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Abstract

In the cylinder (BR\F)× (0, T ) we consider the Dirichlet problem for the
p-Laplace evolution equation. Here F is an open set of diameter d, BR ⊂ Rn

is an open ball of radius R = R(T, d, p), d is small enough, and p ∈ ( 2n
n+1

, 2].
Using Moser’s iterative procedure, we derive the poitnwise estimates for the
solution of this problem in terms of the diameter of the set F .

1991 Mathematics Subject Classification. 35B40, 35K55, 35K60.
Key words. Pointwise estimates, p–Laplace evolution equation

1 Introduction

The goal of the paper is to derive the pointwise estimates of the solution to the
following parabolic boundary value problem:





ut − div
(
|∇u|p−2∇u

)
= 0 in (BR\F)× (0, T );

u(x, t) = 0 on ∂BR × [0, T ] and u(x, t) = k on ∂F × [0, T ];

u(x, 0) = k f(x) in BR\F ,

(1.1)
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where F ⊂ Bd ⊂ BR ⊂ Rn (n > 3) is an open set with sufficiently smooth boundary;
0 < d < min{1, R

8 }, T > 0, p ∈ ( 2n
n+1 , 2], k ∈ R and where, from now on, B% denotes

an open ball centered at the point zero and of radius %. The value of the radius
R = R(T, d, p, k) will be specified later in Theorem 2.2 (see Section 2).

Problem (1.1) is closely related to Skrypnik’s method of homogenization of the
Dirichlet non–linear parabolic problems in non–periodic strongly perforated do-
mains in the case when the perforations are small disjoint components (domains with
fine–grained boundary). In the framework of this method, we construct the asymp-
totic expansion of the solution of the corresponding non–linear evolution problem
in the perforated domain in terms of the model problem like (1.1). Knowing the
behavior of the solution of this model problem one can obtain the homogenized
problem.

Notice that the homogenization of the Dirichlet boundary value problem in
perforated domains was first studied in [15] and then it was revisited by many
authors (see, e.g., [8, 17, 25, 1], and the references therein). We also notice that
the homogenization of nonlinear elliptic and parabolic equations is a long-standing
problem and a number of methods have been developed. There is an extensive
literature on the subject. We will not attempt a review of the literature here, but
merely mention [7, 20, 31, 2, 3, 4, 5], and the references therein.

The goal of the paper is to derive the pointwise estimates of the solution to
the parabolic problem (1.1) under a special choice of the value R and p ∈ ( 2n

n+1 , 2].
Using an approach based on the classical iterative method which was introduced
by Moser (see [18]) and following the ideas of [22, 24] we show that the solution of
(1.1) satisfies the following pointwise estimate:

|u(x, t)| 6 C

(
d

|x|
)n−p

p−1

in (BR\F)× (0, T ),

where the constant C = C(k, n, p, T ). Notice that the pointwise estimates of the
fundamental solutions are closely related to the study of their regularity and the
qualitative behavior of the solutions in the vicinity of the boundary points. In
particular, they are important for the study of removable isolated singularities ([29],
[19]), and the Wiener criterion of regularity of the boundary point ([27], [28]). The
corresponding estimates for linear and quasilinear elliptic equations were obtained
in [14, 12, 13, 10], and for p–Laplacian in [30]. The study of the corresponding
problem for the non–linear operators is a more complicated problem (see [9]). The
estimates for the potentials for non–linear elliptic operators were obtained by I.V.
Skrypnik in [22]. The corresponding result for non–linear parabolic operator was
obtained in [23, 24, 26] in the case p = 2, using approach developed in [21, 6]. Notice
that the proof given in the paper is essentially different from that for equations
corresponding to the case of linear growth of the coefficients with respect to |∇u|.
Here we restrict ourselves to the case 2n

n+1 < p 6 2. The case p > 2 requires the
development of another technique and it is the subject of the forthcoming papers.

The paper is organized as follows. In Section 2 we formulate the assumptions
on the data of problem (1.1) and formulate the main result of the paper. It will be
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proved (for n > 3) in Sections 3–6. First, in Sections 3, 4 we obtain preliminary
integral and pointwise estimates for the solution of the boundary value problem
(1.1). Then in Section 5, using the results of the previous sections, we obtain the
improved pointwise and integral estimates. Finally, in Section 6 we complete the
proof of the main result.

Notational convetion. In what follows by C,Cj , cj we denote generic constants
that depend on n, p, T and do not depend on k, d.

2 Statement of the problem and the main result

Let BR ⊂ Rn (n ≥ 2) be an open ball centered at the point zero and of radius R,
T > 0, k ∈ R, and 0 < d < min{1, R

8 }.
Let F be an open subset of BR with sufficiently smooth boundary such that

F ⊂ Bd. We set Ω = BR \ F and introduce the following notation:

QT = {(x, t) : x ∈ Ω, t ∈ (0, T )}, Q` = {(x, t) : x ∈ Ω, t ∈ (0, `)}.

In the cylinder QT we consider the following initial boundary value problem:




ut − div
(
|∇u|p−2∇u

)
= 0 in QT ;

u(x, t) = 0 on ∂BR × (0, T ) and u(x, t) = k on ∂F × (0, T );
u(x, 0) = k f(x) in Ω,

(2.1)

where
2n

n + 1
< p 6 2. (2.2)

We suppose that the function f ∈ W 1,p
0 (BR) is such that f(x) ≡ 1 in F , and satisfies

the bounds:

0 6 f 6 min

{
1, C

(
d

|x|
)n−p

p−1
}

in BR and
∫

Ω

|∇f |p dx 6 C dn−p. (2.3)

Remark 2.1. The special choice of the function f appears here due to the ap-
plications of the pointwise estimates obtained in the paper, in particular, in the
homogenization theory (Skrypnik’s homogenization approach).

Now, for any p satisfying (2.2) we introduce the Banach spaces (see, e.g., [9]):

V 2,p(QT ) = L∞(0, T ; L2(Ω)) ∩ Lp(0, T ; W 1,p(Ω));

V 2,p
0 (QT ) = L∞(0, T ; L2(Ω)) ∩ Lp(0, T ; W 1,p

0 (Ω)).

The norm in these spaces is defined by:

‖u‖V 2,p(QT ) = ess sup0<t<T ‖u(·, t)‖L2(Ω) + ‖∇u‖Lp(QT ).
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When p = 2 we set V 2,2
0 (QT ) ≡ V 2

0 (QT ) and V 2,2(QT ) ≡ V 2(QT ). For the
properties of the spaces V 2

0 (QT ), V 2(QT ) we refer to [11].
Consider now problem (2.1). The weak solution of (2.1) is understood as follows.

Definition 2.1. A locally integrable bounded function function u = u(x, t) is said
to be a weak solution to problem (2.1) if:

(i) u ∈ V 2,p(QT );

(ii) u(·, t) |∂Ω= k f(x) in the sense of traces of functions in V 2,p
0 (QT );

(iii) for any function ϕ = ϕ(x, t) such that ϕ ∈ V 2,p
0 (QT ) and ϕt ∈ L2(0, T ;L2(Ω))

and every ` ∈ [0, T ], the following integral identity holds:
∫

Ω

u(x, t)ϕ(x, t) dx
∣∣∣
`

0
−

∫

Q`

(
uϕt − |∇u|p−2∇u∇ϕ

)
dxdt = 0. (2.4)

Remark 2.2. Without lost of generality we suppose that ut ∈ L2(QT ). If not, we
consider the Steklov averages (see, e.g., [9]).

The existence and uniqueness result for the parabolic problem (2.1) is well known
(see, e.g., [11, 9]). If 2n

n+1 < p 6 2 the parabolic p–Laplace equation has a unique
weak solution for corresponding initial data. That is, the following theorem holds.

Theorem 2.1. Let f ∈ W 1,p
0 (BR), where p satisfies (2.2). Then, for any k ∈

R, T > 0 and 0 < d < R/2, there exists a unique weak solution of problem (2.1). If
in addition k > 0 and f > 0 in BR, then there exists a unique positive weak solution
of (2.1).

Remark 2.3. It follows from the maximum principle that

0 6 u sign k 6 |k| in QT , (2.5)

where u = u(x, t) is the weak solution of (2.1).

In fact, the weak solution of problem (2.1) possesses higher regularity properties
(i.e. higher than it was stated in Theorem 2.1). Namely, it is known from [9], that
if u is a bounded solution of the parabolic p–Laplace equation for p ∈ ( 2n

n+1 , 2], then
u is a locally Hölder continuous function with the Hölder exponent and the Hölder
norm depending only on p, n and the local L∞–norm of the solution.

Now we are in position to formulate the main result of the paper.

Theorem 2.2 (Main theorem). Let n > 3, k ∈ R, T > 0, 0 < d < min{1, R
8 },

p satisfies (2.2),

R =

(
T

p−1
2−p

(|k|p−1 + |k|)dn−p

) 2−p
p+n(p−2)

, (2.6)
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and u = u(x, t) be a weak solution of problem (2.1). Then there exists a constant
C = C(n, p, T ) such that the following estimate

|u(x0, t0)| 6 C min

{
|k|, min{|k|, (|k|+ |k|p−1)|k|2−p}

(
d

|x0|
)n−p

p−1
}

(2.7)

is valid for any (x0, t0) ∈ QT .

Remark 2.4. The definition (2.6) of the radius R shows the conformity between
the height and the base of cylinder QT . Because the growths of the elliptic and
parabolic parts of the equation are essentially different.

Remark 2.5. Notice that using the approach proposed in the paper one can obtain

a corresponding estimate for n = 2. Namely, in this case the term
(

d
|x0|

)n−p
p−1

is

replaced by
ln 1
|x0|

ln 1
d

. Since the proofs of the pointwise estimates for n = 2 and n > 3
are similar (with corresponding modifications), we restrict ourselves to the case
n > 3.

Remark 2.6. Taking into account estimate (2.5), it is enough to prove the following
inequality

|u(x0, t0)| 6 C min{|k|, (|k|+ |k|p−1)|k|2−p}
(

d

|x0|
)n−p

p−1

.

In what follows, without loss of generality, it will be assumed that k is a strictly
positive parameter. In fact, if k < 0, then one can consider the function v(x, t) =
−u(x, t) which is the solution of (2.1) with −k instead of k.

3 Preliminary estimates for the solution of prob-
lem (2.1)

In this section we will establish some preliminary integral and pointwise estimates
for the solution of the boundary value problem (2.1).

Let ρ be a positive parameter such that 2d < ρ < R. Then we introduce the
following notation:

mρ = max{u(x, t) : (x, t) ∈ (BR \ Bρ)× (0, T )}; (3.1)

uρ(x, t) = max{0, (u(x, t)−mρ)}; (3.2)

Eρ = {(x, t) ∈ QT : uρ(x, t) > 0}; (3.3)

[u(x, t)]µ = min{u, µ}; (3.4)

Eρ,µ = {(x, t) ∈ QT : 0 6 uρ(x, t) 6 µ}, (3.5)
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Eρ,µ(t) = {x ∈ BR, t = τ : 0 6 uρ(x, τ) 6 µ}, (3.6)

E+
ρ,µ = {(x, t) ∈ QT : uρ(x, t) > µ}. (3.7)

First, we obtain integral bounds for the solution of the boundary value problem
(2.1). The following result holds.

Lemma 3.1. Let u be the weak solution of the boundary value problem (2.1). Then,
for any t ∈ (0, T ), k > 0, 2d < ρ < R, µ ∈ (0, k −mρ), u satisfies the bounds:

∫

Ω

u2(x, t) dx +
∫

QT

|∇u|p dxdt 6 c1

(
k2 + kp

)
dn−p; (3.8)

∫

Ω

u2
ρ(x, t) dx +

∫

QT

|∇uρ|p dxdt 6 c2 (k + kp−1)(k −mρ)dn−p; (3.9)

∫

Ω

[uρ(x, t)]2µ dx +
∫

Eρ,µ

|∇uρ|p dxdt 6 c3 µ (k + kp−1)dn−p, (3.10)

where c1, c2, c3 are constant that does not depend on k, d.

Proof of Lemma 3.1. First we prove estimate (3.8). Plugging the function
ϕ(x, t) = u(x, t)− k f(x) in the integral identity (2.4) and using (2.3) one obtains:

∫

Ω

u2(x, t) dx +
∫

QT

|∇u|p dxdt 6 C
(
k2 dn + T kpdn−p

)
6 C

(
k2 + kp

)
dn−p

and the desired bound (3.8) is proved.
In a similar way, plugging the test functions

ϕ1(x, t) = uρ(x, t)− k −mρ

k
u(x, t) and ϕ2(x, t) = [uρ(x, t)]µ − µ

k −mρ
uρ(x, t)

for 0 < µ < k −mρ in the integral identity (2.4) and using (3.8) one obtains the
bounds (3.9) and (3.10), respectively.

Lemma 3.1 is proved.
Using integral estimates from Lemma 3.1, we obtain now a preliminary local

estimate for the solution of the boundary value problem (2.1). Later on, in Section
5, we will improve this pointwise estimate and obtain the main result of the paper.
The proofs of the lemma and the main theorem are based on the Moser’s iteration
technique (see for example [18]).

The following result holds.

Lemma 3.2. Let u be the weak solution of the boundary value problem (2.1) and
let (x0, t0) be any point of the cylinder QT such that |x0| = ρ > 8d. Then

u(x0, t0) 6 c4

(
k + kp−1

) dn−p

ρn
, (3.11)

where c4 is a constant that does not depend on k, d.
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Proof of Lemma 3.2. First, we introduce the notation. Denote by {ρ(1)
j }, {ρ(2)

j }
the sequences such that:

ρ
(1)
j =

ρ

2
(1 + 2−j), ρ

(2)
j =

ρ

2
(3− 2−j) (j = 1, 2, . . .). (3.12)

Let now Gj be a set defined by:

Gj = {x ∈ Rn : ρ
(1)
j 6 |x| 6 ρ

(2)
j } (j = 1, 2, . . .)

and ξj ∈ C∞(Rn) be a cut–off function such that (i) 0 6 ξj(x) 6 1 in Rn, (ii)
ξj(x) = 1 in Gj and ξj(x) = 0 in Rn \ Gj+1, (iii) |∇ξj | 6 c52j/ρ in Gj+1 \ Gj , where
c5 is a constant that does not depend on j and ρ.

We set ϕ(x, t) = ul(x, t)ξm
j (x), where l, m > 0. Plugging the function ϕ in the

integral identity (2.4), using Young’s inequality, the property (iii) of the cut–off
function ξj , and taking into account that u > 0 in QT , we obtain :

∫

Ω

ul+1(x, t)ξm
j (x) dx +

∫

QT

|∇u(x, t)|pul−1(x, t)ξm
j (x) dxdt 6

6 C (l + m)p 2jp

ρp

∫

QT

ul−1+p(x, t)ξm−p
j (x) dxdt. (3.13)

Let now
Mj = ess sup{u(x, t) : (x, t) ∈ Gj × (0, T )}. (3.14)

Then applying Moser’s iteration procedure to (3.13) we get:

M
2+(2−p) n

p

j 6 CM
(2−p) n

p

j+1

2j(n+p)

ρn+p

T∫

0

∫

Gj+1

up(x, t) dxdt. (3.15)

It is clear that due to the definition

[u(x, t)]Mj+1 = min{u,Mj+1} = u(x, t) in Gj+1 × (0, T ).

Now Lemma 3.1, Poincare’s inequality, and (3.15) imply that

M
2+(2−p) n

p

j 6 CM
(2−p) n

p

j+1

2j(n+p)

ρn

∫

Eρ,Mj+1

|∇u(x, t)|p dxdt

6 C
2j(n+p)

ρ−n

(
k + kp−1

)
dn−pM

1+(2−p) n
p

j+1 . (3.16)

Iterating inequality (3.16) we obtain that

M1 6 C
(
k + kp−1

) dn−p

ρn
.
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This proves Lemma 3.2.
In what follows we obtain some additional integral estimates for the solution of

problem (2.1). To this end we consider the following auxiliary elliptic problem:





div
(
|∇gρ(x)|p−2∇gρ(x)

)
= 0 in Bρ \ Bd;

gρ(x) = 1 on ∂Bd;
gρ(x) = 0 on ∂Bρ,

(3.17)

where ρ = |x0| > 8d.
It is easy to see that the solution of problem (3.17) is given by

gρ(x) =
|x|−n−p

p−1 − ρ−
n−p
p−1

d−
n−p
p−1 − ρ−

n−p
p−1

, x ∈ Bρ \ Bd.

We extend the function gρ to the whole ball BR by the formula:

gρ(x) :=

{
1 in Bd;
0 in BR \ Bρ

(3.18)

and keep for it the same notation, then

∫

BR

gp
ρ dx 6 C

(
d

ρ

)n−p
p−1

ρn,

∫

BR

|∇gρ|p dx 6 C dn−p. (3.19)

Now we make use of the function gρ and inequality (3.19) to obtain an additional
integral estimate for the solution to problem (2.1). First, we introduce the notation.
We denote by λ = λ(t) a smooth function in R such that (i) 0 ≤ λ(t) ≤ 1 in R, (ii)
λ(t) = 1 if |t| 6 1

2 , (iii) λ(t) = 0 if |t| > 1, and (iv)
∣∣dλ

dt

∣∣ ≤ 2 in R.

Lemma 3.3. Let u and gρ be the solutions of problems (2.1) and (3.17), respec-
tively. Then there exist positive constants K1 and K2, which do not depend on k, d, ρ,
such that for a parameter s satisfying the inequality

K1k
2−pρp

(
d

ρ

)n−p
p−1 (2−p)

6 s 6 T, (3.20)

for any t, τ ∈ [0, T ], τ > s, we have:
∫

Ω

u2(x, t)gp
ρ(x)λp

s(t− τ) dx +
∫

QT

|∇u(x, t)|pgp
ρ(x)λp

s(t− τ) dxdt 6

6 K2 kp s dn−p, (3.21)

where λs(t− τ) = λ((t− τ)/s).
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Proof of Lemma 3.3. We set

ϕ(x, t) = u(x, t)gp
ρ(x)λp

s(t− τ)− k gp
ρ(x)λp

s(t− τ)

and plug the function ϕ in the integral identity (2.4). Using (2.5), the definition
of the functions λ, gρ, inequalities (3.19), and Young’s inequality, one can easily
obtain the following estimate:

∫

Ω

u2(x, t)gp
ρ(x)λp

s(t− τ) dx +
∫

QT

|∇u(x, t)|pgp
ρ(x)λp

s(t− τ) dxdt

6 C

s

∫

QT

u2(x, t)gp
ρ(x)λp−1

s (t− τ) dxdt + C k

∫

Ω

u(x, t)gp
ρ(x)λp

s(t− τ) dx

+C
k

s

∫

QT

u(x, t)gp
ρ(x)λp−1

s (t− τ) dxdt +
∫

QT

up(x, t) |∇gρ(x)|p λp
s(t− τ) dxdt

6 C0

s

(
kp dn−p +

k2

s

(
d

ρ

)n−p
p−1

ρn

)
. (3.22)

Now it follows from condition (3.20) that

k2

s

(
d

ρ

)n−p
p−1

ρn 6
k2

(
d
ρ

)n−p
p−1

ρn

K1 k2−pρp
(

d
ρ

)n−p
p−1 (2−p)

=
kp

K 1
dn−p.

This inequality and (3.22) immediately imply the desired inequality (3.21) with
K2 = C0 max{1, 1

K1
} and Lemma 3.3 is proved.

4 Auxiliary integral estimates

In this section we obtain auxiliary estimates for the following integrals:

Iρ(s, τ) = ess supt∈(0,T )

∫

Ω

u2
ρ(x, t)λp

s(t− τ) dx +
∫

Eρ

|∇u(x, t)|p λp
s(t− τ) dxdt,

Iρ,µ(s, τ) = ess supt∈(0,T )

∫

Eρ,µ(t)

[uρ(x, t)]2µλp
s(t−τ)dx+

∫

Eρ,µ

|∇u(x, t)|p λp
s(t−τ) dxdt,

Jρ,µ(s, τ) =
µ

s

∫

E+
ρ,µ

(uρ − µ)λp−1
s (t− τ) dxdt

where u is the solution of problem (2.1), uρ is defined in (3.2) with r = ρ, the
function λs is defined in Lemma 3.3, [uρ(x, t)]µ = min {uρ(x, t), µ}, and the sets Eρ,
Eρ,µ Eρ,µ(t), E+

ρ,µ are defined in (3.3), (3.5)–(3.7), respectively.
First, we estimate the integral Iρ(s, τ). The following result holds.
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Lemma 4.1. Let s be a parameter satisfying (3.20). Then

Iρ(s, τ) 6 c7

s

∫

Eρ

u2
ρ(x, t)λp

2s(t− τ) dxdt + c7(k −mρ)kp−1sdn−p, (4.1)

where c7 is a constant that does not depend on s, k, d.

Proof of Lemma 4.1. In the integral identity (2.4) we set:

ϕ(x, t) = uρλ
p
s(t− τ)− (k −mρ)gp

ρ(x)λp
s(t− τ).

Then using Lemma 3.3 we obtain:

Iρ(s, τ) 6 C

s

∫

Eρ

u2
ρλ

p
s dxdt + C(k −mρ)




∫

QT

|∇u|p gp
ρλp

s dxdt




p−1
p

×

s

∫

Ω

|∇gp|p dx




1
p

6 c7

s

∫

QT

u2
ρλ

p
2s dxdt + c7(k −mρ)kp−1sdn−p. (4.2)

Lemma 4.1 is proved.
Now, we estimate the integral Iρ,µ(s, τ). The following result holds.

Lemma 4.2. Let s be a parameter satisfying (3.20). Then

Iρ,µ(s, τ) 6 c8

s

∫

E+
ρ,µ

[uρ]2µλp
2s(t− τ) dxdt + c8Jρ,µ(s, τ)

+c8
µ

k −mρ
(Iρ(s, τ) + Iρ(2s, τ)), (4.3)

where c8 is a constant that does not depend on s, k, d.

Proof of Lemma 4.2. In the integral identity (2.4) we set:

ϕ = [uρ(x, t)]µλp
s(t− τ)− µ

k −mρ
uρ(x, t)λp

s(t− τ)

and immediately obtain (4.3). Lemma 4.2 is proved.
To estimate the second term on the right hand side of (4.3) we make use of the

lemma.

Lemma 4.3. Let s be a parameter satisfying (3.20) Let a, q be parameters such
that

1 < q < p, 2− p < a < 1. (4.4)

Then
Jρ,µ(s, τ) 6 c9µ

k −mρ
[Iρ(s, τ) + Iρ(2s, τ)]+
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+c9 A1

∫

E+
ρ,µ

|x| p(1−a)
p−1 u

q
p−1
ρ λp

2s(t− τ) dxdt, (4.5)

where A1 = A1(s, µ, d, ρ, k) is given by

A1 =
µ

p−q
p−1

s
p−a
p−1

[
k

(
d

ρ

)n−p
p−1

] 2−p
p−1 (1−a) [

ρn

kp−1sdn−p

] 2−p
p−1

(4.6)

and c9 is a constant that does not depend on s, k, d.

The Proof of Lemma 4.3 is of a technical character and is given in the Appendix.

Corollary 4.1. Let s be the parameter defined in (3.20). Parameters a and q
satisfy conditions (4.4). Then

Iρ,µ(s, τ) 6 c10

s

∫

Eρ,µ

[uρ]2µλp
2s(t− τ) dxdt + c10A1

∫

E+
ρ,µ

|x| p(1−a)
p−1 u

q
p−1
ρ λp

2s dxdt

+c10
µ

k −mρ
(Iρ(s, τ) + Iρ(2s, τ)), (4.7)

c10 is a constant that does not depend on s, k, d.

The Proof of Corollary 4.1 immediately follows from Lemmas 4.1–4.3.

5 Improvement of the integral and pointwise esti-
mates

In this Section we will show how to obtain more accurate pointwise estimate for the
solution of the boundary value problem (2.1) and improve the bounds for the inte-
grals Iρ, Iρ,µ defined in the beginning of Section 4. To this end, first, we introduce
the notation:

Rρ,µ(C, s) = C s (kp−1 + k)µdn−p + CA1s

[
(kp−1 + k)sdn−p

ρn

] q
p−1

ρn+
p(1−a)

p−1 ,

where C denotes an arbitrary positive constant and A1 is defined in (4.6).
The following result holds.

Lemma 5.1. Let u = u(x, t) be the solution of problem (2.1). Then there exist
positive constants K1, K3, K4,K5 depending on R, T, n, such that if, for every ρ ∈
[2d, ρ′], µ ∈ (0, k −mρ), τ ∈ [0, T ],

u(x, t) 6 K3(kp−1 + k)
s′dn−p

|x|n ∀ (x, t) ∈ QT , |x| ≤ ρ′, (5.1)
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Iρ(s′, τ) 6 K4s
′(k −mρ)(kp−1 + k)dn−p, (5.2)

Iρ,µ(s′, τ) 6 Rρ,µ(K5, s
′). (5.3)

where s′, ρ′ are such that

K1(kp−1 + k)
2−p
p−1 (ρ′)p

(
d

ρ′

)n−p
p−1 (2−p)

6 s′ 6 T, (5.4)

then, for every ρ ∈ [2d, ρ′′], µ ∈ (0, k − mρ), τ ∈ [0, T ], u satisfies the following
estimates

(i)

u(x, t) 6 K3(kp−1 + k)
s′′dn−p

|x|n ∀ (x, t) ∈ QT , |x| 6 ρ′′, (5.5)

(ii)
Iρ(s′′, τ) 6 K4s

′′(k −mρ)(kp−1 + k)dn−p, (5.6)

(iii)
Iρ,µ(s′′, τ) 6 Rρ,µ(K5, s

′′), (5.7)

where s′′ = s′/4, ρ′′ = ρ′/2.

Proof of Lemma 5.1. Statement (i) of Lemma 5.1 is evident.
Let us prove statement (ii) of the lemma. First, we notice that the estimate for

Iρ(s′′, τ) with s′′ = T is given by (3.9).
Let now s := s′′ < T . Consider the right-hand side of (4.1). Since, for any

t ∈ (0, T ), Eρ ⊂ Bρ, then using (5.1), (5.4), and Poincare’s inequality we get:

c7

s′′

∫

Eρ

u2
ρλ

p
2s′′(t− τ) dxdt 6 c7

s′′
(K3(k1−p + k)s′dn−p)2−p

∫

Eρ

|x|−n(2−p)up
ρλ

p
2s′′ dxdt

6 C

s′′
(K3(kp−1 + k)s′′dn−p)2−pρ−n(2−p)

∫

Eρ

up
ρλ

p
2s′′ dxdt

6 C

s′′
(K3(kp−1 + k)s′′dn−p)2−pρp−n(2−p)

∫

Eρ

|∇u|pλp
2s′ dxdt

6 C(kp−1 + k)2−p

(s′′)p−1
(K3d

n−p)2−pρp−n(2−p)Iρ(s′, τ) 6

6 C11
K2−p

3

Kp−1
1

Iρ(s′, τ). (5.8)

Then from (4.1), (5.8), and (5.2) we deduce that

Iρ(s′′, τ) 6 c7K2s
′′(k −mρ)kp−1dn−p + c11

K2−p
3

Kp−1
1

Iρ(s′, τ)



A pointwise estimate 13

6 c7K2s
′′(k −mρ)kp−1dn−p + c11

K2−p
3

Kp−1
1

K4s
′(k −mρ)kp−1dn−p. (5.9)

Now let K2, K3, K4 be a positive constant such that

c7
K2

K4
+ 4c11

K2−p
3

Kp−1
1

6 1.

Then inequality (5.9) immediately implies (5.6).
Now let us prove statement (iii) of the lemma. We will apply Corollary 4.1.

Consider the first integral on the right-hand side of (4.7) with s := s′′. As in the
proof of the inequality (5.8), from Poincare’s inequality, (5.4), and (5.1) we obtain:

1
s′′

∫

Eρ,µ

[uρ]2µλp
2s′′(t− τ) dxdt 6 c12

K2−p
3

Kp−1
1

Iρ,µ(2s′′, τ). (5.10)

For the second term on the right-hand side of (4.7) we have:

c10A1

∫

E+
ρ,µ

|x| p(1−a)
p−1 u

q
p−1
ρ λp

2s′′ dxdt 6

6 c13K
q

q−1
1 A1s

′′ [(kp−1 + 1)s′′dn−p
] q

p−1

R∫

ρ

ξ
p(1−a)

p−1 − nq
p−1+n−1 dξ 6

6 c13K
q

q−1
1 A1s

′′
[
(kp−1 + k)s′′dn−p

ρn

] q
p−1

ρ
p(1−a)

p−1 +n. (5.11)

Here it was supposed that:

p(1− a)
p− 1

− nq

p− 1
+ n < 0. (5.12)

It is easy to see that there exist a, q that satisfy (5.12) along with (4.4). For example,
a = 2− 2n

n+1 , q = 2 p
n ( 2n

n+1 − 1) + p− 1.
Now statement (iii) of the lemma follows from (4.7), (5.3), and (5.10)–(5.12).

Lemma 5.1 is proved.

6 Proof of the main pointwise estimate

First, we introduce the sequences ρ
(1)
j , ρ

(2)
j defined in (3.12) and the cut-off func-

tion ξj(x) (see the beginning of the proof of Lemma 3.2). Then we introduce the
sequences t

(1)
j and t

(2)
j defined as follows:

t
(1)
j (s, τ) = τ − s

16
− θj , t

(2)
j (s, τ) = τ +

s

16
+ θj ,



14 Yu.V. Namlyeyeva, L.S. Pankratov, I.I. Skrypnik

where τ ∈ [0, T ], ρ ∈ [8d,R] and

θj = (1− 21−2j)ρp

(
s(kp−1 + k)dn−p

ρn

)2−p

.

Here s is the parameter satisfying (5.4) with the constant K1 from Lemma 3.3.
Finally, we introduce the cut-off functions χj(t, s, τ) (j = 1, 2, . . .) such that: (i)
0 6 χj(t, s, τ) 6 1; (ii) χj(t, s, τ) = 1 if t ∈ [t(1)j (s, τ), t(2)j (s, τ)]; (iii)χj(t, s, τ) = 0

if t /∈ [t(1)j+1(s, τ), t(2)j+1(s, τ)]; (iv)
∣∣∣dχj(t,s,τ)

dt

∣∣∣ 6 22j

ρ2 .

Plugging the function ϕ(x, t) = ul
ρ(x, t)ξm

j (x)χm
j (t, s, τ), l,m > 0, in the integral

identity (2.4) we obtain:

M2
j 6 γjM

(2−p) n
p

j+1

(
M2−p

j+1

θj
+

1
ρp

)n+p
p ∫

Eρ,Mj+1

[uρ]
p
Mj+1

χj(t, s, τ) dxdt

6 Cρp

(
M2−p

j+1

θj
+

1
ρp

)n+p
p ∫

Eρ,Mj+1

|∇u|pχj(t, s, τ) dxdt 6 Cρ−n

(
M2−p

j+1

θj
ρp + 1

)n+p
p

×Iρ,Mj+1(s, τ).

Here Mj is defined by (3.14). Then, using condition (5.4) we get

s−
1−a
p−1 ρp 1−a

p−1

(
(kp−1 + k)

1
p−1

(
d

ρ

)n−p
p−1

)(2−p) 1−a
p−1

6 K
− 1−a

p−1
1 .

From these inequalities analogously to the proof of Lemma 5.1, we obtain

M2
j 6 Cρ−n

(
M2−p

j+1

θj
ρp + 1

)n+p
p

×K5

{
s(kp−1 + k)dn−pMj+1 + K

− 1−a
p−1

1 M
p−q
p−1
j+1

[
(kp−1 + k)sdn−p

ρn

] q+p−2
p−1

ρn

}
. (6.1)

We set:

zj = Mj
ρn

s(kp−1 + k)dn−p
.

Then inequality (6.1) implies that

z2
j 6 CK5

(
z2−p
j+1

(
s(kp−1 + k)dn−p

ρn

)2−p
ρp

θj
+ 1

)n+p
p {

zj+1 + K
− 1−a

p−1
1 z

p−q
p−1
j+1

}
.
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Finally, we get:

z2
j 6 c14K5

(
z2−p
j+1

1
1− 21−2j

+ 1
)n+p

p
{

zj+1 + K
− 1−a

p−1
1 z

p−q
p−1
j+1

}
. (6.2)

Now we make use of the following result (see Lemma 1.6 in in [25] Ch.8).

Lemma 6.1. Let {zj} ⊂ R, be a bounded sequence such that

0 < zj 6 c(1)aj
I∑

i=1

Ai zσi
i+1, (6.3)

for every j = 1, 2, . . . , where c(1), A1, . . . , AI , a are positive constants, σi ∈ (0, 1)
(i = 1, . . . , I). Let B be a positive number. Then there exist β > 0, depending on
B, c(1), a, σ1, . . . , σI , I, only, such that the condition

I∑

i=1

Ai 6 β

implies that z1 6 B.

Applying Lemma 6.1 to (6.2) and choosing the appropriate constants K1, K5 we
derive: z1 < K3. This means that

M1 6 K3s(kp−1 + k)
dn−p

ρn
. (6.4)

We choose

R0 = T
1
p , R =

[
(kp−1 + k)−

2−p
p(p−1) R0d

−n−p
p−1

2−p
p

] p(p−1)
p+n(p−2)

.

We denote by ρi the following decreasing sequence of numbers

ρi =
[
(kp−1 + k)−

2−p
p(p−1)

R0

2i
d−

n−p
p−1

2−p
p

] p(p−1)
p+n(p−2)

, i = 0, 1, . . . I.

Then

(kp−1 + k)2−pρp
i

(
d

ρi

)n−p
p−1 (2−p)

=
Rp

0

2ip
.

Let us denote by

si =
Rp

0

2ip
, i = 0, 1, . . . , I.

For s0 = T, ρ0 = R, estimates (5.1)–(5.3) are valid. Let I be such that ρI 6 8d <
ρI−1 and (x0, t0) be an arbitrary point from QT such that ρI < |x0| < ρ0. We
introduce i0, 1 6 i0 6 I − 1 such that

ρi0+1 6 |x0| 6 ρi0 .
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Then from (6.4) and definition of si0 we have

u(x0, t0) 6 K3(kp−1 +k)si0

dn−p

ρn
i0

= K3(kp−1 +k)
Rp

0

2i0p

dn−p

ρn
i0

6 K3(kp−1 +k)
Rp

0

2i0p

dn−p

|x0|n

6 CK3
k2−p(kp−1 + k)

T

d
n−p
p−1 (2−p)+n−p

|x0|n−
p+n(p−2)

p−1

= CK3k
2−p(kp−1 + k)

(
d

|x0|
)n−p

p−1

.

Let us prove the desired inequality for |x0| < ρI . From the comparison principle we
obtain:

u(x0, t0) 6 k = k

(
d

|x0|
)n−p

p−1
( |x0|

d

)n−p
p−1

6 Ck

(
d

|x0|
)n−p

p−1

.

Let now |x0| > ρ0 = R. Then from the preliminary pointwise estimate (3.11) we
deduce

u(x0, t0) 6 c4

(
k + kp−1

) dn−p

|x0|n = c4

(
k + kp−1

) dn−p

|x0|n−
p+n(p−2)

p−1

1

|x0|
p+n(p−2)

p−1

6 c4

(
k + kp−1

) k2−p

T

dn−p+ n−p
p−1 (2−p)

|x0|n− p+n(p−2)
2

6 C
(
k + kp−1

)
k2−p

(
d

|x0|
)n−p

p−1

and Theorem 2.2 is proved.
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7 Appendix I. Proof of Lemma 4.3

Consider the integral Jρ,µ(s, τ). Let

f(x) = |x|1−a

[
kp−1sdn−p

ρn

] 2−p
p

[
k

(
d

ρ

)n−p
p−1

] (p−2)(1−a)
p

µ
q
p

s
a
p

.

Then applying Young’s inequality we have:

Jρ,µ(s, τ) =
µ

s

∫

E+
ρ,µ

(uρ − µ)λp−1
s (t− τ)

f(x)
f(x)

dxdt 6

6 A1

∫

E+
ρ,µ

|x| p(1−a)
p−1 u

q
p−1
ρ λp

2s(t− τ) dxdt+
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+CA2ρ
−ap

∫

E+
ρ,µ

|x|−p(1−a)u−q
ρ (uρ − µ)pλp

s(t− τ) dxdt, (7.1)

where

A2 ≡ A2(s, µ, d, ρ, k) =
µq

sa

[
k

(
d

ρ

)n−p
p−1

](p−2)(1−a) [
kp−1sdn−p

ρn

]2−p

ρap

For the second integral on the right–hand side of the last inequality, using
Poincaré’s inequality we derive:

∫

E+
ρ,µ

|x|−p(1−a)u−q
ρ (uρ − µ)pλp

s(t− τ) dxdt 6

6 C ρap

∫

E+
ρ,µ

u−q
ρ |∇u|p λp

s dxdt. (7.2)

Consider now the integral on the right–hand side of (7.2). In the integral identity
(2.4) we set

ϕ(x, t) =
(

1
µq−1

− 1
[max{uρ, µ}]q−1

)
λp

s(t− τ)−

−
(

1
µq−1

− 1
(k −mρ)q−1

)
1

k −mρ
uρ(x, t)λp

s(t− τ).

Then we obtain
∫

E+
ρ,µ

u−q
ρ |∇u|p λp

s(t− τ) dxdt 6 C
µ1−q

k −mρ
[Iρ(s, τ) + Iρ(2s, τ)]+

+
C

s
µ1−q

∫

E+
ρ,µ

(uρ − µ)λp−1
s (t− τ) dxdt. (7.3)

Multiplying (7.3) by A2 we get:

A2

∫

E+
ρ,µ

u−q
ρ |∇u|p λp

s(t− τ) dxdt 6 CA3
µ

k −mρ
[Iρ(s, τ) + Iρ(2s, τ)] +

+C
µ1−q

s
A2

∫

E+
ρ,µ

(uρ − µ)λp−1
s (t− τ) dxdt. (7.4)

Moreover, due to (3.20) and (3.7),

A3 ≡ A3(s, µ, d, ρ, k) =
1

sa+p−2

[
k

(
d

ρ

)n−p
p−1

](2−p)(a+p−2)

ρap+p(p−2) 6 K
−(a+p−2)
1 .
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It is also follows (3.20) that

s−ap

[
k

(
d

ρ

)n−p
p−1

]p(2−p)(a−1) (
kp−1sdn−pρ−n

)(2−p)p
ρap2 6 K

2(2−p)−ap
1 .

Then applying Young’s and Poincaré’s inequalities, from (7.4), we get:

A2

∫

E+
ρ,µ

u−q
ρ |∇u|p λp

s(t− τ) dxdt 6 C
µ

k −mρ
[Iρ(s, τ) + Iρ(2s, τ)]

+CA1

∫

E+
ρ,µ

|x| p(1−a)
p−1 u

q
p−1
ρ λp

2s(t− τ) dxdt (7.5)

The statement of our Lemma follows from (7.1), (7.2), (7.5).
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[8] Cioranescu, D., Murat, F., Un terme étrange venu d’ailleurs I and II. Nonlinear
Partial Differential Equations and Their Applications II, p. 98–138 (1983).

[9] DiBenedetto, E., Degenerate parabolic equations. Universitext. Springer-
Verlag, New York, 1993.

[10] Fabes, E.B., Kenig, C.E., Serapioni, R.P., The local regularity of solutions of
degenerate elliptic equations, Comm. Part. Diff. Equats. 7 (1982), p. 77–116.

[11] Ladyzhenskaja, O.A., Solonnikov, V.A., Uraltseva, N.N., Linear and quasilin-
ear equations of parabolic type. (Russian) Translated from the Russian by S.
Smith. Translations of Mathematical Monographs, Vol. 23 American Mathe-
matical Society, Providence, R.I. 1967.

[12] Ladyzhenskaya, O.A., Ural’tseva, N.N., Linear and Quasilinear Elliptic equa-
tions (New York: Academic Press), 1973.

[13] Landis, E.M., Second Order Equations of Elliptic and Parabolic Types (in
Russian), Nauka, Moscow, 1971.

[14] Littman, W., Stampacchia, G., Weinberger, H. F., Regular points for elliptic
equations with discontinuous coefficients. Annali della Scuola Normale Superi-
ore di Pisa - Classe di Scienze Se’r. 3, 17 no. 1-2 (1963), p. 43–77.

[15] Marchenko, V.A., Khruslov, E.Ya., Boundary value problems with fine–grained
boundary. Mat. Sbornik, (1964), 65, p. 458–472.

[16] Marchenko, V.A., Khruslov, E.Ya., Kraevye zadaci v oblastjah s melkozernistoi
granicei.(Russian), Kiev: ”Naukova Dumka”, 1974.

[17] Marchenko, V.A., Khruslov, E.Ya., Homogenization of Partial Differential
Equations, Birkhäuser, Boston, 2006.

[18] Moser, J., A Harnack inequality for parabolic differential equations, Comm.
Pure Appl. Math 17 (1964), p. 101–134.

[19] Namlyeyeva, Yu.V., Shishkov, A.E., Skrypnik, I.I., Isolated singularities of so-
lutions of quasilinear anisotropic elliptic equations, Advanced Nonlinear Stud-
ies, 6 (2006), p. 617–641.

[20] Pankov, A., G-Convergence and Homogenization of Nonlinear Partial Differ-
ential Operators, Kluwer Academic, Dordrecht, 1997.

[21] Serrin, J., Local behaviour of solutions of quasilinear elliptic equations, Acta
Math., 111 (1964), p. 101–134.

[22] Skrypnik, I.V., About pointwise estimates for some capacity potential. General
theory of boundary value problems (Russian) - Kyiv: Nauk. Dumka, (1983), p.
198–206.



20 Yu.V. Namlyeyeva, L.S. Pankratov, I.I. Skrypnik

[23] Skrypnik, I.V., Pointwise estimate of solution to nonlinear parabolic problem.
(Russian) Nonlinear Boundary Problems 3 (1991), p. 72–86.

[24] Skrypnik, I.V., A necessary condition for regularity of a boundary point for a
quasilinear parabolic equation, Mat. Sb., 183 (1992), no. 7, p. 3–22.

[25] Skrypnik, I.V., Methods for analysis of nonlinear elliptic boundary value prob-
lems. Translated from the Russian by Dan D. Pascali. Translation edited by
Simeon Ivanov., Translations of Mathematical Monographs. 139. Providence,
RI: American Mathematical Society (AMS), 1994.

[26] Skrypnik, I.V., Asymptotic behavior of solutions of quasilinear parabolic prob-
lems in punctured domains. (Russian) Dokl. Akad. Nauk 352 (1997), no. 4, p.
466–469.

[27] Skrypnik, I.I., On the Wiener criterion for quasilinear degenerate parabolic
equations. (Russian) Dokl. Akad. Nauk 398 (2004), no. 4, p. 458–461.

[28] Skrypnik, I.I., Local behavior of solutions of quasilinear parabolic equations
with absorption. (Russian) Dokl. Akad. Nauk 403 (2005), no. 6, p. 745–747.

[29] Skrypnik, I.I., Removability of isolated singularities of solutions of quasilinear
parabolic equations with absorption, Math. Sb., 196(11) (2005), p. 1693–1713.

[30] Veron, L., Singularities of solution of second order quasilinear equations, Pit-
man. Res. Notes in Math. Series, 1996.

[31] Zhikov, V.V., Kozlov, S.M., Oleinik, O.A., Homogenization of Differential
Operators and Integral Functionals, Springer–Verlag, Berlin–Heidelberg–New
York, 1994.


