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We examine the response to an external magnetic field by a multi-layer superconductor with an

electrical resistance qff(b)abr, where b is the dimensionless magnetic induction and r is a parameter

characterizing the ratio of the pinning activation energy to the energy of thermal fluctuations. When

r> 1 the sample is in the vortex glass phase, when 0<r< 1, it is in the vortex liquid phase, and a

vortex glass to vortex liquid phase transition takes place at r¼ 1. In the vortex glass phase, the

magnetic field penetrates into the superconductor in the form of a self-similar wave. At all times it

penetrates to a finite depth and its front moves at a finite velocity which depends on the parameters

of the problem, such as the rate of pumping by the external magnetic field. In the vortex liquid

phase the magnetic field penetrates to an infinite depth. Thus, the magnetic field penetrates to an

infinite depth in the superconductor during a transition from the vortex glass phase into the vortex

liquid phase. VC 2011 American Institute of Physics. [doi: 10.1063/1.3592212]

I. INTRODUCTION

We consider a mathematical model that can be used to

explain the interaction of dynamically induced vortex insta-

bilities in an amorphous multilayer superconductor with a

single layer of Ta-Ge alloy. We shall determine the critical

velocity of the vortices according to a Larkin-Ovchinnikov

model.1 A weak dependence of the critical vortex velocity

v�ðHÞ on the magnetic field strength H is observed experi-

mentally.2 In fact the function v�ðHÞ falls off with increasing

H until H¼Hg, which corresponds to melting of the vortex

glass. Thus, the critical velocity v¼ v* is essentially inde-

pendent of the field only when H>Hg.

This means that the pinning force Fp ¼ FpðvÞ is a func-

tion of the velocity of the vortices, which are in a phase simi-

lar to vortex glass when v< vc while the system transforms

into a “plastic” mass, similar to a vortex liquid phase when

v> vc.
2–4 With increasing velocity, as v!vc, the pinning

force and the viscous force increase while the vortex lattice

moves as a “unified whole,” i.e., we have an analog of vortex

motion driven by collective pinning. When v> vc the inter-

action among the vortices, the pinning force, and the viscos-

ity are sharply attenuated, so that the vortex motion comes to

resemble a plastic deformation of the vortex lattice. The cor-

responding shear moduli become rather small, i.e., they sat-

isfy the Lindeman criterion for melting of a vortex lattice5

and the “solid” phase for v< vc transforms to the “plastic”

high-temperature superconductor phase when v> vc. This

happens when B¼Bm(T) and the resistance of the supercon-

ductor varies as shown in Fig. 1. Figure 1 is a plot of the

electrical resistance (E/J) and the smooth line shows the re-

sistance function predicted by the Bardeen-Stefan law,

qff ¼ qnB=Hc2: (1)

Equation (1) describes free vortex motion, where qn is the

specific resistance in the normal phase, Hc2 is the second

critical field, and B is the magnetic induction averaged over

the lattice. The deviation from free vortex motion in low

fields may be caused by pinning (even at high transport

FIG. 1. Electrical resistance of a multilayer sample measured near (below)

the transition to the normal state for a current density J¼ J*. Even at such

high transport current densities the resistance in the phase of free vortex

motion (smooth line) gives a satisfactory description of the experiment

above the melting curve Hg(T) for the vortex lattice; this demonstrates the

importance of the "disorder" caused by pinning and/or thermal fluctuations.
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current densities). In that situation, we assume that the pin-

ning force is given by Fp ¼ cðBÞf ðvÞ, where c(B) is a func-

tion of B and f ðvÞ is a monotonically increasing function. An

instability develops when the force opposing the motion of

the vortices (viscosity and pinning forces) reaches a maxi-

mum as a function of the vortex velocity. c(B) approaches

zero in the liquid phase. Then the pinning force (or the vor-

tex velocity) is averaged over the all thermal fluctuations.

c(B) reaches a maximum at low fields, where the vortices

are subjected to the random pinning potential. Thus, the

instability depends on the vortex velocity, the resistance to

the vortex motion, and the magnetic induction.

Recall that thermal fluctuations affect the behavior of a

vortex system. Vortex lines can move as a result of thermally

activated “jumps” through pinning barriers even for transport

currents J< Jc, which leads to so-called flow creep.6 Creep is

equivalent to a slight directed motion of the vortex lines.

Does dissipation (and, therefore, the resistance) vanish as

J!0 or does the superconductor stay in a mixed or resistive

state? The response of the system depends on the state of the

superconductor:

(1) near the melting line T<Tm, a vortex glass state exists

where the pinning barrier U(j!0)!1, which leads to a

superconducting phase with resistance r(j!0)!0;

(2) near the melting line Bm(T), the finite pinning barrier

which inhibits vortex motion is still fairly high (T � U0

<1), so that the vortex liquid stays pinned (the so-

called TAFF regime). Near the second critical field

Hc2(T), where H is the magnetic field strength, the pin-

ning barrier is low (U0 � T) and the vortex liquid cannot

be pinned (the so-called FF regime). In the FF-regime,

the resistance is given by q ¼ ðqflow=AÞexpð�U0=TÞ,
where the parameter A � 1 characterizes the magnitude

of the dTc pinning caused by randomly distributed point

defects (Ref. 5, p. 1138).

Let consider vortex motion in HTSC materials (e.g., the

cuprates).4 Recall that HTSC can be in a phase with ther-

mally activated motion of the magnetic flux when J< Jc

(TAFF-regime), in a phase with classical flux creep, in a

“gigantic” flow creep phase,7–9 and in a mixed state or a

Shubnikov phase when J> Jc, where a viscous flow of the

magnetic flux takes place, etc.7,10 We shall dwell on the

HTSC state consisting of a vortex glass phase.5,11,12 In

the vortex glass phase, the lattice has randomly disseminated

point defects, i.e., is subject to the action of a weak dTc-cor-

related pinning.5 The response of the superconductor to

external perturbations in the current is more or less under-

stood as j!0, where j¼ J/Jc and Jc is the critical current

density. This is explained, in particular, by the fact that in

low-temperature superconductors the effect of thermal fluctu-

ations can be neglected in the limit of low current densities. In

the high current density limit, it is necessary to include the

interaction between random displacements of the vortex lat-

tice owing to the random disposition of the pinning force and

the thermal fluctuations; this situation is less understood.

The existence of a fundamental instability in multilayer

Ta-Ge systems with a single alloy layer that shows up as a

sudden transition of the vortex system to the normal state if

the control current J reaches a critical value J*, has been

demonstrated experimentally.2 A theoretical analysis of the

experimentally observed instability of the vortex system

shows that when J< J* the vortices in the solid phase move

collectively, while if J> J* plastic vortex motion takes place

in a vortex liquid phase.

Let us examine how the “static disorder” effect influen-

ces the vortex motion in the solid phase assuming that the

pinning force Fp(v) is a function of the vortex velocity that

correctly describes the system behavior near the line where

instability develops, Tm(B). The corresponding phase dia-

gram is shown in Fig. 2. Figures 3(a) and 3(b) show typical

current-voltage characteristics for multilayer superconductors

in the solid and liquid phases, respectively. These plots are

the result of an experiment in which the sample was sub-

jected to weak “disorder” such that the pinning and the inter-

vortex-interaction correlation length are sufficiently small.5

The layered nature of the sample also leads to a deformation

of the vortex lattice,5 so that, for example, in the 3D limit the

diameter lc of a “vortex tube” consisting of a vortex bundle

(with collective pinning) is less than the sample thickness.2–4

Note that in the vortex glass phase, the following scaling

holds:2

�E ¼ ðE=JÞ½1� T=Tg�vðd�2�zÞ; (2)

�J ¼ J½1� T=Tg�vð1�dÞ; (3)

where v and z are parameters (e.g., z ¼ 6:060:5 and

v ¼ 1:260:1), d is the dimensionality of the system, Tg is the

vortex glass to vortex liquid transition temperature, and E is

the electric field. (In general, v ¼ vðBÞ depends in oscillatory

fashion on the amplitude of the magnetic induction.) As an

example, for a layered Ta-Ge superconductor the parameters z

and v are the same for temperatures and magnetic fields. The

melting curve for the vortex glass is indicated in Fig. 3(c).

A scaling analysis shows that, in the limit of low cur-

rents, the vortex glass model provides a satisfactory descrip-

tion of the experimental data. However, below the melting

FIG. 2. A magnetic field strength-temperature phase diagram. Here Bm(T)

is the melting curve for the vortex lattice, Hc1(T) is the first critical field,

Hc2(T) is the second critical field, and TED is the temperature of the phase

transition from the phase of entangled filaments in the liquid (entangled

liquid phase) to the disentangled liquid phase. Near the melting curve the in-

equality T�U0<1 holds, where U0 is the height of the barrier for plastic

deformation. Near Tc the inequality U0�T holds in the entangled liquid

phase. PL denotes the pinned liquid; UPL, the unpinned liquid; and, EVL,

the entangled vortex liquid.
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curve at high current densities, a deviation from the scaling

behavior is observed: there is a transition into the normal

phase for sufficiently high current densities J*. For curves

chosen in the vortex liquid phase, there is also a transition

into the normal phase. Here, as shown rigorously in Ref. 2,

there is no effect from Joule heating at the point J¼ J*. We

explain the transitions using the classical Larkin-Ovchinni-

kov theory.1 According to that theory, the vortex velocity is

determined by the balance between the controlling Lorentz

force and the vortex viscosity. Here it is important that, with

a monotonic increase in the vortex velocity, the viscous

force reaches a maximum at the corresponding maximum

vortex velocity, and then begins to fall off, which, in turn,

drives the system into a normal state, which represents a vor-

tex glass to vortex liquid phase transition.

Figure 4 is a plot of the critical velocity v ¼ v�ðHÞ. Below

the transition temperature Tg the vortex lattice has finite shear

moduli. The individual vortices move at some average veloc-

ity. In the liquid phase (above Tg), the shear moduli go to

zero, so that the motions of the vortices become independent.

Thus, there a distributions of the vortex velocity exists and the

motion of each individual vortex leads to the development an

instability if its velocity reaches a critical value v�; this leads

to a “broadening” of the transition temperature TgðvÞ.

II. VORTEX LIQUID TO VORTEX GLASS PHASE TRANSITION

In this section we give an analytic description of the

magnetic field perturbations during a vortex liquid to vortex

glass phase transition. The equation for the evolution of the

magnetic induction b is5,13–15

bt ¼ aðjbxjr�1bxÞx: (4)

Here b ¼ B=Hc1 and a ¼ qnthc2=ð4pk2Þ is a dimension-

less magnetic field diffusion coefficient, where qn is the spe-

cific resistance in the normal phase, th is the relaxation time

for the magnetic field amplitude to an equilibrium distribu-

tion, c is the speed of light, and k is the London penetration

depth for the magnetic field. The parameter r ¼ U0=kBT
characterizes the competition between the activation energy

of the pinning barrier, U¼U(j), and the thermal energy kBT.

For r> 1, when the thermal fluctuations are small, the vortex

glass phase exists, and for 0< r< 1, when the thermal fluctu-

ations are large, the vortex liquid phase exists. r¼ 1 repre-

sents the “melting curve” in the phase diagram of Fig. 2. Note

that model equations of the type (4) are a special case of the

general Maxwell equations for nonlinear media.16

We seek a solution of Eq. (4) in the self-similar form,

bðx; tÞ ¼ taf ðx=tbÞ; f ¼ x=tb; (5)

where a and b are constants and the function f is the solution

to the problem,

af � bff 0 ¼ at1þaðr�1Þ�bð1þrÞðjf 0jr�1f 0Þ0;
f ð0Þ ¼ 1; f ð1Þ ¼ 0: (6)

Setting b ¼ ½1þ aðr� 1Þ�=ðrþ 1Þ, from Eq. (6) we find

af � bff 0 ¼ aðjf 0jr�1f 0Þ0:

FIG. 3. (a) Current-voltage characteristics of a multilayer sample at

T¼ 1.456 K in magnetic fields (from left to right) of 40, 150, 250, 350, 550,

850, 1100, 1400, 1700, 2100, 2500, 3000, 3500� 10�4 T. (b) The same curves

on a logarithmic scale. (c) A phase diagram for a multilayer sample near Tc.

The squares denote values of the second critical point Hc2 and the circles, the

melting curve during a vortex glass to vortex liquid phase transition.

FIG. 4. Critical vortex velocity (v*) characterizing the Larkin-Ovchinnikov

instability at 1.373 K (diamonds), 1.456 K (circles), and 1.520 K (triangles)

with the corresponding melting curve (Hg) for the vortex glass. The velocity

v* is independent of the magnetic field only above Hg.
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Given that ff 0 ¼ ðff Þ0 � f , we obtain

ðajf 0jr�1f 0þbff Þ0 ¼ ðaþ bÞf : (7)

Let us set a¼� b; then b ¼ 1=2r and a ¼ �1=2r. In this

case, Eq. (7) yields

ajf 0jr�1 f 0 þ bff ¼ C0; (8)

where C0 ¼ ajf 0ð0Þjr�1f 0ð0Þ þ K, provided that lim
f!0

ff ðfÞ

¼ K <1. When C0¼ 0 the solution of Eq. (8) has the

form,17

f ðfÞ ¼ C1 �
r� 1

r
1

2ar

� �1
r
jfj

rþ1
r

2
4

3
5

r
r�1

; r 6¼ 1; (9)

f ðfÞ ¼ C1 exp � f2

4a

� �
; r ¼ 1; (10)

where the constant C1 is found from the conservation of

mass,
Ð

f ðfÞdf ¼ M. Figure 5 shows plots of f(f) for the vor-

tex glass phase (r> 1) and Fig. 6, for the vortex liquid phase

(0< r< 1). For r> 1 the carrier of the solution is localized

and expands with the passage of time. For 0< r< 1 the solu-

tions are no longer localized, but fall off with increasing f.

On passing through r¼ 1, a vortex glass to vortex liquid

phase transition takes place. Note that the solution (10) can

be obtained as the limit of Eq. (9) as r!1. Thus, continuity

of the solution (9) (f � jfj�ðrþ1Þ=ð1�rÞ
for 0<r< 1 and

f � jfjðrþ1Þ=ðr�1Þ
for r> 1) depends significantly on the

value of r and breaks down on passing through r¼ 1, which

is indicative of a phase transition.

In the case r> 1 the velocity of the wave front is

vfr>1g ¼ C2t
1�2r

2r ; where C2 ¼
C1a1=r

2ðr� 1Þ

� � r
rþ1

: (11)

As opposed to the previous case, for r � 1 we can only

determine an effective velocity of the wave front,

vfr�1g ¼ feff t
1�2r

2r (12)

where feff is found using the condition f ðfeffÞ ¼ 1=2, i.e.,

feff ¼ f�1ð1=2Þ. Equations (11) and (12) imply that the front

velocity decreases with the passage of time if r> 1/2. When

r¼ 1/2 the velocity becomes constant and for 0<r< 1/2,

the superconductor enters the normal state.

Let us check the magnetic flux creep condition

0 < j ¼ �kbx < 1 for the case of r¼ 1, where k ¼ cHc1=
ð4pJckÞ. A direct calculation shows that in this case,

j ¼ Hc1kC1

2Jcqnthc

jxj
t3=2

exp � x2

4at

� �

and the condition j< 1 is satisfied within the region

jxj < ½2Jcqnthc=Hc1kC1�t3=2. Given this and Eq. (12), it is

evident that the region of effective localization is contained

within the region j< 1 for any t 	 t�, where

t� ¼ Hc1kC1feff

Jcqnthc
feff ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a lnð2C1Þ

p
; C1 ¼

M

2
ffiffiffiffiffiffi
pa
p :

III. DESCRIPTION OF EXPERIMENT

The resistance and current-voltage characteristic of the

mixed phase of TaxGe1�x=Ge films were measured in the

experiment of Ref. 2 for three films with different coupling

between the layers and correlation defects. The experimental

data are analyzed in terms of a model of vortex glass and a

phase transition from a resistive vortex liquid to an immobi-

lized glass-like phase.

Amorphous multilayer films were prepared by deposi-

tion (see Fig. 7) on a glass substrate. Layering is done by

periodic placing of a barrier in front of the flux of Ta vapor.

An inclination of the substrate relative to the vapor flux leads

to the formation of a columnar structure with regions of

lower density between the columns. The average size of the

columns is on the order of 100 nm. Note that, in the experi-

ment, the first two films have a strong Josephson contact

between neighboring layers: the layers of germanium had a

thickness of less than 5 nm (above that the Josephson contact

becomes weak; the third film).

A mixed state of two Ta0:3Ge0:7=Ge layers was exam-

ined in the experiment. There could be several or just one of

these layers. Thus, the sample consists of several monolayers

of TaGe alloy and pure Ge fabricated in the form of an
FIG. 5. Penetration of the magnetic wave front and its amplitude in the vor-

tex glass regime (r> 1).

FIG. 6. Distribution of magnetic perturbations in the pinned vortex liquid

phase (1/2<r< 1).
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amorphous layer on the glass substrate.2 The film is stable

even far above room temperature.21 The composition of the

alternating superconducting layers of Ta0:3Ge0:7 is diluted by

the semiconducting Ge, which serves as an insulator. The

critical temperature for a single layer of the alloy with 30%

Ta is Tc¼ 2.9 K.3,18 A multilayer sandwich sample has a

thickness of 1250 Å and 25 layers consisting of pairs of Ga

(25 Å) and Ta (25 Å) and a single 600-Å-thick layer of the

alloy.2

Each of the layers has a low critical temperature

Tc¼ 1.7 K that is determined by the coupling between the

thin superconducting layers and the existence of the alloy

layer with a surface layer that has a higher temperature Tc’

compared to the individual Tc” of the layers. The sample

manifests an instability (induced by a change in the current

density) of the vortex system in accordance with the Larkin-

Ovchinnikov theory.1 The instability arises in the Ta-Ge

monolayer system and in the lone alloy layer, which is the

reason for the appearance of the transition jump of the super-

conductor into the normal phase when the control current

exceeds some critical value. The instability arises as a transi-

tion from collective motion of the vortices in the rigid vortex

lattice to plastic motion of the vortices in the vortex liquid

phase. Here the pinning force is a function of the vortex ve-

locity near the instability region. The rf complex resistance

(at 75 MHz) of an oxygen-doped aluminum film perforated

by a triangular lattice of 1-lm-diam "holes" 3 lm part, has

been measured4 as a function of temperature and magnetic

field. This structure was chosen in order to obtain subcritical

“hole-hole” coupling forces. The coupling constant of the

pinning force was measured and could be used to determine

the localized vortex “instabilities,” consisting of a cluster of

vortices located between “holes.” The phenomenological

equation of motion has the form,

gx0 þ kx ¼ J/0=c; (13)

where x is the coordinate of the vortex density at time t> 0,

the parameter k models the averaged pinning force, g is the

viscosity, J is the density of the applied transport current,

and /0 is the quantum of magnetic flux. The formula

E ¼ x0B=c for the electric field implies that

<½q� ¼ qf cos2 / (14)

=½q� ¼ B/0 sin 2/=kc2; (15)

where qf ¼ B/0=gc2 is the resistance in the viscous flow re-

gime, s ¼ g=k is the relaxation time for the vortex lattice to

its equilibrium position, and / ¼ ctg�1xs is the phase angle.

Figure 8 shows graphs of the two components of the com-

plex rf resistance as functions of the magnetic field B nor-

malized to the field BM at which the flux density equals the

density of “holes.” At T¼ 1.7 K the rf resistance starts to

increase when Bth¼ 3BM. The critical field Bth increases

monotonically as the temperature is reduced. Figure 8 shows

that the real part of the resistance can actually be approxi-

mated by a power law dependence. It has been shown4 that

xs � 1 in the magnetic field region for T¼ 1.7 K. However,

=½q� > <½q� when B ¼ Bth. Here the resistance qf , defined

in accord with Eq. (15), increases with magnetic field for

B > Bth. A similar result was obtained at lower temperatures.

These results can be interpreted for B < Bth as the complete

capture of the magnetic flux by the “holes.” For B > Bth, an

additional flux is created by the vortex localized states lying

between the “holes” and coupled by pinning centers.

IV. CONCLUSION

A mathematical model has been proposed to describe

the magnetic perturbations in the current-voltage characteris-

tics, whose curvature changes in the neighborhood of some

temperature Tg, which can be interpreted as a phase transi-

tion. It has been shown that this model provides an adequate

description of the evolution of self-similar magnetic pertur-

bations during a vortex glass to vortex liquid phase transi-

tion.19 In addition, this model, represented by a special

diffusion equation of the gradient type (first obtained in Ref. 5),

can describe the structure of the vortex lattice in other phases

with pinning taken into account, and not only for weak collec-

tive pinning, e.g., taking a sinusoidal pinning potential into

account for the model discussed in Ref. 20. In particular, for

the model of a vortex glass to vortex liquid phase transition, Tg

is the temperature of the phase transition from a viscous vortex

flow to flow creep within a specified range of stresses.20

We have limited ourselves to a mathematical study of

possible self-similar perturbations of the magnetic induction

in a multilayer Ta-Ge superconductor with a single alloy

layer2 where the electrical resistance is an exponential func-

tion of the magnetic induction, qff ðbÞ ¼ qnbr; r > 0. The pa-

rameter r �U0=kBT describes the effect of the activation

FIG. 7. The geometrical arrangement for the measurements. The transport

current Jy is parallel to the film and perpendicular to the microstructure and

to the magnetic field vector Bz.

FIG. 8. The real and imaginary components of the rf resistance measured at

75 MHz as functions of the normalized magnetic field. Tc¼ 1.875 K,

BM¼ 2.76, and the Ginzburg-Landau parameter j¼ 11.
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barrier and thermal fluctuations. When r> 1 the vortex glass

phase is always pinned by collective weak dTc pinning. On

passing through r¼ 1, the vortex lattice loses its rigidity; this

leads to a phase transition when can be a vortex glass to vortex

liquid phase transition at Tg or a phase transition of another

type (see Fig. 8). When 0< r< 1 the vortex lattice loses its ri-

gidity, but still cannot be pinned, i.e., it is subject to plastic de-

formation. The pinning decreases until magnetic fields

B ¼ Bdep within the interval Bm < Bdep < B, where Bdep is the

depinning field. When B>Bdep, the velocity (and amplitude)

of the self-similar magnetic wave increases, so that the super-

conductor undergoes a transition to the normal state.
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