use of the
lemma.

Lemma 4.3. Let s be a parameter satisfying (3.20) Let a, q be parameters such
that

1<g<p, 2—-p<a<l. (4.4)

Then

Co
Jpu(s,T) < P Up(s,7)+1,(2s,7)] +
P
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p(l—a) —9_
+eg Ay / || = up tAB(t — 7) dadt, (4.5)
Eln

where Ay = A1 (s, u,d, p, k) is given by

w0 ] (5)
and cg is a constant that does not depend on s, k,d.
The Proof of Lemma 4.3 is of a technical character and is given in the Appendix.

Corollary 4.1. Let s be the parameter defined in (3.20). Parameters a and q
satisfy conditions (4.4). Then

I, u(s,7) < %0 /[UP]Z)\ZQ)S(t—T) dxdt + c10A1 / |x\”§§:{“ up ' AL, dadt
50# 5;;1
%
+ero————(L,(s,7) + 1,(25,7)), (4.7)
k _ mp P P

c190 18 a constant that does not depend on s, k,d.

The Proof of Corollary 4.1 immediately follows from Lemmas 4.1-4.3.

5 Improvement of the integral and pointwise esti-
mates

In this Section we will show how to obtain more accurate pointwise estimate for the
solution of the boundary value problem (2.1) and improve the bounds for the inte-
grals I,,,1,, defined in the beginning of Section 4. To this end, first, we introduce
the notation:

W4 k)sd® PP o
Rpu(Cys) = Cs(KP~' + k)ud"P + CAys (_|_pn)8 ot ==

where C denotes an arbitrary positive constant and A; is defined in (4.6).
The following result holds.

Lemma 5.1. Let u = u(z,t) be the solution of problem (2.1). Then there exist
positive constants Ky, Ks, Ky, K5 depending on R, T, n, such that if, for every p €
[2d,p'], p€ (0,k —m,), 7 €[0,T7],

s'dnP

(e 1) < Kok~ 1) "

V(x,t) € Qr, |x| <, (5.1)
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I,(s',7) < Kys'(k —m,) (kP + k)d" P, (5.2)
I,,.(s,7) <R, .(Ks,s'). (5.3)
where s', p' are such that
_ 1 (2_17)
Ky (kP + k)t (0P (d,> ’ <s' <T, (5.4)
p

then, for every p € [2d,p"], n € (0,k —m,), 7 € [0,T], u satisfies the following
estimates

i
( ) S//dn—p
’LL((E,t) < K3(kp_1 + k) |I|n V(th) € QT7 ‘(E| < p”7 (55)
(ii)
I(s",7) < Kys"(k —m,) (kP + k)d" P, (5.6)
(iii)
I,,.(s",7) <R, .(Ks,s"), (5.7)

where 8" = s[4, p' = p' /2.

Proof of Lemma 5.1. Statement (i) of Lemma 5.1 is evident.
Let us prove statement (ii) of the lemma. First, we notice that the estimate for
I,(s",7) with s” =T is given by (3.9).
Let now s := s” < T. Consider the right-hand side of (4.1). Since, for any
€ (0,7), &, C B, then using (5.1), (5.4), and Poincare’s inequality we get:

Cr7 cr _ 9 (9
o | Wbt = ) dedt < (Ky(kTP 4 k)s'd" )2 ”/|:c| =Py E, dudt
&, g,
C — n— — —n(2—
< ?(Ks(kp Ly S b PaC p)/ug/\gsu dadt
5/7
C _ o
< S (Ka(k™! o+ k)s"d"=P)2 70 pr = p)/|Vu|p)\§s/ dadt
gﬂ

—1 92—
<C(kp + k)P

< S e (K L ) <

2—p

<C I,(s, 7). (5.8)

3
11 Kzl),l
Then from (4.1), (5.8), and (5.2) we deduce that

2—p

I,(s",7) < erKas" (k — mp)k:p_ld"_p +ci1 ﬁlp(s’, )
1
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2—p

—Kays'(k —my,) kP~ 1d P (5.9)

K2
< crKas” (k —m,)kP~1d™™ p+011K
1

Now let Ky, K3, K4 be a positive constant such that
Ky K3?
—=+4 <1
R, e
Then inequality (5.9) immediately implies (5.6).
Now let us prove statement (iii) of the lemma. We will apply Corollary 4.1.

Consider the first integral on the right-hand side of (4.7) with s := s”. As in the
proof of the inequality (5.8), from Poincare’s inequality, (5.4), and (5.1) we obtain:

1 2\P Kgip "
— /[up]ux\zs,,(th)dxdt cngp 71pu(25",7). (5.10)

1
Eon

For the second term on the right-hand side of (4.7) we have:

c10A1 / |at| o uj 1/\1275" dxdt <

T
Eon

R
Cl3Kq A18 [(k‘p 1+1 //dn p /gp(pl 1n) pql+n71d§<
P

(kP +k)s”d"—P} P o,

Cngq A1 l: o p r-1 (511)

Here it was supposed that:

p(l—a)  ng
- . 12
P p_1+n<0 (5.12)

It is easy to see that there exist a, g that satisfy (5.12) along with (4.4). For example,
a=2-2% q=22(2 -1)+p—1
Now statement (iii) of the lemma follows from (4.7), (5.3), and (5.10)—(5.12).

Lemma 5.1 is proved.

6 Proof of the main pointwise estimate

First, we introduce the sequences p§-1), p§-2) defined in (3.12) and the cut-off func-
tion £;(z) (see the beginning of the proof of Lemma 3.2). Then we introduce the

sequences tgl) and tgz) defined as follows:

1 S 2 S
tg»)(s, )—T—E—H t§)(8,7)=T+E+aj,
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where 7 € [0,T], p € [8d, R] and

: R L A

0; = (1—2"7%)pr (s( + 5 ) .
pn

Here s is the parameter satisfying (5.4) with the constant K; from Lemma 3.3.

Finally, we introduce the cut-off functions x;(¢,s,7) (j = 1,2,...) such that: (i)

0< xj(ts,7) < 1 (i) xs(t,s,7) = Lif t € [t (s,7), 6P (s,7)]; (i) x;j(t, 5,7) = 0

. 1 2 d dx;(t,s,7) S,T) 27
i1 ¢ (1) (s,7), 60 (5,7 (i) |2 < 2

Plugging the function ¢(z,t) = up(x, & (@)X (¢, 8,7), I,m > 0, in the integral
identity (2.4) we obtain:

n+p

2 ez (MiF 1) »
M3 <My T + [Tp / [UP]Mj+1Xj(t’ s,7) dzdt
Epj 1
mip 1\ M =
<Oopp | = 4 = / |VulPx;(t, s, 7)dedt < Cp™" S R |
9]‘ pP e gj

PMjg1
XIpni;y, (8,7).
Here M; is defined by (3.14). Then, using condition (5.4) we get

l1—a

1-a _l-a 1 d =% (2=p)3=i _l-a
oy N N (,0) <K 7

From these inequalities analogously to the proof of Lemma 5.1, we obtain

ntp
M2—p P
M; < Cp™ L4
9.7
atp—2
p—a [(kP—1 + k)sdn—P] P 1
><K5{s(k;p_1 R My Ky T M {(pn)} pn}. 6.1)
We set:
pn

Zj:M

Ts(kp=1 + k)dr—r"
Then inequality (6.1) implies that

n+p

2—p P _ _
s(k?~! + k)d" P PP ==
<K ( 4 (p" 0; 1 K TR
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Finally, we get:

n+p

- 1 » =
Zj2 g 614K5 (Z]2+f1_21_2] + 1) {Zj+1 + Kl P 1Z;:Lll } . (62)

Now we make use of the following result (see Lemma 1.6 in in [25] Ch.8).

Lemma 6.1. Let {z;} C R, be a bounded sequence such that

I
0<z <cWa Z Az, (6.3)
i=1
for every j = 1,2,..., where ¢V, Ay,..., A, a are positive constants, o; € (0,1)
(i=1,...,1). Let B be a positive number. Then there exist 3 > 0, depending on
B, ¢W, a, o1,...,01, I, only, such that the condition
I
> Ai<p
i=1

implies that z; < B.

Applying Lemma 6.1 to (6.2) and choosing the appropriate constants K;, Ks we
derive: z; < K3. This means that
dn—r
My < Kss(kP™1 + k) : (6.4)

3

We choose

p(p—1)
n—p L*Pi| pFn(p—2)

Ry = T%, R= [(lel + ]g)*%]{od—ﬁ v

We denote by p; the following decreasing sequence of numbers

p(p—1)
n—p2-p | Ptn(®-2) .
, 1

p; = [(kp—l k)R %d—pﬁ v =0,1,... 1.

Then

g\ BERen g

p—1 2—p p [ _ 0
(KP4 k) Pyl (pi) = 5%
Let us denote by

Ry .
Si = 2’ 1=0,1,...,1.

For so = T, po = R, estimates (5.1)—(5.3) are valid. Let I be such that p; < 8d <
pr—1 and (xg,tp) be an arbitrary point from Qr such that p; < |xo| < po. We

introduce ig, 1 <149 < I — 1 such that

Pip+1 < |mo| < piy-
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Then from (6.4) and definition of s;, we have

dn—p RP dn—p RP dn—p
to) < Ks(kP 1+ k)s; —— = K (kP + k) =2 < Ky (kP14 k) =2
u(zo, to) 3( +k)si, o 3( + )210,, o 3( + )%p END
k2P L 4 k) ot P d ¥
< CK = COKsk>P(KP L+ k) [ — )
e A

Let us prove the desired inequality for |xg| < pr. From the comparison principle we

obtain: - - -
d \ 5T [zl 5T d 5t
do)<k=Fk (L 1Zol <ok (L .

ulzo. fo) (|xo|> ( d) (|xo|)

Let now |zg| > po = R. Then from the preliminary pointwise estimate (3.11) we
deduce

p—1 dn—r p—1 dan—r 1
u(zo, to) < ca (k + k ) ol =y (k + k ) 2ol pin—2) | ‘p+n(p1—2)
Zo P o P
k2—p qn—pt =t (2-p) d =
<y (k4K — < C(k+ kY E>P ()
4 ( ) T Lo~ ptn(p=2) ( ) EN

and Theorem 2.2 is proved.
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7 Appendix I. Proof of Lemma 4.3

Consider the integral J, (s, 7). Let

. (r=2)(1-a)

f(w):|x|1—a{w} o [k<d>pf] v M%.

pn

Then applying Young’s inequality we have:

p(-a) Ao p
<A |z] P~ uf 7 NG (¢ — 7) daedt+

+
o
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Oy / 2| PA Dy 4w, — p)PAP(t — 7) dudt, (7.1)
Edn
where
{k”lsd”p} T
pn

S|

n—p (P_Q)(l_a)
T
p ‘|

q d\
Ao = Ao(s, 1, d, p, k) = % lk ()

For the second integral on the right-hand side of the last inequality, using
Poincaré’s inequality we derive:
/ || Py (U, — p)PAE(t — 7) dwdt <
+

Eon

< Cp™ / u, ?|Vaul? AL dadt. (7.2)
Eln

Consider now the integral on the right-hand side of (7.2). In the integral identity
(2.4) we set

wQW):<ui1_hmm@iMW4>Aﬂt_ﬂ_
- (uqll (k- nllp)ql) 2 _1mpup(x,t)A§(t — 7).

Then we obtain

1—q
/ u,? [Vul’ Xe(t — 7) dzdt < C a (s, 7) + 1,(2s,7)] +
Efu
+%u1_q / (up — WALt — 7) ddt. (7.3)
g

Multiplying (7.3) by As we get:

As / uy [Vul? Xt 7) dadt < CAg [T, (5,7) + I, (25, 7)] +
et ’
p'e
+C . Az / (up — W™t — 7) dadt. (7.4)

T
Eon

Moreover, due to (3.20) and (3.7),

pap+p(p—2) < Kl—(a+P—2) )

L_f (2—p)(a+p—2)
p ‘|

1 d\ »-
A3 = Ag(s,ﬂ,d, P, k) = W [k ()
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It is also follows (3.20) that

2=pq P(2-P)(a=1)
‘| (kp_lsdn—pp—n)(Q—P)P pap2 < K?(z_P)_aP’

Then applying Young’s and Poincaré’s inequalities, from (7.4), we get:

Ay / uy @ [Vaul? AL (t — 7) dadt < Ok; —Hm p(s,7) + 1,(2s,7)]
P
Eln

+OA, / 2| 5= uZ TN (¢ — 7) dwdt (7.5)
Eu

The statement of our Lemma follows from (7.1), (7.2), (7.5).
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