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Abstract

A system of functional di#erential equations with delay dz=dt=Z(t; zt), where z=(x; y); x∈Rn,
y∈Rm, and Z is the vector-valued functional, is considered. It is supposed that this system has a
positive invariant set x=0. De3nitions of its stability, asymptotic stability, and uniform asymptotic
stability are given. Theorems on the uniform asymptotic stability are formulated and proved.
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1. Introduction

Let t ∈R+ =[0;∞); x=(x1; : : : ; xn)∈Rn; |x|=
√

(x1)2 + · · · + (xn)2; y=(y1; : : : ; ym),
|y| =

√
(y1)2 + · · · + (ym)2; z = (x; y) = (z1; : : : ; zn+m)∈Rn+m. For a given h¿ 0,

C denotes the space of continuous functions mapping [ − h; 0] into Rn+m. Let ’ =
(’1; ’2; : : : ; ’n+m) = ( ; �)∈C, where  = ( 1; : : : ;  n); � = (�1; : : : ; �m). Denote

‖ ‖ = sup(| i(�)| under − h6 �6 0; 16 i6 n);

‖�‖ = sup(|�j(�)| under − h6 �6 0; 16 j6m);
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‖’‖ = max(‖ ‖; ‖�‖);
CH = {’∈C : ‖ ‖6H; ‖�‖¡ + ∞}:

If z is a continuous function of u de3ned on −h6 u¡A; A¿ 0, and if t is a 3xed
number satisfying 06 t ¡A, then zt denotes the restriction of z to the segment [t−h; t]
so that zt = (z1

t ; : : : ; z
n+m
t ) = (xt ; yt) is an element of C de3ned by zt(�) = z(t + �) for

−h6 �6 0.
Consider a system of functional di#erential equations

dz(t)
dt

= Z(t; zt): (1.1)

In this system dz=dt denotes the right-hand derivative of z at t, t is time, and
Z(t; ’)=(X (t; ’); Y (t; ’))∈Rn+m is de3ned on R+×CH ; X ∈Rn; Y ∈Rm. Such systems
were studied in [1,3–6,8,10–15,17,18,20–27].

According to Burton [3], we denote by z(t0; ’) = (x(t0; ’); y(t0; ’)) a solution of
(1.1) with initial condition ’∈CH , where zt0 (t0; ’) = ’ and we denote by z(t; t0; ’)
the value of z(t0; ’) at t and zt(t0; ’) = z(t + �; t0; ’), −h6 �6 0.

It is assumed that the vector-valued functional Z(t; ’) is continuous on R+ ×CH so
that a solution will exist for each continuous initial condition. We suppose that each
solution z(t0; ’) is de3ned for those t¿ t0, such that ‖xt(t0; ’)‖¡H .

Let V (t; ’) be a continuous functional de3ned for t¿ 0; ’∈CH . The upper right-hand
derivative of V along solutions of (1.1) is de3ned to be [3,17,23,24]

V̇ (t; zt(t0; ’))

=
dV (t; zt(t0; ’))

dt
= lim

Ht→+0
{V (t + Ht; zt+Ht(t0; ’)) − V (t; zt(t0; ’))} 1

Ht
:

If V satis3es a Lipschitz condition in the second argument, then this limit is 3nite.
In [7,19,29,31–35] the partial stability results were obtained for ordinary di#erential

equations, and in [9,21,22,34,35] the partial stability results were obtained for functional
di#erential equations with delay. The aim of this paper is to prove analogous results
for the stability of the set x = 0.

2. Main de�nitions. Theorem on the asymptotic stability

Let M ⊂ C be any set. The value �(M; �) = inf’∈M‖’− �‖ is the distance between
any function �∈C and M . The set

S(M; r) := {�∈C : �(M; �)¡r}
is called a neighbourhood of M with the radius r.

De�nition 2.1. A set M ⊂ C is called a positive invariant set of system (1.1) if
t0 ∈R+; ’∈M implies zt(t0; ’)∈M for each t¿ t0.

In the next de3nitions it is assumed that M is a positive invariant set of system (1.1).
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De�nition 2.2. A set M ⊂ C is called a stable set of system (1.1) if for every
!¿ 0 and t0¿ 0 there exists " = "(!; t0)¿ 0 such that ’∈C; �(M;’)¡" implies
�(M; zt(t0; ’))¡! for all t¿ t0.

De�nition 2.3. If " does not depend on t0 in De3nition 2.2 (i.e., " = "(!)), then the
set M is called uniformly stable.

De�nition 2.4. A set M ⊂ C is called an attractive set of system (1.1) if for every
t0¿ 0 there exists # = #(t0)¿ 0, and for every !¿ 0 and ’∈ S(M; #) there exists
$ = $(!; t0; ’)¿ 0 such that �(M; zt(t0; ’))¡! for any t¿ t0 + $. In this case we say
that the domain of attraction of M at t0 contains the set S(M; #). In other words, a set
M is called attractive if

lim
t→∞ �(M; zt(t0; ’)) = 0: (2.1)

De�nition 2.5. A set M ⊂ C is called uniformly attractive if for some #¿ 0 and any
!¿ 0 there exists $=$(!)¿ 0 such that �(M; zt(t0; ’))¡! for all t0¿ 0; ’∈ S(M; #)
and t¿ t0 + $. In other words, a set M is called uniformly attractive if (2.1) holds
uniformly in t0 ∈R+; ’∈ S(M; #).

De�nition 2.6. A set M is called

• asymptotically stable if it is stable and attractive;
• uniformly asymptotically stable if it is uniformly stable and uniformly attractive.

Let K denote the class of Hahn’s functions [16,30], that is r ∈K if r : R+ → R+ is
a continuous monotonically increasing function such that r(0)=0. Note that in [4,5,18]
these functions are called wedges.

Henceforth we shall consider the set M of the form

M := {’∈C : ‖ ‖ = 0; ‖�‖¡∞} ; (2.2)

then �(M; zt)=‖xt‖; �(M;’)=‖ ‖. If X (t; ’) ≡ 0 for ’∈M , then the solution zt(t0; ’)
of system (1.1) satis3es the condition ‖xt(t0; ’)‖ ≡ 0. In other words, M is an invariant
set of system (1.1). In this case the following theorem holds.

Theorem 2.1. Let functional di:erential equations (1.1) be such that there is a con-
tinuous functional V : R+ × CH → R which satis<es

a(‖xt‖)6V (t; zt)6 b(‖xt‖); a; b∈K; (2.3)

dV
dt
6− c(‖xt‖); c∈K: (2.4)

along solutions of system (1.1). Then M is a positive invariant and asymptotically
stable set of system (1.1), and there exists H0 ¿ 0 (H0 ¡H) such that the domain
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of attraction of M contains the set CH0 . The identities

Xi(t; 0; �) ≡ 0 (16 i6 n) (2.5)

are also valid.

Proof. If ’∈M , then V (t; zt(t0; ’)) ≡ 0 in view of (2.3), (2.4), whence it follows that
‖xt‖= 0 for t¿ t0, and this proves the positive invariance of M . Note that conditions
‖xt(t0; ’)‖ = 0 and (2.5) are equivalent if ’∈M .

Pick any !1 ¿ 0 (!1 ¡H), and choose " = b−1(a(!1)), where b−1 is the inverse of
the function b. If ‖ ‖¡", then from properties (2.3), (2.4) we have

a(‖xt‖)6V (t; zt)6V (t0; ’)6 b(‖ ‖)¡b(b−1(a(!1))) = a(!1);

whence it follows ‖xt‖¡!1 for t ¿ t0. This proves the uniform stability of M .
The uniform stability of M implies that for every positive !2 (!2 ¡H) there exists

H0 = H0(!2)¿ 0 such that for any t0 ∈R+; ’∈CH0 the inequality ‖xt‖¡!2 holds for
t ¿ t0. Consider the trajectory z(t0; ’) of Eqs. (1.1). Since ’∈CH0 , then ‖ ‖6H0,
whence

V (t0; ’)6 b(‖ ‖)6 b(H0): (2.6)

Let ! be any suMciently small positive number. Denote T (!) := b(H0)=c(b−1(a(!))).
Let us show that there exists $∈ [0; T ] such that

V (t0 + $; zt0+$)¡a(!): (2.7)

Suppose the opposite: for any $∈ [0; T ] the inequality V (t0 + $; zt0+$)¿ a(!) holds,
whence we have

‖xt‖¿ b−1(V (t; zt))¿ b−1(a(!)) (2.8)

for t06 t6 t0 + T . From inequalities (2.4), (2.8) we derive that

dV (t; zt)
dt

6− c(b−1(a(!)));

whence 0¡a(‖xt‖)6V (t; zt)6V (t0; ’) − c(b−1(a(!)))(t − t0). For t − t0 = T we
have V (t0; ’)− b(H0)¿ 0, but it contradicts relations (2.6). This proves the existence
of $∈ [0; T ] such that inequality (2.7) is valid. Since V does not increase along the
solution z(t0; ’), then V (t; zt)¡a(!) for t¿ t0 + $. This implies ‖xt(t0; ’)‖¡! for
t¿ t0 + $. Hence M is uniformly attractive, and its domain of attraction contains the
set CH0 . This completes the proof.

3. The converse theorem

Let us show that Theorem 2.1 is invertible. The following lemma is needed in the
proof of such statement.
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Lemma. Suppose that functionals Xi (16 i6 n) of system (1.1) satisfy conditions

|Xi(t;  1; �1) − Xi(t;  2; �2)|6L‖ 1 −  2‖ L = const (3.1)

in the domain R+×CH . Let t0¿ 0 be the initial moment of time, and ’1=( 1; �1); ’2=
( 2; �2) be the initial functions satisfying conditions ’1 ∈CH ; ’2 ∈CH . For those val-
ues t¿ t0 for which zt(t0; ’1) and zt(t0; ’2) belong to CH , the inequality

‖xt(t0; ’1) − xt(t0; ’2)‖6 ‖ 1 −  2‖eL(t−t0) (3.2)

holds.

Proof. Along solutions of system (1.1) we have

dxi(t; t0; ’1)
dt

= Xi(t; xt(t0; ’1); yt(t0; ’1)) (i = 1; : : : ; n);

dxi(t; t0; ’2)
dt

= Xi(t; xt(t0; ’2); yt(t0; ’2)) (i = 1; : : : ; n)

for t ¿ t0, whence we derive

xi(t + �; t0; ’1) − xi(t + �; t0; ’2)

= xi(t0 + �; t0; ’1) − xi(t0 + �; t0; ’2) +
∫ t+�

t0+�
[Xi(,; x,(t0; ’1); y,(t0; ’1))

−Xi(,; x,(t0; ’2); y,(t0; ’2))] d,; �∈ [ − h; 0];

|xi(t + �; t0; ’1) − xi(t + �; t0; ’2)|

6 ‖ 1 −  2‖ +
∫ t+�

t0+�
|Xi(,; x,(t0; ’1); y,(t0; ’1))

−Xi(,; x,(t0; ’2); y,(t0; ’2))| d,:
In view of

sup
�∈[−h;0]
16i6n

|xi(t + �; t0; ’1) − xi(t + �; t0; ’2)| = ‖xt(t0; ’1) − xt(t0; ’2)‖

and property (3.1), we obtain

‖xt(t0; ’1) − xt(t0; ’2)‖6 ‖ 1 −  2‖ + L
∫ t+�

t0+�
‖x,(t0; ’1) − x,(t0; ’2)‖ d,:

After applying Gronwall–Bellman’s lemma to this inequality, we derive relation (3.2)
for each t¿ t0. The proof of the Lemma is complete.

Theorem 3.1. Let functionals Xi(t; ’) satisfy condition (3.1), M be uniformly asymp-
totically stable, and its domain of attraction contain CH . Then there exists a contin-
uous functional V : R+ × CH → R such that inequalities (2.3), (2.4) along solutions
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of (1.1) are valid. The functional V also satis<es condition

|V (t;  1; �1) − V (t;  2; �2)|6L0‖ 1 −  2‖; L0 = const: (3.3)

In the case Z(t; ’) is periodic in t with period !, then functional V is also a
periodic function of t with period !; if Z(t; ’) does not depend on t, then V also
does not depend on t.

Proof. We shall follow the method used in [24]. From uniform asymptotic stability of
M there exists a scalar monotonically decreasing continuous function f : R+ → R+

such that

‖xt(t0; ’)‖6f(t − t0) for t¿ t0; ’∈CH and lim
t→∞f(t) = 0: (3.4)

In [28] the existence of f has been proved as well as the existence of continuously
di#erentiable function G such that G ∈K; G′ ∈K, and∫ ∞

0
G(f(,)) d, = N1 ¡∞; (3.5)

∫ ∞

0
G′(f(,))eL, d, = N2 ¡∞; (3.6)

and

G′(f(,))eL,6N3 ¡∞ under all ,¿ 0: (3.7)

Here N1; N2; N3 are constants. Let us show that the functional

V (t; ’) =
∫ ∞

t
G(‖x,(t; ’)‖) d, + sup

,∈[t;+∞)
G(‖x,(t; ’)‖) (3.8)

satis3es the conditions of Theorem 3.1. Integral (3.5) converges, hence from conditions
(3.4) and G ∈K we have the convergence of the integral in the right-hand side of
(3.8) for t ∈R+; ’∈CH . In view of positiveness of function G and (3.8) we get

V (t; ’)¿ sup
,∈[t;+∞)

G(‖x,(t; ’)‖)¿G(‖ ‖): (3.9)

From (3.8), (3.4), (3.5) it follows

V (t; ’)¡
∫ ∞

0
G(f(,)) d, + G(f(0)) = N1 + G(f(0)) = N4 = const;

for all t ∈R+; ’∈CH , i.e. the functional V (t; ’) is uniformly bounded in the domain
R+×CH . Now let us show that the functional V (t; ’) satis3es conditions (3.3). Indeed,

|V (t; ’1) − V (t; ’2)|

=
∣∣∣∣
∫ ∞

t
[G(‖x,(t; ’1)‖) − G(‖x,(t; ’2)‖)] d,
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+ sup
,∈[t;+∞)

G(‖x,(t; ’1)‖) − sup
,∈[t;+∞)

G(‖x,(t; ’2)‖)
∣∣∣∣∣

6
∫ ∞

t
|G(‖x,(t; ’1)‖) − G(‖x,(t; ’2)‖)| d,

+

∣∣∣∣∣ sup
,∈[t;+∞)

G(‖x,(t; ’1)‖) − sup
,∈[t;+∞)

G(‖x,(t; ’2)‖)
∣∣∣∣∣

6
∫ ∞

t
G′

f(sup(‖x,(t; ’1)‖; ‖x,(t; ’2)‖)) ‖x,(t; ’1) − x,(t; ’2)‖ d,

+ sup
,∈[t;+∞)

|G(‖x,(t; ’1)‖) − G(‖x,(t; ’2)‖)|:

Using the above Lemma and applying to the second summand the Mean Value
Theorem, by means of relations (3.6), (3.7), we obtain

|V (t; ’1) − V (t; ’2)|

6 ‖ 1 −  2‖
[∫ ∞

t
G′

f(f(,− t))eL(,−t) d, + sup
,∈[t;+∞)

G′
f(f(,− t))eL(,−t)

]

= (N2 + N3)‖ 1 −  2‖: (3.10)

This proves inequality (3.3). Properties (3.9), (3.10) imply that inequalities (2.3) are
valid. Now, let us verify that functional V (t; ’) continuously depends on t ∈R+; ’∈CH .
In view of proved property (3.3) it suMces to show that functional V (t; ’) continuously
depends on t for a 3xed function ’.

First we prove that the functional V (t; ’) has uniformly bounded right upper
and lower Dini derivatives [2,30] along solutions of (1.1). After using the property

x,(t; zt(t0; ’)) = x,(t0; ’) under t06 t6 ,;

we get

D+V (t; zt)|t=t0 = lim
Ht→+0

sup
HV
Ht

∣∣∣∣
t=t0

=
d
dt

∫ ∞

t
G(‖x,(t0; ’)‖) d,

∣∣∣∣
t=t0

+ lim
Ht→+0

sup

[
sup

t0+Ht6,¡∞
G(‖x,(t0 + Ht; zt0+Ht(t0; ’))‖)

− sup
t06,¡∞

G(‖x,(t0; zt0 (t0; ’))‖)
]
:
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Since supt0+Ht6,¡∞ G(‖x,(t0 + Ht; zt0+H(t0; ’))‖)6 supt06,¡∞ G(‖x,(t0; zt0 (t0; ’))‖),
then

D+V |t=t0 6− G(‖xt0 (t0; ’)‖) = −G(‖ ‖):

Let us estimate the right lower Dini derivative along solutions of system (1.1):

D+V |t=t0 = lim
Ht→+0

inf
HV
Ht

= −G(‖ ‖)

+ lim
Ht→+0

inf

[
sup

t0+Ht6,¡∞
G(‖x,(t0 + Ht; zt0+Ht)‖) − sup

t06,¡∞
G(‖x,(t0; ’)‖)

]

¿−G(‖ ‖) − G′
f sup

16i6n
(|Xi(t0; ’)|):

Thus it is proved that functional V (t; zt) has uniformly bounded right upper and right
lower Dini derivatives along the trajectory z(t0; ’) in the domain R+ × CH .

Let us show that functional V (t; ’) depends continuously on t and ’. Because of
inequality (3.3), to prove this, all we need is to show that functional V (t; ’) depends on
t continuously for 3xed function ’ on the 3xed solution z(t0; ’). Let Ht := t− t0 ¿ 0.
Then

|V (t0; ’) − V (t; ’)|6 |V (t0; ’) − V (t; zt)| + |V (t; ’) − V (t; zt)|:

The uniform boundedness of right upper and lower Dini derivatives along the solution
z(t0; ’) implies

|V (t0; ’) − V (t; zt(t0; ’))|6N5Ht; N5 = const;

and from (3.3) it follows

|V (t; ’) − V (t; zt)|6L0‖ − xt(t0; ’)‖6L0 sup
16i6n

(|Xi(t; zt)|)Ht;

whence we obtain

|V (t0; ’) − V (t; ’)|6N6Ht; N6 = const: (3.11)

Inequalities (3.3), (3.11) imply that functional V (t; ’) depends continuously on t
and ’, that is, for every !¿ 0 there exists "¿ 0 such that |V (t0; ’0) − V (t; ’)|
¡! if |t − t0|¡"; ‖’0 − ’‖¡".

Suppose that right-hand sides of system (1.1) is periodic in t with the period !. We
show that in this case functional (3.8) is also a periodic function of t with the period
!. Since, Z(t + !;’) ≡ Z(t; ’) then

sup
,∈[t+!;∞)

G(‖x,(t + !;’)‖) = sup
,∈[t;∞)

G(|x,(t; ’)|): (3.12)
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We now show∫ ∞

t+!
G(‖x,(t + !;’)‖) d, ≡

∫ ∞

t
G(‖x,(t; ’)‖) d,: (3.13)

In fact, using the property x,+!(t + !;’) ≡ x,(t; ’) we 3nd∫ ∞

t+!
G(‖x,(t + !;’)‖) d, =

∫ ∞

t
G(‖x,+!(t + !;’)‖) d,

=
∫ ∞

t
G(‖x,(t; ’)‖) d,:

Relations (3.12), (3.13) imply the property V (t + !;’) ≡ V (t; ’). In the case when
right-hand side of (1.1) does not depend on t, the value ! can be taken arbitrary, i.e.
V does not depend on t. Consequently, the functional (3.8) satis3es all conditions of
the theorem.

4. Stability in functional di$erential equations under perturbations

Along with Eqs. (1.1) consider the system

dw(t)
dt

= Z(t; wt) + R(t; wt); (4.1)

where w(t)=(u(t); v(t)); u∈Rn; v∈Rm; wt =(ut ; vt)=(w1
t ; : : : ; w

n+m
t ); ut =(u1

t ; : : : ; u
n
t ),

vt =(v1
t ; : : : ; v

m
t ). Suppose that functionals Z(t; ’) and R(t; ’) are uniformly bounded in

the domain R+ × CH and satisfy the condition

|Zi(t; ’1) − Zi(t; ’2)|6L∗‖ 1 −  2‖;
|Ri(t; ’1) − Ri(t; ’2)|6L∗‖ 1 −  2‖; L∗ = const; 16 i6 n:

We also assume that

Zi(t; ’) = 0; Ri(t; ’) = 0 ’i = 0 (i = 1; : : : ; n); (4.2)

so Eqs. (4.1) have the solution w such that

ut = 0; (4.3)

and M is an invariant set of system (4.1).

Theorem 4.1. Assume M is uniformly asymptotically stable for system (1.1), and its
domain of attraction contains the set CH . If R(t; ’) satis<es

lim
t→∞

∫ t+,

t
Ri(t; ’) dt = 0; 16 i6 n (4.4)
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uniformly in ,¿ 0; ’∈CH , then M is uniformly asymptotically stable for system
(4.1), and there exists positive #(#¡H) such that C# is contained in the domain of
attraction of M .

Proof. According to the assumptions of Theorem 4.1, in view of Theorem 3.1, it
follows that there is a functional V : R+ ×CH such that inequality (3.3) holds. Hence,
if L = max{L0; L∗}, then

|Zi(t; ’(1)) − Zi(t; ’(2))|6L‖ (1) −  (2)‖;
|Ri(t; ’(1)) − Ri(t; ’(2))|6L‖ (1) −  (2)‖;
|V (t; ’(1)) − V (t; ’(2))|6L‖ (1) −  (2)‖; 16 i6 n

for all t ∈R+; ’(1); ’(2) ∈CH . Conditions (2.3), (2.4) are also valid along solutions of
system (1.1).

Pick any !¿ 0 such that !¡H . Denote � := b−1( 1
2a(!)). Then in view of inequal-

ities (2.3) we have

inf
‖ ‖=!

V (t; ’)¿ a(!); sup
‖ ‖6�

V (t; ’)6 b(�) = 1
2 a(!): (4.5)

Let us show that each trajectory w(t1; P’) = w(t1; P ; P�) of Eqs. (4.1) satis3es ‖ut‖¡!
for t ¿ t1 where t1 is suMciently large and ‖ P ‖= �. Suppose not: there is a system of
functional di#erential Eqs. (4.1), satisfying the above conditions, which has a solution

w(t1; P’); (4.6)

satisfying conditions wt1 = P’; ‖ut1‖ = �; ‖ut2‖ = !. We also assume that the trajectory
(4.6) satis3es

‖ut‖¿ �; ‖ut‖6 !

for t ∈ [t1; t2]. Let us divide the segment [t1; t2] into p equal segments of length , by
the points �k = t1 +k, (k=1; 2; : : : ; p−1); �0 = t1; �p= t2. On the kth segment [�k ; �k+1]
we denote z�k = w(�k + �; t1; P’) − h6 �6 0 (i.e. z�k = w�k ). We designate z�k+1 an
element of the trajectory z(�k ; z�k ) of equations (1.1) corresponding to the time moment
�k+1, i.e. z�k+1 = z(�k+1 + �; �k ; z�k ) −h6 �6 0.

Let us consider

HV = V (t2; wt2 ) − V (t1; wt1 )

=
p−1∑
k=0

[V (�k+1; w�k+1) − V (�k ; w�k )]

=
p−1∑
k=0

{[V (�k+1; z�k+1) − V (�k ; z�k )] + [V (�k+1; w�k+1)

−V (�k+1; z�k+1)] + [V (�k ; z�k ) − V (�k ; w�k )]}:
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Note that V (�k ; z�k ) − V (�k ; w�k ) = 0, because z�k = w�k . We assume that t1¿ t∗ =
t∗(!), where the value t∗ will be given below. We suppose t∗ ¿t0 + 2h. Under above
assumptions, xt(t1; ’) and ut(t1; ’) satisfy Lipschitz conditions in t with constants L1

and L2, respectively [24], where L1 and L2 do not depend on corresponding solutions
and depend only on constants which estimate Zi(t; ’), Zi(t; ’)+Ri(t; ’) when 16 i6 n;
t ∈R+; ’∈CH .

Notice if

J1 =
p−1∑
k=0

[V (�k+1; z�k+1) − V (�k ; z�k )]

and if

J2 =
p−1∑
k=0

[V (�k+1; w�k+1) − V (�k+1; z�k+1)];

then

J16
p−1∑
k=0

∫ �k+1

�k

dV
dt

∣∣∣∣
(1:1)

dt6− pc(�), (4.7)

and

|J2|6
p−1∑
k=0

|V (�k+1; w�k+1) − V (�k+1; z�k+1)|: (4.8)

Hence

|V (�k+1; w�k+1) − V (�k+1; z�k+1)|
6L‖u�k+1 − x�k+1‖ = L sup

16i6n
|ui

�k+1
− xi�k+1

|: (4.9)

Thus

ui
�k+1

− xi�k+1
=
∫ �k+1

�k

[Xi(t; wt) − Xi(t; zt)] dt +
∫ �k+1

�k

Ri(t; wt) dt; 16 i6 n

implying

|ui
�k+1

− xi�k+1
|6

∫ �k+1

�k

|Xi(t; wt) − Xi(t; zt)| dt +

∣∣∣∣∣
∫ �k+1

�k

Ri(t; w�k ) dt

∣∣∣∣∣
+
∫ �k+1

�k

|Ri(t; wt) − Ri(t; w�k )| dt: (4.10)

Now

|Xi(t; wt) − Xi(t; zt)|6L‖ut − xt‖6L(L1 + L2), for �k 6 t6 �k+1



652 S.R. Bernfeld et al. / Nonlinear Analysis 55 (2003) 641–656

implies∫ �k+1

�k

|Xi(t; wt) − Xi(t; zt)| dt6L(L1 + L2),2: (4.11)

Similarly,∫ �k+1

�k

|Ri(t; wt) − Ri(t; w�k )| dt6L
∫ �k+1

�k

‖wt − w�k‖ dt6LL2,2;

16 i6 n: (4.12)

Since limit relations (4.4) hold uniformly in ,¿ 0; ’∈CH , then there exists a positive
monotonically decreasing function 8 : R+ → R+ such that

lim
t→+∞ 8(t) = 0;

∣∣∣∣
∫ t+,

t
Ri(s; ’) ds

∣∣∣∣6 8(t) (’∈CH ; 16 i6 n);

whence we get the estimate∣∣∣∣∣
∫ �k+1

�k

Ri(t; w�k ) dt

∣∣∣∣∣6 8(�k)¡8(t∗):

Estimates (4.7)–(4.12) imply

HV 6−pc(�), + pL[L(L1 + L2),2 + LL2,2 + 8(t∗)]

= p
{− 1

2 c(�), + [L2(L1 + 2L2),2 − 1
2 c(�), + L8(t∗)]

}
:

Choose , satisfying

,2 − 29, + :¡ 0; (4.13)

where

9 =
c(�)

4L2(L1 + 2L2)
; : = :(t∗) =

8(t∗)
L(L1 + 2L2)

:

This inequality is correct if ,∈ (,1; ,2) where ,1 =9−
√

92 − :; ,2 =9+
√

92 − :. We
suppose the value t∗ to be so large that inequality

8(t∗)¡
c2(�)

16L3(L1 + 2L2)
(4.14)

holds. This guarantees the validity of the relations 92 − :¿ 0; ,2 ¿,1 ¿ 0. Let us
show that there exists a natural number p and ,∈ (,1; ,2) such that the inequality

p, = t2 − t1 (4.15)

is valid. Inequalities ,1 ¡,¡,2 and (4.15) imply

t2 − t1
,1

¿p¿
t2 − t1
,2

: (4.16)
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The existence of a natural number p satisfying inequalities (4.16) is guaranteed by the
inequality

t2 − t1
,1

− t2 − t1
,2

¿ 1: (4.17)

Let Ht be a lower bound of the di#erences t2 − t1 such that ‖ut1‖= �(!); ‖ut2‖= !. It
is clear that Ht = Ht(!)¿ 0. Inequality (4.17) is valid if

Ht(,−1
1 − ,−1

2 )¿ 1: (4.18)

It is easy to see that (4.18) is valid for

:¡:1 = 2
[√

(Ht)4 + 92 − (Ht)2
]
:

Note that :1 depends only on ! because Ht and 9 depend only on ! as well as constants
L; L1; L2, and do not depend on a trajectory. Thus, if t∗ satis3es (4.14) and inequality
t∗¿ 8−1(L(L1 + 2L2):1(!)), then HV ¡ − 1

2 c(�)(t2 − t1). This contradicts (4.5) and
implies that there do not exist t1; t2 (t2 ¿t1¿ t∗(!)) such that ‖ut1‖ = �(!); ‖ut2‖ = !
for (4.1).

Each solution w(t0; ’) of functional di#erential equations (4.1) depends continuously
on initial conditions. Consequently, in view of assumption (4.2), there is a "¿ 0 such
that for all t0 ∈ [0; t∗]; ’∈C" we have ‖ut∗(t0; ’)‖6 �. Since � and t∗ depend only on
!, then " also depends only on !. This proves that M is uniformly stable for (4.1). Now
let us show that M is uniformly asymptotically stable. Let q be any 3xed positive num-
ber (q¡H). We have proved there exists #(q)¿ 0 such that each trajectory w(t0; ’)
of system (4.1) satisfying the initial condition ‖ut0‖¡#, satis3es inequality ‖ut‖¡q
for all t ¿ t0¿ 0. Let us show that for every �¿ 0 (�¡q) there is a $ = $(�)¿ 0
such that the inequality ‖ut(t0; ’)‖¡� holds for arbitrary t0 ∈R+; ’∈C#; t¿ t0 + $.

Let 0¡�¡q; we have proved there exists "= "(�)¿ 0 such that uT0 ∈C" implies
ut ∈C� for every t ¿T0¿ 0. Let us estimate the time for which the element of the
trajectory wt will lie in the domain Cq \ C".

Similarly to the above, one can show that

HV = V (t; wt) − V (T1; wT1 )6− 1
2 c(")(t − T1) (4.19)

for t¿T1, where T1 depends only on "(�), i.e. T1 =T1(�). Then for t¿T1 inequality
(4.19) implies

t − T16
2[V (T1; wT1 ) − V (t; wt)]

c(")
6 2

V (T1; wT1 )
c(")

6 2
b("(�))
c("(�))

= T2(�):

Setting $(�) = T1(�) + T2(�), we obtain that the inequality ‖ut(t0; ’)‖¡� is valid for
all t0 ∈R+; ’∈C#; t¿ t0 +$. Hence the invariant set M of system (4.1) is uniformly
asymptotically stable, and its domain of attraction contains C#. This completes the
proof of Theorem 4.1.



654 S.R. Bernfeld et al. / Nonlinear Analysis 55 (2003) 641–656

Example 4.1. Consider two systems of functional di#erential equations with delay:

dx(t)
dt

= −a(t)x(t) + b(t)x(t − 2); (4.20)

dy(t)
dt

= f(t; yt) (4.21)

and

dx(t)
dt

= −a(t)x(t) + b(t)x(t − 2) + sin t2 sin x(t)cos(t − 1); (4.22)

dy(t)
dt

= f(t; yt) + g(t; xt ; yt) (4.23)

where

a(t) :=




1 if t ∈
⋃
k∈N

[2k; 2k + 1];

0 otherwise;

b(t) :=




1 if t ∈
⋃
k∈N

[8k + 2; 8k + 3];

0 otherwise:

Here f and g are functionals for which there exist continuous solutions of equations
(4.21), (4.23) such that for any t0 ∈R+; �∈R, and some H we have that yt0 (t0; �) =
�; ‖xt‖¡H for t¿ t0. These systems have the positive invariant set

xt = 0: (4.24)

Hatvani [18] showed that (4.24) is a uniformly asymptotically stable set of system
(4.20), (4.21). Since limt→∞

∫ t+,
t sin t2 =0 uniformly in ,¿ 0, then, by Theorem 4.1,

the positive invariant set (4.24) is also uniformly asymptotically stable set of system
(4.22), (4.23).

5. Concluding remark—causal operators

Some natural questions to ask are: Can we extend our work to the in3nite delay case,
or to the case of integral equations or to integro di#erential equations? To answer these
questions we will consider the general case of causal operators (see [10]) which include
the above cases. We will analyze the theory and stability properties of causal operators
presented in [10] and try to extend this to the cases mentioned above. We are presently
investigating this.
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