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Abstract

A system of functional differential equations with delay dz/dr=Z(t,z), where z=(x, y),x € R",
y€ER", and Z is the vector-valued functional, is considered. It is supposed that this system has a
positive invariant set x=0. Definitions of its stability, asymptotic stability, and uniform asymptotic
stability are given. Theorems on the uniform asymptotic stability are formulated and proved.
(© 2003 Published by Elsevier Ltd.

MSC: primary 34K20

Keywords: Functional differential equations; Lyapunov functionals; Uniform asymptotic stability

1. Introduction

Let t€ R, =[0,00), x=(x',...,x") ER" |x| = /(x)2 + -+ ()2, y=(",..., »"),
v = VOO 4+ + M), z=(x,y) = (..., 2""")ER™™. For a given h >0,
C denotes the space of continuous functions mapping [ — 4,0] into R"™™. Let ¢ =
(0", % ...,0"")= (Y, A) € C, where = (Y',....y"), 2= (A',..., ™). Denote

W]l = sup(|y/(0)| under —h<0<0, 1 <i<n),

|All = sup(|#(0)| under —h<0<0, 1<j<m),
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[l = max([[y[, | 2],
Cu={peC |yl <H, [[4] <+ oo}

If z is a continuous function of u defined on —h <u < 4,4 >0, and if ¢ is a fixed
number satisfying 0 < ¢ < 4, then z; denotes the restriction of z to the segment [ —#A, ¢]
so that z, = (z],...,z/™) = (x;, y;) is an element of C defined by z,(0) = z(¢ + 0) for
—h<60<0.
Consider a system of functional differential equations
dz(1)
dr

In this system dz/dz denotes the right-hand derivative of z at ¢, ¢ is time, and
Z(t,p)=(X(t, ), Y(t,p)) € R is defined on R, x Cyy; X € R",Y € R™. Such systems
were studied in [1,3-6,8,10-15,17,18,20-27].

According to Burton [3], we denote by z(zy, ¢) = (x(¢, @), ¥(to, ®)) a solution of
(1.1) with initial condition ¢ € Cy, where z,(t, ®) = ¢ and we denote by z(z t, @)
the value of z(¢, p) at ¢t and z,(ty, @) =z(t + 0,1y, ), —h < 0 < 0.

It is assumed that the vector-valued functional Z(¢, ¢) is continuous on R, X Cy so
that a solution will exist for each continuous initial condition. We suppose that each
solution z(#, ¢) is defined for those ¢ = #y, such that ||x,(%,®)| < H.

Let V' (¢, @) be a continuous functional defined for ¢ > 0, ¢ € Cy. The upper right-hand
derivative of V' along solutions of (1.1) is defined to be [3,17,23,24]

V(t’zt(t(b (,D))

dV(t,z(t, R 1
— 2O i (104 Atz all,0)) ~ Vb 2000, 0))) 5

If V satisfies a Lipschitz condition in the second argument, then this limit is finite.

In [7,19,29,31-35] the partial stability results were obtained for ordinary differential
equations, and in [9,21,22,34,35] the partial stability results were obtained for functional
differential equations with delay. The aim of this paper is to prove analogous results
for the stability of the set x =0.

=Z(t,2,). (1.1)

2. Main definitions. Theorem on the asymptotic stability

Let M C C be any set. The value p(M, &) =inf,ecu|@ — &|| is the distance between
any function ¢ € C and M. The set

SM,r):={,cC:p(M,E) <r}

is called a neighbourhood of M with the radius r.

Definition 2.1. A set M C C is called a positive invariant set of system (1.1) if
to ER., @€ M implies z,(ty, ) € M for each t > .

In the next definitions it is assumed that M is a positive invariant set of system (1.1).
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Definition 2.2. A set M C C is called a stable set of system (1.1) if for every
e>0 and 7y > 0 there exists 0 = d(¢, %)) > 0 such that p € C, p(M, @) < o implies
p(M,z,(ty, p)) < ¢ for all ¢t = 1.

Definition 2.3. If ¢ does not depend on ¢y in Definition 2.2 (i.e., = d(¢)), then the
set M is called uniformly stable.

Definition 2.4. A set M C C is called an attractive set of system (1.1) if for every
to = 0 there exists # = n(t) > 0, and for every ¢ >0 and ¢ € S(M,7n) there exists
o =0(&ty, ) > 0 such that p(M,z,(ty, p)) < ¢ for any ¢ >ty + ¢. In this case we say
that the domain of attraction of M at fy contains the set S(#, 7). In other words, a set
M is called attractive if

Jim p(M, z(to, )) = 0. (2.1

Definition 2.5. A set M C C is called uniformly attractive if for some n > 0 and any
& > 0 there exists ¢ =a(¢) > 0 such that p(M,z,(t, @)) < e for all t, = 0, @ € S(M,n)
and ¢ >ty + o. In other words, a set M is called uniformly attractive if (2.1) holds
uniformly in # € R4, ¢ € S(M, n).

Definition 2.6. A set M is called

e asymptotically stable if it is stable and attractive;
e uniformly asymptotically stable if it is uniformly stable and uniformly attractive.

Let 7" denote the class of Hahn’s functions [16,30], that is r€ #" if » : R, — R, is
a continuous monotonically increasing function such that »(0)=0. Note that in [4,5,18]
these functions are called wedges.

Henceforth we shall consider the set M of the form

M= {peC: Y] =0.]4] < oo} 22)

then p(M,z)=||x/|l, p(M, p)=||y||. If X(#,p) = 0 for ¢ € M, then the solution z,(¢, ¢)
of system (1.1) satisfies the condition ||x,(¢, )|| = 0. In other words, M is an invariant
set of system (1.1). In this case the following theorem holds.

Theorem 2.1. Let functional differential equations (1.1) be such that there is a con-
tinuous functional V : R, x Cyg — R which satisfies

a(”xl‘”) < V(t,Zt) < b(”xtH)’ a,bE %a (23)
dr
a < —c(|lx|), ceA. (2.4)

along solutions of system (1.1). Then M is a positive invariant and asymptotically
stable set of system (1.1), and there exists Hy > 0 (Hy < H) such that the domain
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of attraction of M contains the set Cy,. The identities
Xi(t,0,2)=0 (1<i<n) (2.5)

are also valid.

Proof. If ¢ € M, then V(t,z,(ty, ¢)) = 0 in view of (2.3), (2.4), whence it follows that
|lx:|| =0 for ¢ > ty, and this proves the positive invariance of M. Note that conditions
|lx:(t0, ®)|| = 0 and (2.5) are equivalent if ¢ € M.

Pick any ¢ > 0 (¢ < H), and choose 6 = b~ !(a(e)), where b~ is the inverse of
the function b. If ||/|| < J, then from properties (2.3), (2.4) we have

a([lx ) < V(tz) < V(to, @) < b)) < b(b™ (a(er))) = aler),

whence it follows ||x/|| < & for ¢ > . This proves the uniform stability of M.

The uniform stability of M implies that for every positive & (& < H) there exists
Hy = Hoy(&) > 0 such that for any 7 € R;, ¢ € Cy, the inequality ||x;|| < & holds for
t > tp. Consider the trajectory z(f, ¢) of Egs. (1.1). Since ¢ € Cy,, then ||| < Ho,
whence

V(to,0) < b([[¥)) < b(Ho). (2.6)

Let ¢ be any sufficiently small positive number. Denote T(z) := b(Hp)/c(b~ ' (a(e))).
Let us show that there exists ¢ € [0, 7] such that

V(ty + 0,2410) < a(e). (2.7)

Suppose the opposite: for any ¢ €[0,7] the inequality V(# + 0,z4+s) = a(e) holds,
whence we have

bell = 67 (V(1.20)) = b (a(e)) 2.8)

for tp <t <ty + T. From inequalities (2.4), (2.8) we derive that

P2 < o aten),
whence 0 < a(||x/||) < V(t,z,) < V(to, @) — c(b~(a(e)))(t — tp). For t —to = T we
have V(t, @) — b(Hy) > 0, but it contradicts relations (2.6). This proves the existence
of ¢ €[0,T] such that inequality (2.7) is valid. Since V' does not increase along the
solution z(¢, @), then V(t,z;) < a(e) for t =ty + o. This implies ||x;(¢,®)|| < ¢ for
t >ty + 0. Hence M is uniformly attractive, and its domain of attraction contains the
set Cp,. This completes the proof. [

3. The converse theorem

Let us show that Theorem 2.1 is invertible. The following lemma is needed in the
proof of such statement.
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Lemma. Suppose that functionals X; (1 <i < n) of system (1.1) satisfy conditions
\Xi(t g1, 40) = Xi(t o, 22)| < LYy — || L= const (€Y

in the domain R, xCy. Let ty = 0 be the initial moment of time, and ¢,=0n, A1), Q2=
(Yn, o) be the initial functions satisfying conditions ¢, € Cy, ¢, € Cy. For those val-
ues t =ty for which z,(ty, 1) and z,(ty, p2) belong to Cy, the inequality

[x(t0, @1) — xe(to, 2)|| < [y — Y| ) (3.2)
holds.

Proof. Along solutions of system (1.1) we have

W = Xi(t,x (10, 1), yi(to, 1)) (i =1,....m),
W = Xi(t,x (10, 92), yito, 92))  (i=1,....n)

for t > t,, whence we derive

X'(t40,10,01) — X'(t + 0,10, 92)

140

=x'(to + 0,10, 1) — x'(to + 0,10, 02) + / [Xi(T,x:(t0, @1), y<(to, @1))
to+0

— Xi(t, x:(t0, 92), y<(to, 92))] dz, O €[ —h,0];

Ix'(1 4 0,10, 1) — X' (t + 0,19, )|

t+0
< 1 — vl + / X (2 xe(l0, 1), ¥, @1))
to+0
_AX}(T’ xT(tOs (p2 )’ y‘L’(th ¢2))| dT'

In view of

sup  |x'(¢ + 0,20, 01) — X'(t + 0,10, 02)| = ||x:(t0, P1) — x,(t0, 2|
0e[—h0]
1<i<n

and property (3.1), we obtain
+0

([ (to, 1) — x:(to, p2)I| < [[Y1 — Y| + L/ [[x<(t0, @1) — x:(t0, 2) | dz.
to+0
After applying Gronwall-Bellman’s lemma to this inequality, we derive relation (3.2)
for each ¢t > #y. The proof of the Lemma is complete. []

Theorem 3.1. Let functionals Xi(t, ) satisfy condition (3.1), M be uniformly asymp-
totically stable, and its domain of attraction contain Cy. Then there exists a contin-
uous functional V : Ry x Cy — R such that inequalities (2.3), (2.4) along solutions
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of (1.1) are valid. The functional V also satisfies condition

[V (t,n, ) — VI, A2)| < Lollyn —¥nll, Lo = const. (3.3)

In the case Z(t,¢) is periodic in t with period o, then functional V is also a
periodic function of t with period w; if Z(t, ) does not depend on t, then V also
does not depend on t.

Proof. We shall follow the method used in [24]. From uniform asymptotic stability of
M there exists a scalar monotonically decreasing continuous function f : Ry — R,
such that

IIx:(t0, || < f(t—1ty) fort>=1t, @eCy and tlim f(@)=0. (3.4)

In [28] the existence of f has been proved as well as the existence of continuously
differentiable function G such that Ge %", G' € 4, and

/OOG(f(r))dr =N, < o0, (3.5)
0
/oo G'(f(r))el"dr =N, < o, (3.6)
0
and
G'(f(1))el" <N; <oo under all 7> 0. (3.7)

Here Ny, N,,N; are constants. Let us show that the functional

Vit 9) = / G(lx(t ) de+ sup G(lxt.)]) (3.8)

T€[t,4-00)

satisfies the conditions of Theorem 3.1. Integral (3.5) converges, hence from conditions
(3.4) and G &€ A4 we have the convergence of the integral in the right-hand side of
(3.8) for t€R,, ¢ €Cy. In view of positiveness of function G and (3.8) we get

Vi) = sup  G(|lx(t, @)l)) = G([[])). (3.9)

TE[t+00)

From (3.8), (3.4), (3.5) it follows
Vit o) < / G(A (1)) dr + G(/(0)) = Ny + G(/(0)) = Ny = const,
0

for all teR,,p € Cy, i.e. the functional V(t, ¢) is uniformly bounded in the domain
R, x Cy. Now let us show that the functional V' (¢, @) satisfies conditions (3.3). Indeed,

|V(t7 @1) - V(ta (P2)|

/ [G(xe(t, 91)]]) — Gt p2)I)] de
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+ sup G(|x.(t,)|]) — sup )G(lef(t,coz)ll)‘

T€[t,+00) €[t 400

< / Gt p0)l]) — Gllxel 02)])] de

+1 sup  G(l|x(, 1)[]) — sup  G(|[x(z @2)|)

T€[t,+00) T€(t,+00) |

< / 1 (sup(e(t 0l et 92)1) (et @1) — xe(t 2)]] dt

+ sup |G([lx<(t 1)) — G([]x(2, 2) )]
TE€[t,400)

Using the above Lemma and applying to the second summand the Mean Value
Theorem, by means of relations (3.6), (3.7), we obtain

|V(ts QDI) - V(ts (P2)|

< Y — ||

/ TG )R T sup (e - )

TE[t,400)
=(N2+ N3)|[yn — . (3.10)

This proves inequality (3.3). Properties (3.9), (3.10) imply that inequalities (2.3) are
valid. Now, let us verify that functional V' (¢, ¢) continuously depends on t € R, p€Cy.
In view of proved property (3.3) it suffices to show that functional V' (¢, ¢) continuously
depends on ¢ for a fixed function ¢.

First we prove that the functional V(¢ ¢) has uniformly bounded right upper
and lower Dini derivatives [2,30] along solutions of (1.1). After using the property

x:(t,z:(t0, @) = x:(t0, ) under th <t <7,

we get

d

— [ Glx(t0, )| dr

D+V(tazt)‘t:to = A}EH = ar ),

Y™ Ar

=ty =ty

sup  G(||xc(to + At,zi+ae(t0, @)D

t+At<t<oco

+ lim sup
At—+0

h<T<00

— sup G(||xz(to,2t0(to,¢))||)] .
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SinCC Supto+A[<f<oc G(”xl’(to + Atazt0+A(t05 (P))H) < Supt0<r<oo G(Hxl'(t(bzto(t()’ q’))H)s
then

DV < = G([lxi (10, ) 1) = =G(W[D-

Let us estimate the right lower Dini derivative along solutions of system (1.1):

AV
DiVlimy = llm lnfi__G(HlpH)

+ lim inf | sup  G(|lx:(to + At zipa0)|) = sup  G(|lx<(to, @)[|)

1—+0 to+At<T<00 o <T<00
—G(lyl) — G sup (|Xi(t0, @)
1<1<n

Thus it is proved that functional V'(¢,z,) has uniformly bounded right upper and right
lower Dini derivatives along the trajectory z(#, ¢) in the domain R; X Cy.

Let us show that functional V' (¢, ¢) depends continuously on ¢ and ¢. Because of
inequality (3.3), to prove this, all we need is to show that functional V' (z, ¢) depends on
¢t continuously for fixed function ¢ on the fixed solution z(#, ¢). Let At :=1t—1# > 0.
Then

|V(t0’ QD) - V(t’ (P)| S |V(t0’ 90) - V(trzl)| + |V(t’ QD) - V(f,Z[)|.

The uniform boundedness of right upper and lower Dini derivatives along the solution
z(tp, @) implies

|V(t09 QD) - V(t’zt(t()y QD))| < NSAty NS = const,
and from (3.3) it follows

[V (t,0) = V(t,z)| < Lol — x:(to, @)|| < Lo sup (|Xi(t,z1)])AL,

1<i<n

whence we obtain
[V (t0, @) — V(t,0)| < NgAt, Ng = const. (3.11)

Inequalities (3.3), (3.11) imply that functional V(z, ¢) depends continuously on ¢
and ¢, that is, for every ¢ > 0 there exists 0 > 0 such that |V(¢, o) — V(2 )|
<eif |t —to] <9, ||po— |l <.

Suppose that right-hand sides of system (1.1) is periodic in ¢ with the period w. We
show that in this case functional (3.8) is also a periodic function of ¢ with the period
. Since, Z(t + w, ) = Z(¢, ) then

sup  G(|lx(r + w,9)[[) = sup G(|x:(z,9)|). (3.12)

T€[t+m,00) T€[t,00)
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We now show

/ G(llxe(t + . )] dr = / (%t )] d. (3.13)

+w

In fact, using the property x.i (¢ + , @) = x.(t,¢) we find

/ G(lleelt + 0,0y d = / G(lverolt + 0,0 dr

+m t

- / G|, )] d.

t

Relations (3.12), (3.13) imply the property V(¢ + w,p) = V (¢, ¢). In the case when
right-hand side of (1.1) does not depend on ¢, the value @ can be taken arbitrary, i.e.
V' does not depend on z. Consequently, the functional (3.8) satisfies all conditions of
the theorem. [J

4. Stability in functional differential equations under perturbations

Along with Egs. (1.1) consider the system

% = Z(t,w;) + R(t,wy), 4.1)

where w(#)=(u(t),v(t)), u€R", vER™, w,=C(u, v))=(W}, ..., W™, u,=(ul,...,u"),
v;=(v},...,v"). Suppose that functionals Z(z,¢) and R(t,¢) are uniformly bounded in
the domain R, x Cy and satisfy the condition

|Zi(t, 1) — Zi(t, 2)| < L*[[Yn — ],

[Ri(t, 1) — Ri(t, 02)| < L™ ||y — |, L* =const, 1 <i<n.
We also assume that

Zi(t,)=0, Ri(t,p)=0 ¢;=0((=1,...,n), (4.2)
so Egs. (4.1) have the solution w such that

u; =0, (4.3)
and M is an invariant set of system (4.1).

Theorem 4.1. Assume M is uniformly asymptotically stable for system (1.1), and its
domain of attraction contains the set Cy. If R(t,®) satisfies

t+1
lim / Ri(t,p)dt=0, 1<i<n (4.4)
— 00 t
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uniformly in © >0, @€ Cy, then M is uniformly asymptotically stable for system
(4.1), and there exists positive n(y < H) such that C, is contained in the domain of
attraction of M.

Proof. According to the assumptions of Theorem 4.1, in view of Theorem 3.1, it
follows that there is a functional V' : Ry x Cy such that inequality (3.3) holds. Hence,
if L =max{Lo,L*}, then

\Zi(t, ") — Zi(t, @) < LIy — P,
[Ri(, ) = Ri(t. )| < LD — ]
V(o) = V(™) < LIP® — ||, 1<i<n
for all € R, ", 03 € Cy. Conditions (2.3), (2.4) are also valid along solutions of
system (1.1).

Pick any ¢ > 0 such that ¢ < H. Denote ¢ := b_l(%a(s)). Then in view of inequal-
ities (2.3) we have

inf V(t,p)=a(e), sup V(t,p)<b()= %a(s). (4.5)
llvll=e vl <é
Let us show that each trajectory w(ty, ¢) = mi(tl,lﬁ,):) of Egs. (4.1) satisfies [ju]| <&

for ¢t > #; where #, is sufficiently large and ||y|| = £. Suppose not: there is a system of
functional differential Eqs. (4.1), satisfying the above conditions, which has a solution

w(t1, @), (4.6)

satisfying conditions w,, = @, |ju, || =&, ||u,| =& We also assume that the trajectory
(4.6) satisfies

ful =&l <

for t € [t,1;]. Let us divide the segment [f1,#,] into p equal segments of length t by
the points Oy =t +kt (k=1,2,..., p—1);00=t;, 0,=t,. On the kth segment [0y, Or41]
we denote zg, = w(0; + 0,11,9) —h <0 <0 (ie. zg, = wy, ). We designate z;,,, an
element of the trajectory z(0y,zy, ) of equations (1.1) corresponding to the time moment
Oraq, e 20,4, =z(0r1 + 0, 91{,29,() —-h<60<0.

Let us consider

AV =V (ty,wy,) — V(t1,wy,)

p—1
= [V(Ors1,wo,.,) — V(O we, )]
=0
p—1
= {[V(0rs1,20,,,) — V(Or,2z0.)] + [V (Os1, we,,,)
=0

—V(Qk_H,ZOkH )] + [V(Gkazok) - V(Hk’WOk)]}'
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Note that V(0i,zp,) — V(Or, wp,) = 0, because zg, = wg,. We assume that £, > ¢, =
t.(¢), where the value ¢, will be given below. We suppose #. > ) + 24. Under above
assumptions, x;(¢1, @) and u,(t;, @) satisfy Lipschitz conditions in ¢ with constants L;
and L,, respectively [24], where L; and L, do not depend on corresponding solutions
and depend only on constants which estimate Z;(¢, @), Zi(t, @)+Ri(t, ) when 1 <i < n,

tER,, e Cy.
Notice if
p—1
S =Y [V(Oci1.20,,,) — V(0k.20,)]
k=0
and if
p—1
S = [V(Ocsrwo.,) — V(Oks1.20,,,)]-
k=0
then
Pl Oy dv
Ji < Z/ 5| dr< = e (4.7
=0 0k t (1.1)
and
p—1
ol <D IV (Okpr.w, ) = V(Oiirozo,.,)l. (4.8)
k=0
Hence

|V(6k+1> WO, ) - V(0k+1320k+1 )‘

< LHuok-l = Xl ” =L sup |u5)k+1 _xék+1 . (49)
1<i<n

Thus

O s1 Or+1
ug/(+[ _XIG/(+1 = ‘/0 [X(tawt) _)([(t,Z[)] dt—'_ /0 Ri(tswf)dty 1 < l < n
k k

implying

Okt
|ug, ., — Xp,..,| </H \Xi(t,wy) — Xi(t,z,)| dt +
k

Ok
/ Ri(ty we, ) dr
Ok

Ory1
+/ |R:(t,w;) — Ri(t,wy, )| dt. (4.10)
Ok

Now

[Xi(t, w) — Xi(t,z)| < L||u, — x/|| S L(Ly + Ly)t  for  Of <t <04y
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implies

Ok11
/ Xt — Xit,z0) dt < L(Ly + Lo), @.11)
Ok

Similarly,
9k+1 9k+1 5
/ IR, w,) — Ri(t, wo, )| dt < L/ we — wo, || de < LL>72,
Hk Hk

1<i<n (4.12)

Since limit relations (4.4) hold uniformly in 7 > 0, ¢ € Cy, then there exists a positive
monotonically decreasing function f : R, — R, such that

t+7
/ Ri(s, @) ds
t

whence we get the estimate

Or+1
/ Ri(ta W0k ) dt

Ok

Jlim (1) =0, <B) (peCy, 1<i<n),

< P0r) < B(t).

Estimates (4.7)—(4.12) imply
AV < = pe(E)t+ pLIL(Ly + Lo)T + LLyT + B(1)]
= p {3+ [L2(Li +2L2)7 — § (&) + LB} -
Choose 1 satisfying
7 — 201+ 7 <0, (4.13)

where

. c($)
ALy +2Ly)

This inequality is correct if 7 € (1, 1;) where 1} =0 — \/0(27—/, =0+ /o2 —7y. We

suppose the value 7, to be so large that inequality
)

16L3(Ly + 2Ly)

B(z)

) t* = —_—
1= = T o)

p(t.) < (4.14)

holds. This guarantees the validity of the relations o> —9>0, 75 >1; >0. Let us
show that there exists a natural number p and t & (71,72) such that the inequality

p"[:tz—tl (415)
is valid. Inequalities 7; < 7 < 1, and (4.15) imply

Hh—1t Hh—1t

2 s p>2 1 (4.16)

T1 T2
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The existence of a natural number p satisfying inequalities (4.16) is guaranteed by the
inequality

h — 4 h — 1
T1 T2

> 1. (4.17)

Let At be a lower bound of the differences #, — #; such that [ju,, || = &(¢), |lu,| =¢. It
is clear that At = A#(¢) > 0. Inequality (4.17) is valid if

Attt =y > L. (4.18)
It is easy to see that (4.18) is valid for

y <y =2 [\/(At)“ . (At)ﬂ .

Note that y; depends only on ¢ because At and o depend only on ¢ as well as constants
L,Ly,L,, and do not depend on a trajectory. Thus, if ¢, satisfies (4.14) and inequality
te = BNI(Ly + 2Ly)71(¢)), then AV < — %c(g’)(tz — t1). This contradicts (4.5) and
implies that there do not exist #,# (£, > #; = t.(¢)) such that |ju, || = &(e), ||lunl =¢
for (4.1).

Each solution w(#y, ¢) of functional differential equations (4.1) depends continuously
on initial conditions. Consequently, in view of assumption (4.2), there is a 6 > 0 such
that for all # €[0,%.], @ € Cs we have ||lu;, (¢, ¢)|| < &. Since ¢ and ¢, depend only on
¢, then ¢ also depends only on &. This proves that M is uniformly stable for (4.1). Now
let us show that M is uniformly asymptotically stable. Let ¢ be any fixed positive num-
ber (¢ < H). We have proved there exists #(g) > 0 such that each trajectory w(#y, @)
of system (4.1) satisfying the initial condition ||u,|| < #, satisfies inequality ||u|| < ¢
for all £ > #yp > 0. Let us show that for every p > 0 (p < g) there is a ¢ =d(p) >0
such that the inequality ||u(f,@)|| < p holds for arbitrary to € R, € C),t = 1ty + 0.

Let 0 < p < ¢; we have proved there exists d =d(p) > 0 such that uy, € Cs implies
u, € C, for every t > Ty = 0. Let us estimate the time for which the element of the
trajectory w;, will lie in the domain C, \ Cs.

Similarly to the above, one can show that

AV =V (t,w) = V(Ti,wr,) < — %c(é)(l—Tl) (4.19)
for ¢t > Ty, where T depends only on d(p), i.e. Ty =Ti(p). Then for ¢t > T inequality
(4.19) implies
2AV(Tiwr) = Vew)] _ o VTiwr) _ (o) _

c(9) c(9) c(6(p))
Setting a(p)=T1(p) + T>(p), we obtain that the inequality ||u,(%,¢)|| < p is valid for
all hyeR,, peCy, t = ty+ . Hence the invariant set M of system (4.1) is uniformly

asymptotically stable, and its domain of attraction contains C,. This completes the
proof of Theorem 4.1.

t—T <

Ta(p).
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Example 4.1. Consider two systems of functional differential equations with delay:

d);(tt) — —a(t)x(t) + b )x(t — 2), (4.20)
dy(t)
—q =@y (4.21)
and
d);(tt) = —a(t)x(t) + b(t)x(t — 2) + sin > sinx(¢)cos(t — 1), (4.22)
d
DO )+ gt (4.23)
where
Iif re | 2k 2k + 1],
a(t) = keN
0 otherwise,
1if re | ) [8k + 2,8k + 3],
b(t) = keN

0 otherwise.

Here f and g are functionals for which there exist continuous solutions of equations
(4.21), (4.23) such that for any # € Ry,A€R, and some H we have that y, (t,1) =
A ||x:|| < H for t = ty. These systems have the positive invariant set

x, = 0. (4.24)

Hatvani [18] showed that (4.24) is a uniformly asymptotically stable set of system
(4.20), (4.21). Since lim,_, fttﬂ sin 2 =0 uniformly in 7 > 0, then, by Theorem 4.1,
the positive invariant set (4.24) is also uniformly asymptotically stable set of system
(4.22), (4.23).

5. Concluding remark—causal operators

Some natural questions to ask are: Can we extend our work to the infinite delay case,
or to the case of integral equations or to integro differential equations? To answer these
questions we will consider the general case of causal operators (see [10]) which include
the above cases. We will analyze the theory and stability properties of causal operators
presented in [10] and try to extend this to the cases mentioned above. We are presently
investigating this.
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