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Abstract. We study energy solutions of a Cauchy problem for the p-Laplace
evolution equation with nonlinear gradient absorption and nonnegative compactly
supported initial data. We obtain the sufficient local asymptotic conditions on
initial data that imply the backward motion and waiting time phenomena.

1. Introduction

We consider the qualitative properties of nonnegative solutions of the Cauchy
problem for the viscous Hamilton-Jacoby equation:

up — div (|[Vul[P7*Vu) + [Vul|? = 0 in Qr, (1)

u(0,z) = ug(z), =€ RV, (2)

where Qr = (0,7) x RN, T > 0, N > 3, and uy € L*(R") is a com-
pactly supported non-negative function. That kind of equations appear as
the viscosity approximation to the first order partial differential equations
of Hamilton-Jacoby type, in different physical settings.

From here on we assume that

p>2and q>0. (3)

The case of p > 2 corresponds to the slow p-Laplacian diffusion. It is well-
known that the behaviour of solution to problem (1), (2) strongly depends on
the value of the parameter ¢ > 0. The non-negative and integrable solution
to the Hamilton-Jacoby equations with the standard linear diffusion was
investigated by many authors (see, for example, [10] and references therein).
In the special case p = 2, the problem (1), (2) was extensively studied (in
detail, see [6,16]).

The long-time behaviour of solution for the evolution equation (1) with
nonlinear diffusion and gradient absorption was studied in [17] where the
infinite waiting time was proven for 1 < ¢ < p — 1. In this situation the
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effect of localization arises thanks to the influence of the Hamilton-Jacoby
term |Vu|?. When the parameter 0 < ¢ < 1 then the nonlinear absorption
term becomes dominant and diffusion plays a secondary role for the large
times. It looks natural to expect a singular phenomena like the finite time
extinction for 0 < ¢ < 1 (see [4,9]).

The main goal of this paper is to analyse the long-time behaviour of a
non-negative weak solution to the problem (1), (2) for all ¢ > 0 in terms
of the local asymptotic of initial data. In comparison with works [3,4,9,
17] our result are more general. In particular, we obtain the waiting time
phenomenon (briefly WTP) for every ¢ > 0, and not just in the super-linear
range 1 < ¢ < p — 1. This means that for some (finite or infinite) time the
solution’s support locally does not expand, or shrink, or both, at a point y of
its boundary. In most cases, the reason for the WTP come as a consequence
of initial data being sufficiently flat in a neighborhood of y. Moreover, in the
case 0 < ¢ < 1 we show the backward motion phenomenon (briefly BMP),
and not just the finite time extinction (see, e.g. [5,12]). This means that
from some time the solution’s support locally shrinks at the point y, and
the reason for the BMP is the flatness of initial data in a neighborhood of
y too. These phenomena were studied for the p-Laplace evolution equation
and other degenerate parabolic equations in works [2,8,11,14,15,20-23] etc.
We reference the reader to the work [11] for more detailed discussion about
these phenomena for the doubly nonlinear degenerate parabolic equation
with nonlinear (non-gradient) absorption.

The paper is organized as follows. In Section 2 the assumptions and
main results are formulated. It turns out, that the appearance of WTP
and BMP depends strongly on the local flatness conditions of initial data,
i.e. the stronger flatness of initial data the stronger influence of gradient
absorption term. For example, if 0 < ¢ < p — 1 then the WTP is possible
for all times (see Theorem 1), For 0 < ¢ < 1 the BMP appears under the
additional restriction on the initial data (see Theorem 2). Some auxiliary
integral estimates are shown in Section 3. The main results are proved in
Sections 4,5. In Section 4, we show the finite WTP for ¢ > p — 1 and
the infinite WTP for 0 < ¢ < p — 1 to problem (1), (2). In Section 5, we
obtain the BMP for 0 < ¢ < 1 that implies the finite time extinction. The
Appendix A contains the proofs of several technical lemmas. Some auxiliary
results from functional analysis are placed in Appendix B.

2. Main results

We define a weak solution for the problem (1), (2) in the sense of [1].

Definition 1. A nonnegative function u is a weak solution of the problem
(1), (2) if
+1
(i) w € C0,T; L2(RY)), [Vul?,|Vu' |? € L'(Qr);
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(it) the following identity holds
1 1
= / u?(t, ) p(t, x) do — = // u?(t, ) ¢y (t, ) da dt
2 RN 2 T

// |Vu\P¢dxdt+ // \Vu'T g |qq5dxdt

—// |Vu|P2Vuu Ve drdt = 5/ ud(z) ¢(0,z) d (4)
T RN
for every function ¢ € CH(Qr);
(#it) the function u attains the initial data in the following sense
u(t, ) — ug in L*(RN) ast — 0
where the compactly supported function ug € L?(RY).

It is worth to mention that the definition above is different from the one
introduced in [17] for weak viscosity solutions.
Now we formulate some auxiliary definitions. For z,y € RN let

.T/ = (ZEl, e ,Ii_l,llfi+1, e ,SCN), y/ = (yl, e 7yi—17yi+17~ . .,yN).
For every s € R!, i=1,..., N, let us denote by
QW(s):={z e RN :a; > y; +d(s + |2/ —y/]), y € d{suppuo}}  (5)

a cone with vertex at y € RV, opening angle d = d(y) > 0, and symmetry
axis parallel to the z;-axis. Let u be an arbitrary weak solution to (1), (2)
in the sense of Definition 1. Using (5), we define the function I"¥)(t) as

I'W(t) ;= inf{s € R* : suppu(t,-) N W (s) = 0} (6)
for every y € RN, t € RT. At the point y = 0 we define
I(t) .= rOw).

Our main goal is to study the dependence between the evolution of
support of a weak energy solution v and the local asymptotic of initial data
ug. We suppose that ug satisfies the following conditions:

ug(x) =0, (7)
meas{ 2" (s) Nsuppuo} =0 Yy € d{suppug}, s > 0. (8)

We study the properties of solutions of problem (1), (2) under some
extra restriction on flatness of initial function ug in a neighborhood of the
boundary support. We formulate this assumption in terms of the function
h(()y)(s):

W)= [ ) de (9)
NW (s)

for an arbitrary point y € d{suppug} and for every y € RV.



4 Yu.V. Namlyeyeva, R.M. Taranets

Remark 1. It follows from (9) and (8), that h(()y)(s) is a nonincreasing non-
negative continuous function satisfying the following property:

h(s)=0 Vs>0, yeo{suppuo}. (10)

Let us assume that the function h(()y)(s) satisfies the flatness conditions.
Hence, for every s: sg < s < 0 and p > 2, one of the following estimates

2p

h9(s) < x ()N 57 for ¢ > 0 (11)

q a—p N(p-1
h(()y)(s) <x (_S)N+w for ¢ > ¢, := max{la ]E,I)JFQ)} (12)

he (s) < x (=N for 0< g <p—1; (13)

holds true for some positive constant x.
In this paper, we prove the infinite WTP if the condition (13) is satisfied
and the finite WTP if one of the conditions (11), (12) is valid.

Remark 2. Note, that the convexity of the support is not required as the
conditions (11)—(13) are local at y.
Let us proceed with the formulation of sufficient condition for the WTP.

Theorem 1. Assume that the initial data ug satisfies the conditions (7),
(8), the point y € d{suppuo} and the function h(()y)(s) satisfies the condition
(10) and one of the flatness conditions (11)—(13).

Then for an arbitrary weak solution w of problem (1), (2) there exists
the time T* = T*(x) > 0 depending on the known parameters only such
that

suppu(t, )N RW0) =0 V0 <t <T*, (14)

where x is the constant from the flatness conditions. Note, that T* — +oo
as x — 0.

Moreover, if 0 < g < p—1 and there exists a constant k1 > 0 depending
on the known parameters only (see (54)), such that the constant x of the
flatness condition (13) satisfies the following inequality

X < Ki1. (15)
Then the property (14) holds for all t > 0.

Remark 3. We do not give the proof of the finite WTP. This phenomenon
follows from [8, Theorem 2.1] applied with (w,p,q, s,l, k) = (u,p,2,p,1,1)

pq

_ o, 2q
fOYq >O7 and (w7paQaS7l7k) - (u a ’q’m’ﬁ’

1,1) for ¢ > g, directly.

Now we illustrate the conditions of Theorem 1 for 0 < ¢t < T™* and
stronger regularity of initial data.
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Ezample 1. Let the initial function ug € C(RY) satisfies one of the following
properties:
1) if 0 < ¢ < 1 then we require that
P

sup  wug(x) < x(—s)p=a-1;
zeRW) (s)

2) ifg.<qg<qg :=p-— NL—H then we require that
2g+ N (a—pt1)
sup  wug(z) < x(—s) BEIC=)
€W (s)

3) ifg>q*, p>2o0rl1<qg<gq., p> % then we require that

sup ug(7) < x ()77
€W (s)
The requirements 1) — 3) will imply the flatness conditions (11)—(13) and
hence guarantee the WTP, i.e. the property (14) for solutions of problem

(1), (2).

Under the proposed conditions on the parameters p and ¢, the influence
of the diffusive term in equation (1) is more stronger than nonlinear absorp-
tion term for the large times for p > 2 and ¢ > 1. On the other hand, the
nonlinear absorption term dominates in the case 0 < ¢ < 1. The upper and
lower bounds on the waiting time for the solution to the Cauchy problem for
doubly nonlinear parabolic equations were found in [8,13,20,21], and they
coincide with our result for the case 3) when the diffusive term dominates,
ie.forg>qg", p>2o0r1<qg<gqs, p> %

Now we formulate the main result of the present paper about the suffi-
cient condition of backward motion. Let us denote by « the following con-
stant:

2p
p—q—1
which is the critical exponent from the right-hand side of estimate (13). Let

v:=N + (16)

H{Y) (s) be a majorant of function h{*(s), which satisfies condition (13) for
all s: 59 <s<0,i.e.

0 < g (s) < Hi" (s) < x(~5)". (17)
Moreover, the following condition of the qualified monotonicity:
HY (s+ K (HY (s))7) > kHY (s) Vs € R, (18)

holds true for some constants 1 < K < oo and 0 < k£ < 1 depending on the
known parameters only, and ~ defined by (16).
Let us denote by f the following auxiliary function

fs) = [s|*H(HSY ()", (19)
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where
_ W+ Np-2 ___ p1-q)
2p+N(p—q—1)’ 2p+N(p—-q—1)

pi=

This function characterizes the speed of backward motion.

The nonlinear absorption becomes strongly dominant when the parame-
ter ¢ € (0,1). In this case, the solution of the problem (1), (2) is not Lipschitz
continuous. It gives the grounds to expect the singular phenomena such as
the finite time extinction. The next theorem describes the condition for the
BMP.

Theorem 2. Assume that for
0<qg<1 (20)

the initial function ug satisfies conditions (7) and (8), the pointy € d{suppuo},
and the majorant function Héy)(s) satisfies flatness condition (17). Let also
for the constant x from the flatness condition (17) the following inequality

X < Ka. (21)

be wvalid.
Then there exists a constant ko (see (67)): 0 < ky < k1 depending on
¢, p, N and ||luol|L2m~y only, such that for T'W(t) the following estimate

') <o (22)

is true for all t > 0.

Moreover, there exist positive constants k3 and k4 depending on N, p, q,
lluoll2(r~y only, such that the following estimate of the shrinking speed of
support holds

—TW(t) > k3 f L (kat) V>0, (23)

where f=1(-) is the inverse function of f(-) defined by (19).

Remark 4. For compactly supported initial data ug the finite time extinction
follows immediately from the estimate (23).

Remark 5. From the definitions x; and ko are defined by (54) and (67)
accordingly, there is an initial function ug such that x; = k. Hence the
condition (15) for the infinite WTP and the condition (21) for the BMP
coincide.

The next theorem describes the behaviour of a weak energy solution to
the problem (1), (2) with an initial functions decreasing at infinity.
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Theorem 3. Under the hypotheses of Theorem 2, let the majorant Héy)(s)
satisfy the flatness condition (17) and

H(gy)(s) < H = const < +00 Vs < 0. (24)
Then there exists a constant ks > 0 such that the following estimate
B (25)
is valid for all t > 0.
We proceed with examples to illustrate the case of the BMP under dif-
ferent kind of flatness conditions for the function (9). For the critical growth
of the initial data, the Example 2 explains the maximum asymptotic speed

of backward motion at large times.

Ezample 2. Let there exists a constant Hgo) :0< Hgo) < kg, such that the
following inequality

sy <k HM(s) Vs <o, (26)

holds for H(()O)(s) := (—s)7, where the constant ~ is the critical exponent
defined by (16). Then, in virtue of (23), we have

iy al(7) (t) > H6t’61 ,

(p—q—1)(2p+N(p—gq—1))
(p—q—1)(2p+N(p—2))+p(N+2)(1

where kg = K3 (Iiéo))_g(ﬁ4)ﬂ17 pr = —q) <1

The next example illustrates the asymptotic behaviour of the solution to
the problem (1), (2) for the case of subcritical growth of the initial function.

FEzxample 3. Let there exists /—@él) 0 < ngl) < kg, such that the following
inequality

héy)(s) < ﬁél)Hél)(s) Vs <0, (27)
holds for Hél)(s) = mgl)(—s)’?, 4 > =, where the constant + is the critical
exponent defined by (16). Then from (13) we obtain

iy al(7) (t) > Iﬂ;7tﬁ2 ,

- -1
where k7 = Hg(liél))fo(m)ﬁ% Bo = (é + (W_JJi%zpq,)(qp:lq)_l)) < b1
The following example illustrates the case of slow decreasing of the solu-
tion to the problem (1), (2) under the logarithmic correction in the flatness
condition for the initial function.
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Example 4. Let there exists /<552) 0 < ng) < Ko, such that the following

inequality
W (s) < kS HP (5) Vs <0, (28)

is valid for HéQ)(s) = (=s)7|In(—s)|?, ¥ € R', where the constant 7 is
defined by (16). Then, in virtue of (13), we find

_F(y) (t) > Hgtm | In (H4 t)|*’l90’ﬁl’
where f(s) = (k5)7 (=) | In (—5)|7?, kg = 5 (1 + [0])(k$) 7 (r4) 1.

Notation. From here on by C,Cj,c;,¢; we denote generic constants that
depend on N, p, q only.

3. Preliminary integral estimates

Below, without loss of generality, we suppose that y = 0 and ¢ = 1 in (5).
Let us denote by hg(s) the following function

We define the families of sets:
2(s) == 20(s), QP (s) := (t1,t2) x 2(s), K(s,0) := 02(s)\ 2(s +9),

Kff(s,é) = (t1,t2) X K(s,0), Qr(s) := Qg(s), Kr(s,0) := K()T(s,§). (29)

Further, we use the family of basic cut-off functions ¢, 5 € C?(R"Y) from
[22,23], which possess the following properties:

0< pss(z) <1Vae RN, supp s s(z) C £2(s),
0 Vo),
Ps0(7) = {1 Va € 2(s +0),
é

c
|V§05,5| S S, |A¢s,5| S (52

Ve K(s,o), (30)

with the positive constant c.

Now let u be an arbitrary weak solution to (1), (2) in the sense of
Definition 1. For every s € R, § >0, h>0,T>0,and 7, w: 0 <w < 7 <
T we introduce the energy functionals related to this solution:

Er(s,7):= //5 " uPdxdt, Ep(s):=Erp(s,T); (31)

T h
Hr(s,7,h) ::/ (/ u? dx) dt,
T—1 2(s)

Hr(s,7):=Hr(s,7,1), Hr(s):=Hr(s,T,1); (32)
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Rr(s,6,T,w) =8 PEr(s,7) +w "Hr (s, T); (33)
MT(Sa 5, T, W) = 57;0571(5’ T) + wilHT—7+w (57 w); (34)
Pr(s,0) :=0"PEr(s) + ho(s). (35)

For every s € R', § > 0, T > 0, let us denote by

1
Lr(s+9):= sup / u?(t,z) de + — // u? da dt
t€(0,T) J Q2(s+96) T Qr(s+96)

+// |Vu|pda:dt+cl// Vo [T dedt,  (36)
7 (s+6) Qr(s+6)

q

s} )q and wu is an arbitrary weak solution of the

where the constant ¢; = 2(
problem (1), (2).
Further, we prove the following preliminary lemmas.

Lemma 1. Assume that condition (3) is satisfied. Then there exists a pos-
itive constant co such that the following estimate

Lr(s+0) < coaPr(s,9) (37)
is valid for all s € R, 6 >0, T > 0.
Proof. Testing integral identity (4) by
d(z,t) = pss(z)exp (—t-T7') VT >0

and making the simple transformations, we come to the following inequality

Loty se [ [ vwparas S [ [ wdsdieols), 39)
K1 (s,8) oP Kr(s,8)

where s € R, § > 0, T > 0. Choosing ¢ > 0 sufficiently small, e.g. ¢
= 27177 and iterating inequality (38), we obtain (37) for c; = max{e,

—1)P~1(2ee)P
(» 22,,)2;,, ) }

Lemma 2. Assume that condition (3) is satisfied. Let u be an arbitrary
weak solution of the problem (1), (2). Then there exists a positive constant
cs such that the following estimate

sup / uQ(t,x)dx—&—// ’Vu|pdxdt
t€(0,T) J 2(s+6) T (s496)

+e // |quqj |q dz dt < esMrp(s,0,T,w) (39)
z_(s+6)

is valid for alls € R, § >0, and 1, w: 0 <w <71 < T.
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Proof. Let us define by v € C'(R!) the cut-off function with the following
properties:

0 fort<T—-—7T—w,
w0 ={7 "Rl vsunst viso

5 VO<w<7<T, T>1+w. (40)
The function ¢, s(x) is defined by (30). Substituting the function ¢(z,t) =
©s,6(2)Y(t) into the integral identity (4), after simple transformations we
obtain (39) for c3 = max{c, %}.

Lemma 3. Let Hr(s, 7, h) be the function defined by (32). Then there exists
a positive constant c4 such that the following inequality

Hr(s+ 6,7 —w,he) < cg Hr(s,7,hy) M?«“’_hl (s,6,T,w) (41)

holds for all s € RY, § >0, T,w:0<w <7 <T, and hy, hy : 0 < h; <
hy < 0.

Proof. We introduce the following auxiliary function:

(1) = / ( /Q ( )u2gos,5<x>w<e—w>dx) d,

where the functions ¢, s and ¢ are defined by (30) and (40) accordingly. In
view of the Fubini theorem, the relation

Y= [ [ ()u%s,a(x)w(t—w)c‘ftxh(t)dxdt

is valid. Let us define the function Hr (s, 7, h) by Hr(s,7,h) = X, (T) for
alls € R, h:0< h <o0,and 7:0 < 7 < T. Substituting the function
o(t,x) = s,6(x)Y(t — w)X(t) into (4) and using simple transformations,
we obtain the following recursive estimate:

7'~{T(s,7',h +1) < C’}:[T(s,7', h) Mr(s,é,7,w) Vh > 0.
Iterating this inequality, we find
Hr(s, 7, h) < CHrp(s,7,h — €) Mb(s,0,7,w) Vh > {, £ € N,
whence, due to the Holder inequality, it follows the relation:
Hr(s, 7, hy) < CHrp(s,T, hl)./\/léﬂz_hl(s,& T,w) Yhy > hy > 0.
It is also easy to see that
Hr(s+ 6,7 —w,h) < Hp(s,7,h) < Hrp(s, 7, h).

Hence, taking into account the previous inequality, we obtain the estimate
(41).
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4. Waiting time phenomenon

In this section, we find the condition on local behaviour of the initial data
which results into the infinite WTP for weak solutions of the problem (1),
(2).

First we obtain an additional estimate for the functional Er(s) from
(31).

Lemma 4. Assume that conditions (3) are satisfied. Then there exists the
positive constant cs depending on the known parameters only, such that the
following estimate

Er(s+0) < es Mo (T) P30 (s5,8) if 0<qg<p—1 (42)

Ho
is true for alls € R*, § >0, and T > 0, where c5 = wy , wN s the volume

of the unit ball in RN, and

2pq ko= PP—2=1)
2p+Np-—q-1)

Mo = )

2p+N(p—q—1)
Proof. Proof of Lemma 4 is based on the auxiliary Lemma 1. It is of a
technical character and is given in Appendix A.

Now we are ready to prove the Theorem 1.

Proof (Proof of Theorem 1). For ¢ > 0 the finite speed of propagation for the
support of the solution follows, for example, from [19] where the equation
without absorption was analyzed. Because the absorption can only reduce
the speed of propagation the same proof is applicable. Our main interest is
the case 0 < ¢ <p— 1.

By Lemma 4, for every s € R!, § > 0 we obtain the following estimate
for the function Er(s):

En(s +06) < co(I" (T)5 PIHIELH(s) 1+ P(TIRER () (43)
if 0 < q<p—1and cg = 2"cs. First, we introduce the notation

1
p(1+kg)

S (s) == [2 c6 710 (T) EX (s)
Setting 6 = dr(s) in (43), we have

1
Er(s+0r(s)) < 5871(5) + cg MO (TYhETRo(s) for 0 < g < p— 1.

ko

PR < 1 and

Taking both sides of the above inequality to the power
multiplying them by (2 cg I'*0(T)) PR) , we obtain

JT(S + 5'1“(8)) S 6(5T($) + fT(S) Vse Rl, (44)
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___ko
where 0 < £ = 2" »(+k0) < 1. Here
ko

Fr(s) = 071—’%0(71)}7,07(5) for0<g<p—1,

where ¢; = (QﬁCG)%.

We set s = =26, § = s’ > 0 in (43) and pass to the limit as ' — oo.
Using the boundedness of functions Er(s) and ho(s), in view of (43), we
deduce

Er(—00) < eI (TYh§T™ 0 (—o0). (45)
Hence, there exists s; € (—00,0) such that

o7 (s) < cgFr(s) Vs < s1 <0, (46)

where the constant cg > 1.

Below, we show the simple corollary from functional inequality (44) re-
lated to the boundedness of the function I'(t). In view of (10), we find from
(44) that

or(s+6r(s)) <edp(s) Vs>0, 0<e<1. (47)

Taking into account property (47), we apply Lemma B.3 of Appendix B to
the function dr(s) for s > 0 and derive
1

5T(S)EOVSZ 1—-

o7(0). (48)
Now, from monotonicity of the function r(s) we have
ET(O) < ST(—OO).

Then from the definition of d7(s) and inequality (45) we deduce

ko

57(0) < coI ¥ (T) he? (—o0), (49)

1 1
where the constant cg = 270+*0)¢f. The upper estimate of the support

boundary
1 Co Ho -
T < <
(7)< 1—55T(0)_ 1-¢

follows from (49). Hence, I'(T) satisfies

ko
Cg L o=
) P R (—o0).

I(T) < (

Then, using the definition (9), and ko, po, we obtain the following estimate:

I'(T) < e1olp, (50)

D
were ci1g = (f—fs) p=ro > (), and

EO 2 p714\1771 1
Iy = luol Lol = lho | 28, ¥ 7. (51)
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Remark 6. The estimate (50) is also valid for I'®)(¢) in the sense that
I (t) < 10l for all t > 0 and y € d{suppug}. (52)

Now we proceed with the proof of the Theorem 1. For 0 < ¢ < p—1
from estimate (50) and the definition of Fr(s) we deduce

ko

Fr(s) < eolcrolo) # x 7 (—8) < enr(—s) (53)

for all s < 0,0 < x < (011 cg_l(clofo)f%o)%. Next, we apply Lemma B.4
from Appendix B to the functions d7(s). Indeed, the condition (a) from
Lemma B.4 is valid for f(s) := dr(s), g(s) = Fr(s), v := ¢, due to
the inequality (44). The inequality (53) guarantees the validation of the
condition (b) for dy := ¢11. The condition (c) of the Lemma B.4 follows from
the inequality (46) for ds := cg > (1 — &)~ L. Let us choose the constant cq;
such that

e <cgt(l—e—cgh).

Then we have
or(s)=0Vs>0, T >0.

Taking into account ¢1; < (1 — ¢)?, we derive
ko (p—1g)—p(1+k2) kg p(2p—pq)
1 (1— 5)2 s (2 PRI Zp =) (2P(T+k0) — 1)) 10 (P—10)
k1= ( )“0 = N . (54)
C11lo C9

—_— D
(Wi [[uoll 2 vy T

This completes the proof of Theorem 1.

5. Backward motion phenomenon

In this section, we find the local behaviour asymptotic condition on the
initial data which results into the BMP. Let us denote by

Dr(s,7) := (|s|Lg) M €47 (s.7) + (s 15) 2 Hp ™ (s, 7)
an energy functional, where s € R!, 7: 0 <7 < T, and
Ay = (1= p)(I+ko), A2 :=0(1+0), A:= A1 + As.
Define ¢(s) as
9(s) = (sl + |sI) Tg* (H" ()", 6= (14 ko) (1 + o).
Further, we formulate some auxiliary results connected with estimates of

the energy functionals Er(s,7), Hr(s,7), Er(s), and Dr(s,T). The proofs
of these lemmas can be found in the Appendix A.
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Lemma 5. Assume that condition (3) is satisfied. Then there exist positive
constants c12, c13 such that the following estimates

Er(s+ 06,7 —w) < ez (s )2 Mz (s,8,7,w), (55)
Hr(s+ 6,7 —w) < ci3 (]3] Foq)l_“ M1T+”(s,5, T, w) (56)

are valid for all s € R, § >0, and 7, w : 0 < w < 7 < T, where I} is
defined by (51), and

2p Mo N(1—-q)

0= = y M= ’
2p+N(p—q—1) ¢ 2p+N(p—q—1)

N € k')
" 2p+Np-q-1)

(57)

Lemma 6. There exists a positive constant c14 such that the following es-
timate

Er(s) < eraTto(H (s))HFo Vs <0, T>0 (58)
holds.

Lemma 7. There exists a positive constant ci5 such that the following es-
timate

Dr(s,T) < ec159(s) (59)

is valid for every s < 0.

Proof (Proof of Theorem 2).

We take both sides of the inequalities (55) and (56) to the powers 1+ ¢
and 1+ ko accordingly, and multiply them by |s|I{ with powers A; and A
respectively. Summing the obtained inequalities and using (39), we obtain
the estimate

Dr(s+ 6,7 —w) < 16 (|| THAME (5,6, 7,w)

<enr (<sF3>A25-PﬁD;+’“O (s,7) + <|s|r3>f‘1w-%;+"<sm>) (60)

for all s € RY, § > 0,and 7,w : 0 < w < 7 < T, where ¢;6 = c137 +
g™, cir = 2071er, B= (1+ ko)(1+ o).

Remark 7. Let 0 < ¢ < p— 1. If s > 0 then, due to (14), u(t,z) = 0 for all
(t,z) € RT x 2W(s). Hence, we can consider the inequality (60) for s < 0
only.
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First, we introduce the notations

m"“

or(s,) = [2e17 (|s|I5) "2 D5 (s, 7)] 77,

1
wr(s,7) = [2c17 (|s| T2 DY (s, ]?.

Setting 6 = dr(s,7) and w = wr(s, 7), we have the following main functional
inequality

1
Dr(s+eis (sIT5)" DF (s,7), 7=cro (Is|1) 2D (s,7)) < 5Dr(s,7) (61)

for all s < 0, T < 117 where c18 = (2017)ﬁ, Cl9 = (2617)%, and

_A_ o ko M _l-op 0
%'_pﬂ_p(1+ko)7m'_pﬁ7 Y2 = 3 T 11 P2-—6-

Let s(, be an arbitrary negative number such that sf < s < 0, where sq is
from (17). Further, we will consider the estimate (61) for all s : s{, < s < 0.

Next, we apply Lemma B.5 from the Appendix B to f(s,7) := Dr(s, 1),
ki = as(I)", ke == cro(Ig)"2, v = %, oy = v, ay = Y, B =
p1, B2 := po, and 75 = T. Due to Lemma B.5, from (61) it follows that
for sg € [s(,0) and 79 = T' the following equality

Dr(s,7) =0 (62)
holds

c182”1 PP TY< s<0
voye [ 0 QTR D <0 <o)
T —7 = 5= (|s0lL5) D7 (s0,T)

2021
Using (59), we derive

9\ 71 oP1
DT(S,T)EOV(s,T)e{ so ¥ caollsollp)™'9 (SO)SKO’}, (63)

T —7 > ca(lsoll5)"9"*(s0)

c18(2¢15)”1

2¢15)P2 . .
where ¢ = 9575 —, o1 = “"2€,+"1) Further, without loss of generality,

we suppose that —1 < sg < 0. Then, due to (17), we find
50+ c20(]s0[ 1) g”* (s0)
< 50 +0201"6’('““1/1)(|so|71+"“‘1 + ‘SO|’YI+P1A)(H(()O)(SO))B/JI < 81(s0),
e21(Js0lTg) 297 (s0) < easTg 7 (|sol =02 4 s+ F724) (H (50)) P2

S 52(50)3

where
k
81(5) = (1 - CQQFOq(’Yl—HhA)X?O)S = C(X)S, Coo = QPICQO,

Sa(s) 1= coaly TP |s[ e (H® ()52 cog = 272 n1.
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Now, for C(x) we impose the additional restriction C(x) > 0. Note, C(x) — 1
as x — 0. Then y from (17) has to satisfy the following condition

X < Ro 1= (0221'161(%4#71/1))_%. (64)
Choosing in (63) s > S1(so) and T — 7 > Sa(sp), we deduce
Dr(s,7) =0V (s,7) € {s>C(x)s0, T —7>Sa2(s0)}- (65)

As Sy(-) is a monotone function then there exists an inverse function Sy *(-).
Hence, from T — 7 > Sy(sg) we find that so < S; ' (T — 7). Thus, choosing
5> C(x)Sy (T —7) in (65), we obtain

Dr(s,7) =0V (s,7) € {s>C(x)S; (T —7), T —7>S5(s0)}. (66)

From (66), taking into account that

Bp2 =0, 2+ MAip2=1—p, 2o+ App=1—p » Ho = 40

oo
+ 1+ ko
we find the estimate (23) for k3 = C(x) and k4 = (023]“3(7#’)2/1))’1. More-
over, x satisfies condition (21) with ks = min{k1, &1, k2 }, where &; is from
(A.23), ko is from (64), and k; is defined by (54). Hence

_Bo ako(1—p) »
Ko :=min{ry, [j “° (max{2,coaly *"*7 }) %0} =

: B _p(+o)
=min{x,27 "I}, "} for Iy < (2/022) arolt=n)

Ho _ g(1—p) p(1+0o)

= min{k1,cyy Ty © 7 } for Iy > (2/cgg) oT= (67)

This completes the proof.

The proof of Theorem 3 is similar to the one of Theorem 2 right up to
(62). The main difference is the estimate of the energy functional Dr(s,7)
at the point (sp,7") under the assumption that the initial data decrease at
infinity.

Proof (Proof Theorem 3). Due to (45), (50) and (24), we find

1+ko

Er(s) < Er(—00) < caalEOhy™ (—00) < couTLH (68)

for all s < 0, T" > 0, where caq = cgci), po and ko are from (42). Taking
s=—-20,5 =s>0in (A.20) and passing to the limit as s — +o0, in view
of (24), we derive

Hr(s) < Hy(—00) < cos(|s|Ig) #hT7(—o00) < C25(|5|F61)1_”F1+(r (69)

for all s < 0, T" > 0, where p and o are from (57). By virtue of (68) and
(69), we estimate the function Dr(s,T). As a result, we have

Dr(s,T) < eal|s| +|s|) T4 H
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for all s < 0, T > 0, where coq = max{c3;”, 3" }. Using this estimate in

(62), we obtain
- s0(1 — car|so[7*~  max{]so| 171, 50| *1}) <5 <0,
Dr(s,7) =0V (s,7) € { T Z7 > cas|so|™ max{|so| 4172, |so[42} ;
(70)
where
37 = O+ ap e c1s(2e26)”
201 — 1

yy = IO+ aps) gpies C19(2c20)"

¢ 202 — 1

Now we find admissible sg € (—1,0) from the estimate
1 — cor]so|™ ~ max{|so| 171, [so] M1} =1 — cor|so| T > C(x).

If v1 + A1p1 < 1 then sp < s1(x), and if v + A1p1 > 1 then s¢ > s1(x),
where

1_C(X) %
7( )"r1+ 1P1—1

s1(x) = .

Let

S3(s) := cog max{|s| 7H, |s[12FAP2},

Taking into account that

l—p/1-v ko
Yo + Aip2 p<y2+Ap2, M1 +Aip1 » (1+k0+1+0>,
we find
_ SZC(X)S;l(T—T),
Dr(s,7) =0V (s,T) € { T =7 > Sy(so) , (71)

where C(x) is from (66). For the case 71 + A1p1 < 1 the statement of the
theorem holds for all T' > T* = S3(s1(x)). If 11 + A1p1 > 1 then the one
holds for all T > 0. Thus, the necessary estimate (25) follows from (71).
This completes the proof of Theorem 3.
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Appendix A: Proofs of Auxiliary Statements
A.1. Proof of Lemma 4

Applying Lemma B.2 from Appendix B to the function v = u in the domain

Qr(s+d) forp=p>2 r=q+1, ¢ =2 bz%,amdthe

condition r < p leads to the restriction ¢ < p — 1. As a result, we have

b
// uPdrdt < dy // |VulP dedt | x
Qr(s+96) Qr(s+6)
1-b NG
/ / ut™ da dt sup / u? dx . (A
7(s+98) t€[0,T] 2(s+96)

Using the Poincaré inequality
a
HU”%q(Q) < (meas £2) ¥ HVUHqu(Q)

. g+l
with v = u ¢ , we deduce

// wt dy dt < wl Fq(T)// Vo' |Tdedt,  (A.2)
Qr(s+9) Qr(s+9)

where wy is the volume of the unit ball in RY. The right side of (A.2) is
finite because the solution u is compactly supported (see, e.g. [19]). From
(A.1) and (A.2) we obtain (42).

A.2. Proof of Lemma 5

Applying Lemma B.1 from the Appendix B to the function v = u in the
domain 2(s+d) fora=d=p>2, b=2, i =0, j = 1, and integrating
with respect to time, by Holder’s inequality, we obtain the estimate

Er(s+6,7 - w) Sdi’(/ |Vu|”dxdt> M (s 40,7 —w5),
QL_. . (s+3)

(A.3)
2[)11557(;2_)2). To estimate H%ﬂ_”(s +6,7 —w, &) we apply the inter-
polation inequality from Lemma B.1 (see Appendix B) in £2(s + J) to the
function v :=u fora =2, d=p, b=q+1<2,i=0, 7 =1. Then we
derive

where v =

26 2(1-6)

P q+1
/ u? de < di / |Vu|” da / wit da ,
2(s+9) 2(s+9) 2(s+9)
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where

Np(1—q)
2N(p—q—1)+plg+1))
We take both sides of this inequality to the power £ > 0 and integrate them
with respect to time from 7" — 7 + w to T. After using Holder’s inequality

with the exponents 2%5 >1and ; 295, we obtain

Hr(s+6,7 —w,§) <d2£<// Vu‘pdxdt>
T (s+0)

20¢

2pe(1-0) -
T (g+1)(p—20¢) P
X / / wit dx dt ) (A.4)
T—74w 2(s+90)

Now we choose £ from the following equality

2p§(1—-0)
(g +1)(p — 26€)

0:= , g<1

260¢

p

Then
plg+1)+N(p—-q—1)

0<¢ 2wt Np—q—1) <1 (A.5)
From (A.4) it follows
Hr(s+ 9,7 —
1—p
<di* ( // |[Vul|” dxdt) (// as dxdt) :
? T+w (s+96) ? rtw (s+96)
(A.6)

Setting hy = & > 1, hy = £ < 1in (41) (see Lemma 3), we deduce
Hr(s+0,7—w, 5) S corls, nOME “(s.0,7w), (A7)

where ¢ is defined by (A.5), Mr(s,d, T,w) is from (33).
To estimate the right-hand side of inequality (A.7) we use (A.6) and
Lemma 2. Eventually, we obtain

1—p

Hr(s+9, 7—w, g) < ¢a9 M;Jr%_f(s,é, T,w) ( // ult dx dt> )
T (s+0)

(A.8)

where co9 = ¢ c4d§§. Taking into account (A.8) and Lemma 2, we estimate
the second multiplier in the right-hand side of (A.3). As a consequence,
using (A.2) and (50), we have

Er(s+ 6,7 —w)

+( e g)(lf ) (A=) (1-v)
ey My VTR (8,0, T,w) // u?™t dz dt
T (s+6)
T—7
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+(pt+z-¢)1-v)

< ¢39 Fg(liﬂ)(lfy)/\/l; (s,6,T,w)

(1=p)(1-v)
// VT |? de dt : (A.9)
L (s+9)

where c39 = dfchy "(wN o) Imma=r),

Below we obtain an estlmate of integral in the right-hand side of (A.9).
For an arbitrary fixed sy € R' and § > 0, we substitute s = s; = s;_1 + 6,
i € N in (39) and sum the obtained inequalities. We arrive at

+oo
// |qu%l|qudt§2// V5 |? da dt
%77(504’5) k=1 Qg,T(S()‘Hﬂs)

“+o0
<8 Z (5—P5T(so +k6,7)+w " Hrorqw(s + k6, w))
=

Z<5 PEr(so + k6, 7) +w " Hr(so + Kk, T)>

C3 Foo
<= (5_p€T(z,T) + w_lHT(z,T)) dz. (A.10)
C1
It follows from the flatness condition (17) that
Er(0) = Hp(0) =0 YT > 0.

Therefore, by monotonicity of functions Er(s,7) and Hr(s, 1), it follows
from (A.10) that for every s € R, 6 > 0, and 7, w : 0 < w < 7 < T the
inequality

// ’quTH’qudt <= |s| Mrp(s,d,T,w) (A.11)
T s+98) C1

holds. Using (A.11) we estimate the right-hand of inequality (A.9), conse-
quently, we derive the estimate (55) for ¢12 = c3o(cs/c1)?, where

= (1= @)1 =v), ko= (5 -1 -v). (A.12)

Now we obtain a similar inequality for Hr (s, 7). Setting ho =1, hy =&
n (41) (see Lemma 3), we deduce

Hr(s+ 6,7 —w) < csHp(s, T, f)/\/lleg(s7 0,T,w) (A.13)

forall s € R, § >0,and 7,w:0<w <7 <T. Using (A.6), we estimate
the right-hand of (A.13). Consequently, we infer

1—p
Hoy (546, 7—w) < dices METF5(s,6,7,w (// Uqﬂdl“dt) )
_(s+6)

whence, in view of (A.11), (A.2) and (50), we obtain the inequality (56) for

a
G1g = difesea(wh ¢ty /er)'#, where o = 1 — €. This completes the proof.
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A.3. Proof of Lemma 6

From (43), using (50) and (10), we obtain
Er(s+0) < egIfos PUthlgltho(s) v s € RY 6> 0,

where po = qo, ¢¢ = cgchy. Setting in the last inequality

§ = br(s) i= [2e6 T € (s)] T,

analogously to the proof of Theorem 1, we derive

B k

57(s +87(s)) < edp(s) + a1 Iy? [H (s)]7 Vs € RY,

1 —_ko__
where c3; = (2T 66)%, 0 < e =2 70w < 1. From the definition of
07 (s) we obtain

- p(1+kg) — kO
o k

Er(s) = (266) 0 [5r(s)] 0.

To estimate 7 (s) we apply Lemma B.4 (see Appendix B) to f(s) = dp(s),
Ho k k Lo

g(s) = cq1ly” [Héo)(s)]To, dy = 031X70F0p ,ds = cg > %57 v = e. The

conditions (a)—(d) of Lemma B.4 are satisfied. Now we use the condition

(18) of qualified monotonicity for majorant Héo)(s) for

Ko

k=(c+cgH)f <1, K =csennly® > 1. (A.14)

Note, that inequalities (A.14) are satisfied due to the choice of the constant

cs which was an arbitrary up to now. In this case, for the function HSO)(s)
the following inequality

HO
(e + s HH (s) < HY" (s + csea Ty (H (s))7)

o 1 _ ko _—_ p—q—1 oI gl
is true, where ST T NG Then it is simple to check that

condition (e) of Lemma B.4 from the Appendix B is valid, and we obtain

~ Eo
P

5r(s) < esesi Iy [H ()7 Vs <0, T > 0. (A.15)

Finally, from the definition of 47 (s) and the estimate (A.15), we derive (58)

(esesy)P( o) ) ™

for 514 = ( 2%,
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A.J. Proof of Lemma 7

It obviously follows from the definition of Hz(s) that the estimate

tE(O’T)Q(s)

Hr(s) SHT(S,T7§)< sup /uQ(t) dm) ) (A.16)

holds for every s € R! and T > 0, where o = 1 — £, £ is defined by (A.5).
Using (A.16) and (A.6), we derive

Iz 1—p
Hp(s +6) < d3 / / |VulP ddt / / wIt dadt
Qr (s+6) Qr(s+9)
x| sup / u(t)de |
t€(0,T) J 2(s+6)

where 4 is from Lemma 5. From the definition of L1 (s + ) (see (36)) we
deduce

1—p
Hr(s +0) < dF° L8417 (5 +6) // u?™t dxdt (A.17)
T (5+9)
for every s € R, § > 0, and T > 0. By (37) and (A.2) in the right-hand
side of (A.17), we obtain

1—p

Hy(s+6) < dFch™ P (s, 6) <wjv%Fq(T) // \Vu%wq dxdt)
T(s+9)

In Section 4, we obtained the uniform boundedness from above for I'(t) (see
(50)). Thus, we find

1—p
m@+®§%ﬂWWW$%M)//‘ V" |7 ddt
Qr(s+9)
(A.18)
for every s € R', § > 0, and T > 0, where c3p = d%£c§+”(ch%)w.

To estimate the integral in the right-hand side of the inequality (A.18)
we use the same arguments as in the proof of the inequality (A.11). Then
we derive

// (Vo [ dedt < 2 |s|Pr(s, 8) (A.19)
Qr(s+9) €1

for every fixed s € R', 6 >0, T > 0. By (A.18), (A.19), (35), and (17) we
have

Hr(s+0) < ess(|s|Tg) Pt (s,8) < Ero(|s|Ig) (6 PEr(s) + ho(s))
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< esa(|s|TE) (8 PEr(s) + HY (s))1+7 (A.20)

Vse RY, 6§ >0, T >0, where cs3 = 032(%)1_”. In account of (58), we
estimate the right-hand side of (A.20). As a result, we have

140
Hr(s+6) < css(|s| D) (emcs—prgﬂo [H (s)] o +H30>(s)> (A.21)

for every s < 0, § > 0, T > 0. Setting

=

o= brls) = [T
in (A.21), we obtain

Hr(s + 67(s)) < esa(|s| T H(H ()47 Vs <0, T >0,

where c34 = c33(1 + ¢14)177. From the majorant inequality (17) we see

Then

Ko ko

Hr(s(1= Ty x 7)) < Ha(s+01(s)) < esalls|T) (HP ()7 (A.22)
MO
Vs <0, T > 0. Let the constant x from (13) be such that I',” X%O <271,
i.e.
X < Ry = (20,7 ) o = (21,7 ). (A.23)

Then it follows from (A.22) that
Hr(27ts) < esa(ls| T (H ()7 Vs <0,
whence, due to the inequality Hz(s) < Hr(271s), we deduce
Hr(s) < esa(|s|Tg) H(HP ()14 ¥s < 0. (A.24)

In view of the definition of Dy (s, T'), using the estimates (58) and (A.24),

and taking into account that pg(1 + o) = gAs, we infer the inequality (59)

S _ 1t 14k
for é15 = ¢, + ¢34 °.
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Appendix B

Lemma B.1. [18] Let 2 C RY be a bounded domain with a piecewise-
smooth boundary, 0 < b <a, d>1, and 0 < i< 3, i,j € N. Then there
exist positive constants di and dy (d2 = 0 if {2 is unbounded) depending
on {2, d, j, b, and N only such that the following inequality

||Div||La(Q) < di HDijid(_Q) HU”;(QQ) +dz vl (o),

GBJ)
Lemma B.2. [7]. Let 2 C RN, 5> 1, r >0, r<p, G>0, 1 -b=

5G (pG+ N(p—r))"". Then for allv(t,z) € LP(0,T; WLP(02(s)) and T > 0
the following inequality

+
+

o=
Q |=

is valid for every v(z) € WH4(02) N Lb(§2), where § =

|-
2f{2~
=

T T b T 1-b (B=r)(=b)
q
[ L[ L) ([ Ler) o (/)
0 Je 0 Je 0 Jn te[0, 7] \J 2

holds, where 0 < d3 = d3(N, P, q,r) is independent of T.

Lemma B.3. [20]. Let a nonnegative continuous nonincreasing function
f(s) : [s0,00) — R satisfy the following functional relation

fls+f(s)<ef(s)Vs>s0, 0<e<].
Then f(s) =0Vs>so+ (1—e)7 f(so).

Lemma B.4. [20]. Let a nonnegative continuous nonincreasing function
f(s) satisfy the functional relation

(a) f(s+ f(s)) <7 [f(s)+g(s) Vs € R, 0 <y <1,
where g(s) > 0 is a continuous nonincreasing function satisfying the esti-
mation

(b) g(s) < dg(so—8) Vs < s, 0<dy<o0.
Also, let the following inequality

(c) f(s) <dsg(s) Vs <s1<sp, ds > ﬁ
hold for some s1 € (—o0,s0). If the parameter dy from (b) satisfies the
restriction

(d) da < d5'(1—v—d5?)
then

f(s)=0Vs > sp.

Moreover, if g(s) satisfies the extra condition

(e) g(s+dsg(s)) > (y+d5")g(s) Vs < s1
then

f(s) <dsg(s) Vs < so.
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Lemma B.5. [21]. Let a nonnegative continuous nonincreasing in both of
its arguments function f(s,T) satisfy the functional relation

f(S + kl |S|a1fﬁl(577)77— - k2 ‘S‘QQfﬂz(s’T)) < ’Yf(svT) Vs> 56a T < T(/)a

where 0 <y <1, 0<k; <oo, aj >0, B; >0,0=1,2. Then for arbitrary
S0 > 8g, T0 < 7, the following property

fls,7)=0

is valid for every (s,T) such that

k
(s,7) € {s > 5o+ _727ﬁz|so|a2fﬁ2(50,70)}.

k1 a1 £B1
—751|SO| f7 (s0,70), TSTom7

1
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