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EFFECT OF TIME DELAY OF SUPPORT PROPAGATION
IN EQUATIONS OF THIN FILMS

R. M. Taranets and A. E. Shishkov UDC 517.9

We prove the existence of the effect of time delay of propagation of the support of “strong” solu-
tions of the Cauchy problem for an equation of thin films and establish exact conditions on the
behavior of an initial function near the free boundary that guarantee the appearance of this effect.

1. Introduction

In the present paper, we investigate the start behavior of generalized solutions of the Cauchy problem for
the fourth-order degenerate parabolic equation

w, + div (u"VAu—u"Vu) + f(x, t,u) = 0, (x,1)e RV x(0;T), Ne{1,2,3}, (1.1)

where m e R and n e R". Equations of this structure appear in the description of the evolution of the height
u(x, t) of a thin liquid film propagating over a solid surface. The term of the fourth order simulates the influ-
ence of surface tension forces, and the term of the second order simulates the influence of gravity on the motion
of the film over the horizontal plane. The lowest term f(x, ¢, u) corresponds to absorption. Equation (1.1) also
appears in Cahn—Hilliard models of the phase separation for binary mixtures, where u(x, ¢t) plays the role of the
concentration of one of the components [1], and in models analogous to elastoviscoplastic Norton—Hoff models
[2] in the theory of plastic deformations, where u(x, t) describes the density of dislocations. For a detailed
survey of mathematical models leading to various degenerate parabolic equations of the fourth and higher
orders, see, e.g., [3].

The paper by Bernis and Friedman [4] initiated the mathematical investigation of equations of the type
(1.1). In the paper indicated, Bernis and Friedman introduced the notion of a “weak” generalized solution of the
Neumann problem for the model equation of thin films

u, + div(|u|"VAu) = 0, (1.2)

where N =1, established the existence of these solutions for n = 1, and proved the important property of
nonnegativity of these solutions for nonnegative initial functions. In [4-8], it was shown that these solutions
have a number of specific qualitative properties depending on the value of the index n. For solutions of
Eq. (1.2), for N =1, the property of finiteness of the rate of propagation of perturbations was proved: for 0 <n
<2, in [5] and [9] (for energy solutions), for 2<n <3 in [6, 10], and for n 24 in [7]. In [11], this property
was established for Ne {2,3} and 1/8 <n <2, and a solution of the Cauchy problem with an initial function

from H' having a compact support was constructed. The paper [2] was the first work where a mathematical
model with a structure analogous to the structure of Eq. (1.1) was investigated in the multidimensional case. In
[2], the Neumann problem for the equation
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u, + div(m(u)(VAu—-VAu))) = g(x, t,u) (1.3)

was considered. It was shown there that nonnegative “weak” solutions of Eq. (1.3) exist if the behavior of the
coefficient m(u) in the neighborhood of u =0 is the same as that of a power function with exponent n > 1,
|A’| <const< oo, and g(x, ¢, u) has at most a linear growth, furthermore, there exists a finite constant R; > 0
such that g(.,.,u)=0 for u < Ry. It was also also established that these solutions are positive for almost all
times for sufficiently large values of n. Equations of the type (1.1) for N > 1 were also studied in [1, 12, 13].
In particular, in [12], “strong” generalized solutions of the Neumann and Cauchy problems were constructed for
Eq. (1.1) with f=0. The notion of “strong” solution was introduced in [5] for Eq. (1.2) for N =1, where a

“strong” solution is understood as a “weak” solution belonging to the class C! with respect to x for almost all
times #> 0. In the multidimensional case, a “strong” solution is understood as a “weak” solution that satisfies a
certain integral (“entropy”) estimate and additional conditions of regularity. The interest in the study of these
solutions is caused by the hypothesis, according to which the class of “strong” solutions is the class of
uniqueness of the mentioned problems (see, e.g., [7]). In [12], the existence of nonnegative “strong” solutions of
the Neumann problem was established for m>—-1, 1/8<n if Ne {1,2} and 1/8<n <4 if N=3. It was
also established that the rate of propagation of perturbations is infinite for m <0, O <m—-n +2 < 1/2 and
finite for m >0, 1/8 <n <2, the estimate for this rate was found, and the existence of “strong” solutions of the
Cauchy problem with weak initial trace was proved.

In the present paper, we establish the existence of “strong” solutions of the Cauchy problem for Eq. (1.1)
and determine exact conditions on the local behavior of an initial function near the boundary of its support that
guarantee the appearance of a time delay of propagation of the support of these solutions. For a nonlinear
degenerate parabolic equations of the second order with absorption, this and analogous problems of the
qualitative theory were investigated by many authors (see, e.g., [14—18]). The phenomenon of time delay of
propagation of perturbations, i.e., “inertia,” is described in [19] for a one-dimensional equation of a porous
medium without absorption. Note that, in the papers indicated above, a “barrier technique” connected with the
construction of various sub- and supersolutions was used. By virtue of this, it is inapplicable to equations of the
general form including higher-order equations. To study localization properties of generalized energy solutions
of certain general parabolic equations of the second order with an absorption term, the method of local energy
estimates is also used (see, e.g., [20—24]). In [25, 26], for energy solutions of divergence equations of high
order, the method for establishing the time delay of support propagation is proposed. This method can be
regarded as a certain adaptation of the method of local energy estimates. It is based on the study of properties of
solutions of special functional inequalities (see, e.g., [27]). In [28], using this method, the effect of “inertia” for
“strong” nonnegative solutions of Eq. (1.2) was described for N=1 and O<n <3 as well as for Ne {2,3}

and 1/8<n<?2.

2. Existence of “Strong” Solutions
We consider the Cauchy problem [in what follows, denoted by (C)]

u, + div (W"VAu—u"™Vu) + f(x,t,u) = 0, (x,1)e R¥ xR,
2.1
u(0) = up(x)e H' (RV)NL" (R,

where u(x) is a nonnegative function with a compact support and the function f(x, ¢, z)e C (RY x R* x R)

and satisfies the condition
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di|z|M < fnt )z € do|z|M V(2 e RYXRY X R,

2.2)
0<d <dy <o, A21.

We understand a solution of problem (C) in the following sense:

Definition 1. Suppose that m > 0, n > 0, and A > 1. A nonnegative function u €
L (R, HIIOC(RN)) N L?‘OZI(R“L x R™N)Y is called a solution of problem (C) if:

(i) xpu"_2| Vu |3, X Pu"_l |V u |2, and u"|Vu| and u" |Vu| belong to the space
L%OC([O; 0); L}OC(RN )), where Yp is the characteristic function of the set P:={u>0};

(ii) V{e CZ(R" x[0;)), where C is the space of functions from C°~ having a compact
support, and the following equality is true:
- I I uC, dxdr — j upl(x, 0)dx = n(n —1) “ W2 Vu P VuVdxds
0 RY RY 2 P

+ 2 ” W\ VulP Aldxdr + nH u""YVu, D*¢, Vu)dx dt
2% P

[ u"VuVAGdxdr — T [ feaxar;
RY 0 RY

O — 3

I u"VuV{dxdr +
RN

S — 8

(i) u(.,t)— ug(.) in H (RY) as t—0.

Remark 1. Solutions satisfying Definition 1 are called “weak” entropy solutions (see [5]).

In the multidimensional case, the concept of “weak” solutions is proposed in [1, 2, 12]. In particular, in
[12], we construct “weak” solutions with additional regularity and call these solutions “strong” solutions.

The following local theorem on the existence of “strong” solutions of problem (C) is one of the results of
the present paper:

Theorem 1. Suppose that Ne {1,2,3}, m >0, ne (1/8;2) VA:1<A for Ne {1,2} and 1<
A< 11/4 for N =3 aswellas ne (3L/2-4;2) YV Ae (11/4;3) for N = 3. In this case, u,
e H' (RN)ﬂ Lm_n+2(RN) and is a nonnegative function with a compact support. Then, for T = T (uy), the

solution u(x,t) corresponding to Definition 1 has the following properties:

(i) suppu(t) is compact for almost all 0<t<T;
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(ii) Vq'e (1; 2N+A(L+2)n) for Ne {2,3}, ¢ =2 for N =1, and the following relation is
true:
u, = —divJ — fe, t,u) in L([0; T (W,(RY)Y),
where q = 4 " and Je I*([0; T); L7 RMY);

(iii) Yae (max{—l;%—n};Z—n)\{O} if Ne {1,2} and Y ae (max{—l;%—n;M—S—n};

2—n) \ {0} if N=3, and the following inclusions are true:

(iv) forall o that satisfy (iii), there exist positive constants C;, C, (O, m, n) such that

1 J. C4M(X+l(t)d

oo+ 1) N

o t—_

J. (C4)tua+ldxd1

oc(oc+1) B

e j‘ J‘ 2;4 [|Vu(oc+m+1)/2|2 + |Vu(oc+n+l)/4|4 + |D2u(°‘+”+1)/2|2]dxdt
0 RY

R I~
O'—.H

j u® fu)dx dt

IC Oug ' dx + G [ [ w (VG + AP ) dxdr

0‘(0‘ Dy 0 (L0}

+ c2j [ u N EIVEP + P AL ) dxdr (2.3)
0 {&(»>0}

Ve (0; T) and any nonnegative function e C*(RV x [0; t]).

Proof. Since transformations are rather awkward, we give only the outline of the proof and give main
attention to original fragments with respect to [1, 2, 12].
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Forall 6 >0, 6 >0, and € >0, we consider approximating problems in an arbitrary bounded domain

from R" with sufficiently smooth boundary for any finite time 7> 0 [in what follows, denoted by (PSSG)] of

the form

(tess) ; + div { mgg (tese) [ V Attggs — P (ttess) Vitggs ] T + (6, 1, tggs) = 0 in - Qx (0; T),
(2.4)
VMSSG. n = VAI,[ESO.' n =0 on aQX(O, T),

% i Q (2.4)

eso (- 0) = Ugse(.) 1= ug(x) + 8 + o
1

— . 9,>0, and 0< e
s—(a+n+1) 2 to (x)

where 7 is the vector of the outward normal to dQ, 0< 6, <

H' (Q). We also assume that || Yo (ug) || 11 (@) < °. The coefficients mg;(z) and W/(z) are chosen in the
special form

|n+s |m—n

|z
dlz[" +|z|' + oz

Y (z) = |2

Mg (z) = LA S—
8o 1+elz™™"

|n+s ’
Without loss of generality, we assume that s> n. The functions mg;(z) and ¥;(z) are the following:
0 < mgs(z) <

, 0< W) < 2.5)

m | =

1
o
In addition, the behavior of mgy(z) in the neighborhood of zero is analogous to the behavior of |z|*/8.

This choice of the coefficients, for sufficiently large value of s, guarantees the existence of a positive solution

of problem (PSBG) for almost all e (0; T).
Conditionally, we can divide the proof into three main stages.

Stage 1. We construct an auxiliary nondegenerate problem with diffusion coefficient m,(z) = mgs(z) + V.
We seek its solution by the Faedo—Galerkin method in the form

N
w' (x,1) = Y ' (g;(x) Vie[0:T],
i=1

where, as a basis { ¢;}, we take eigenfunctions of the Neumann problem for the Laplace operator (see [1, 2]),
1.€.,

-Ag; = A;9; in Q,

LTl

-n =0 on BQeCl’l,

1

Vo

where {@;} are orthogonal in HI(Q) and (Q;, 9;)2 Q)= Sij.
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By virtue of the Peano theorem, there exists a solution (clN ®,..., cﬁ (1)) of the Cauchy problem on the
interval (O;ty) for the following system of ordinary differential equations:

d ” . —
E(uﬁ, ©;) — (my () (VAu) — W) )WVuy). Ve;) = —(f(x.t,ug).¢;), j =1L N,
(2.6)

N
uy (x,0) = Zl (ttg5g- Pi) 12y 9i()-

For its solvability on a common fixed time interval, it is necessary to determine additional a priory estimates.

We scalarly multiply in LZ(Q) this equation for uév by —Auév + uf{v . After simple algebraic transformations,
we get

+clyJ.|VAuN| dx + d, “ {,VPH

1d
5 E ||u"]{v(t)||i11((2) A < C2||M§V(t)||i11(g) + SJ; f(, . M,?I)Au,y dx .

We estimate the second term on the right-hand side of the inequality using the Cauchy inequality with “ €’ and
condition (2.2). As aresult, we get

[ £t dv < e [|aul [ d +c(e) [ £y
Q Q Q

~ N2 ~ N 2\ ~ N
< € j |VAuy | dx + c(€) J. |uy | dx < SJ VAu | dx+c(£)||u (t)”H L)’
Q Q
where A>1 for Ne {1,2} and 1 <A <3 for N=23. Here, we used the Poincaré inequality for integral
mean taking into account the relation _[Q Au§v dx =0 and the imbedding H ! (Q)c LZ}L(Q). Thus, after the

choice of €, the following estimate is true:

7»+1

wa | Vau [ v+ d [ ax < el Ol +eal @ O

2 dt ” Uy (r )”H q(®)

where 1 <A (in addition, A <3 for N =3). Integrating the estimate with respect to the time and using the
nonlinear Gronwall lemma, we obtain the relation

| @[ + @Y [J [V [ dvaz + & [] |ug' [ axar < c(m)
o 0
@7
Vi:0 <t <T= ml ( +2 ”M08°”H(Q))
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Let IT, be the projection of L*(Q) to a linear hull {@;(x), ..., oy(x)}. Then, using the Holder in-
equality and relations (2.5) and (2.7), for all ¢ e L*((0; T); H' (Q)), we obtain

[J @) Mypdxdr
Or

[J @) pdxar
Or

- j j my (Y (VAR — P} \Wul Wy dxd — jj £, 1, ) Ty @dx dt

Or Or
1/2
< ¢q “|VHN(p|2dxdt +c JI|M¢|X|HN@|dxdt
Or Or
1/2
< ¢|[[IViiyo[ dxar
Or

1/2 1/2

T A/ (L+1) T 2/(+1)
+ ¢ (J (I |y |“1de dt) {j (j |HN<p|“1dx) dtJ
0 \Q 0 \Q

r 1/2
AL
< alellz.m:m@) * < U |y ||Lx+1(9) dt) ol o;ry: 2+ -
0

A+1

Using the imbedding H ! (Q)c L™ () and relation (2.7), we obtain the necessary a priori estimate

”afuﬁlfv ”L2(<0;T>;(H1<Q)>') = ¢

VA1 for Ne {1,2} and A€ [1;5] for N=3, where C isindependent of N and Y.
The obtained a priori estimates and lemmas on compactness (see, e.g., Corollary 4 in [29, p. 85]) enable one

to pass to the limit as N — + oo (for details, see [1, 2]) and also to show the validity of the equality

T
| K(CHAORG) ity = [J oy ) (VA = B u,)Vuy)VEaxdr — [[ f(x, 1, up)gdxde,  (2.8)
0 0 0

where (e L*((0;T); H' (Q)) and V-7 =0 on QX (0; T).
To pass to the limit as Y — 0, an additional information on the L*-norm of Au, is necessary. To this

end, as a test function in (2.8), we use { = uy—Auy+ g, (uy), where
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ds
Q)

g,(2) = | and  G(2) = g(2).
1

As a result, after simple transformations, we get

%%”uy ”21(9) + % J. Gy(uy)dx + ¢ '[ [my(uy)|VA,,tY |2 + |A”Y |2 + ‘I’g”(uy)|vuY |2 + |M
Q Q

Y|7»+1]dx

< C””Y ”i]‘(g) + J. FC s uy)Auy dx — J JCuy)gy(uy)dx = c”uy ”i]l(g) +1, - L.
Q Q

Applying the Cauchy inequality with “€” to I; and using the imbedding H ! (Q)c LZK(Q), we conclude that

I, < g f |Auy |2 dx+c(é)””v “ij‘(g)
Q

forall A>21 for Ne {1,2} and 1 <A <3 for N =3. Now we estimate the integral —1,. For Uy 2 1 or
Uy <0, we have

~I, < 0.

For 0<u,<R<1, we get

cl for A=s-1,
0<-5L <
,Gss(u) for 1<A<s—1.

If R< Uy < 1, then we have

0<—12 < C3.

The constants c;, i =1, 2, 3, are independent of 7.

In the investigation of the behavior of —1, for small values of u,, we used the following simple
statement:

Lemma 1. Suppose that

Z

_ dg (@)
gy(2) = { S 856 (2)

Il
— e N
D

QU

)

and

Z
G = [e@ds,  Gy(2) =
1

|
—_—
o
<2
~
1g}
N
QL
1g)
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Then there exist constants ¢y, ¢; >0 and 0 <R <1 such that

—-28y(2) < Ele(z) VO<z <R, n>0,

IA

~2g9(2) < 56V Y0 <z <R s> a,

where v, 0, G 20, furthermore, R is a fixed number depending on known quantities and independent of the
parameters v, 8, and G.

By virtue of the estimates presented above, applying the nonlinear Gronwall lemma for 1 <A <s -1 and
choosing the corresponding €, we obtain the following main a priori estimate:

A+1

|axdr < € (2.9)

%””v ”i[l(g) * .[ Gyluy)dx + ¢ .U [y ()| Vdu, |2 + | Ay |2 + W) | Vi |2 + i,
O

O

Vt:0 <t <T = T(ug),

where C is independent of y and €.

With regard for the uniform boundedness of (uY)t in Lz((O; T);, (H ! (2))’), this estimate enables one to
pass to the limit with respect to 7y [2] using the corresponding lemmas on compactness [29].

In the same manner as in [2], using the uniform boundedness of the term IQ Gy(uY)dx, we can show the

60

positiveness of a solution of the problem (P") for A > 1 and sufficiently large values of the index s in the

coefficient mgs(z). Thus, we obtained an approximation of solutions of problem (PESG) by positive solutions
of a regularized problem.

Stage 2. We pass to the limits with respect to €, 8, and G using necessary a priory estimates.

We multiply scalarly in LZ(Q) Eq. (2.4) by the function —Au+ ¥ (u) + gé?(u). Then, for o e

(% -n2 - n), the following relation is true:

c% [% [Vul + e+ Gé%‘)(“)] dx + [ mgg ()| VAu = ¥ u)Vu’ dx
Q Q
+ CIJ' [|D2u(oc+n+l)/2|2 +|Vu(oc+n+l)/4|4]dx te J‘ua+n—1\{,8”(u)|vu|2 dx
Q Q

< - _[ FC o w)gs® uydx — J fG o w)i(u)dx + J G, wAudx + ¢ J’uoc+n+1dx
Q o 2 2

= Dyt e [u (2.10)
Q
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where ¢y =cj(o,n) and ¢ =0. If Q is convex, then

Z Z
@y — [ S (@ _ [
g (2) = dc and G:” = | g (c)ds.
o0 _!. M (Q) o0 _! o0

For a detailed information about the derivation of this inequality for f=0, see [30].

For J; and J,, we use the same reasonings with regard for Lemma 1 as for the integral —/, at the first
stage of the proof of the theorem. We estimate the term J; as follows:

J3

IN

51 J.M(2>\.—I’l—a+l)/2|AM((X+H+1)/2 |dx + 52 '[Mx.—llvu |2 dx
Q

Q

IA

3 J‘ (|D2u(a+n+1)/2 |2 +|Vu((x+n+l)/4|4)dx +c(§)J‘u27”_”_°‘+ldx.
Q Q

By virtue of the imbedding HI(Q)CLM_”_O‘”(Q) forall A suchthat 1 <A if Ne {1,2} and 1 <A<

n+o+5 . . . . i .
———  if N =3, using the nonlinear Gronwall lemma, we obtain the first a priori estimate.

Using the uniform boundedness of the flow Jog, (1) = mgs(u)(VAu — W/ (w)Vu) in Lz((O; T); L’/(Q)),

where ¢’=2 for N=1 and ¢’ € (1' AN

;———— — | for N =2, which is proved in the same manner as in
2N+ (N -2)n

[12, 30], we obtain the estimate

” u,Qdxdt
Or

[[ JesoVodxdr = [[ fx, 1, udxdr
Or Or

[eso 2 oirir canl VOl oy + 2 [] 'l oldvar
Or

IA

T 12
2N
Vol oy + 4 (.[ Il ) dt] lollz2 oy 1@y
0

’

where ¢ = > 2. By virtue of the uniform boundedness of solutions in L~ ((0; T); H ! (Q)) and the

4

A+1 A+1

imbeddings HI(Q)CL (Q) and qu(Q) c L™ 7 (Q), we obtain the inequality

19l 2 0.y oy < €
for A>1 for Ne {1,2} and A€ [1;3] for N=3, furthermore, C is independent of €, J, and G.
Using these estimates, we can pass to the limits with respect to €, 0, and ¢ following the scheme

proposed in [12]. In this paper, an analog of the lemma on compactness proved in Lemma 1.5 in [30, p. 10] is
important. In the case under consideration, we can prove this lemma by analogy and formulate it as follows:
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Lemma 2. Suppose that, for Ne {1,2}, O<n, and 1<h P e (3, %) and, for N=3, 0<n <4,
and 1<A <7, Be (%, min {%,ﬁ}), and 3 is a bounded subset in L~ ((0; T); HI(Q)) such that

the following conditions are true:

(i) Yue I J(u): u, = —divJ — f(x,t,u) in Lz((O;T);(qu(Q))’), {JWw)} e x is bounded in

4N and {u"*'} ,_~ is bounded in L' (Q;);

2cc0- 1y 74 ’
L ((0; T); L* (Q V< ——, ue ¢
(( ) ( )) q IN + (N - 2)n es

(ii) {uP}, o~ is bounded in L*((0; T); H* (Q)).

Then {uB}ue ~ is relatively compact in L ((0; T); H' (Q)).
Stage 3. By analogy with [12, p. 1518] (see Proposition 3.1), using the local entropy estimate (2.3), we
show that the above-obtained “strong” solutions of the Neumann problem have a finite rate of propagation. This

fact enables us to construct the corresponding “strong” solutions of the Cauchy problem (see Theorem 4.1 in [12,
p. 1529]).

Remark 2. If f(x,t,z)e C ! (]RN x R* x ]Rl) satisfies condition (2.2) and the conditions

M < a2 < Bl YV (nn2)e RYXRYXR!, 0 < df<dj < o,
N
Y it <dlz* V(xnn)eRVXR xR, 0<d< e,
i=1

then, for Ne {1,2,3}, m>0, ne (1/8;2), and 1 <A for Ne {1,2} and 1 <A <5 for N=3, we can
prove a global theorem on the existence of “strong” solutions of problem (C). The scheme of the proof is the
same as that presented above. The main difference lies in the estimation of integrals of the form

IQ f(, ., u)Audx, for which, by virtue of additional assumptions imposed on the function f(x, ¢, z), the

following inequalities are true:

jf(., SwAudx < —C j ‘Vuo“ﬂ)/z \2 dx + C(uy),
Q Q

where the constants C and C(u,) are positive.
3. Time Delay of Support Propagation

We introduce the following notation:

Q(s) = {x=(xy, X): xN>s+a1|x'|, O<ay<oo},  Qp(s) = Q(s)x(0; T),
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Kp(5,8) = Op(s)\Qp(s+8), hy(s) = jug‘“(x)dx VseR!, &> 0.

Q(s)
Without loss of generality, we assume that
supp ug N {xy2a,|x'|} = O,
where a, € [0; a;) is a certain fixed number. Thus, we have

ho(s) =0 Vs = 0.

(3.1)

In this section, we formulate conditions imposed on the behavior of the initial function ug(x) in the

neighborhood of the boundary of its support that guarantee the appearanc
propagation of the support of an arbitrary “strong” solution of the Cauchy prob

e of the effect of time delay of
lem.

Theorem 2. Suppose that the initial function uy(x) satisfies relation (3.1) and, for certain o €

(max{%—n;O};Z—n) for Ne {1,2} and o € (max{%—n;Zk—S—n;O};Z—n) for N =3, one

of the following conditions of smallness in the neighborhood of the boundary of its support:

(i) for VA2>1,

N+2(a+1)
kes)omo, ms
h <
O(s) N+4((x+1)
k(—s no om > E,
(=s) )
(ii) forn+1 < A <m+1,
vy 20D
k(—=s) "ML om< §+ A—1,
ho(s) <
v dotD)
k(-s) ", m>Z24a-1,
2
(iii) for m+1 < A < n+1,
2o+1)
N+22T _
ke o, ms iRt
fo(s) < LMot
k(—S) n—A+1 n— 7\4 +1
b 2 b

(iv) for A < 1+min{n;m},
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2(0+1)

N+——+
k(—s) ™ML mg%}“_l’
ho(s) <

4(o+1)
N+ _
k(=) ”_Ml, m>trA—2 +§ 1,

where 0 <—s< 1.
Then there exists T" =T (k)>0 such that, for any “strong” solution of problem (C),
supp . u(., H)NQWO) = B, 0<t< T,
in the cases corresponding to conditions (i) — (iii) and
supp, u(., 1)(N1Q0) = J V>0
for the case corresponding to condition (iv).

Remark 3. The choice of cones on sufficiently smooth initial functions as a family €( s) enables one to
establish an exact condition of slope independent of the dimension of the space N. These exhaustive sets are
used in [31] in the investigation of quasilinear multidimensional high-order parabolic equations with a
convective term.

Remark 4. The condition of smallness imposed on the behavior of u,(x) for m > n/2 obtained in the
first case coincides with the corresponding condition given in [28] for Eq. (1.2) and, for m < n/2, in a certain
sense, is analogous to the condition of smallness imposed on the behavior of the initial function for the equation
of a porous medium u, = div (¢ Vu) (see, e.g., [19]). The behavior of the initial function near the boundary of
its support established in the fourth case, in a certain sense, corresponds to the conditions obtained in [25] for
quasilinear parabolic equations of arbitrary order with absorption.

Proof of Theorem 2. The proof is based on the derivation and subsequent analysis of a certain functional
inequality connected with energy functions

Ip(s) := ” w " Vaxdr,  Ep(s) = ” u® M g dr,
Or(s) Or(s)

where u(x,t) is a “strong” solution of problem (C). This method is proposed in [25] for the study of
localization properties and propagation of supports of energy generalized solutions of the Cauchy—Dirichlet
problem for divergence high-order parabolic equations with absorption. Before proceeding to the main proof,
we show the validity of two auxiliary statements:

Lemma 3. Suppose that u(x,t) is a “strong” solution of problem (C). Then, for all o that satisfy
the condition of Theorem 2, the following inequality is true:
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sup jua+1dx+l J Juaﬂdxdt
O:7) os5+8) 0 (s+8)

+ C J‘ J'[|Vu(a+m+1)/2|2 +|Vu((x+n+l)/4|4 +|D2u(0c+n+l)/2|2 +u}‘+a]dxdt

Or(s+9)
< 0(6—2 j jum+°‘+‘dxdz+6—4 j ju"+°‘+1dxdt+h0(s)] = Ry(s,9) (3.2)
KT(ssS) KT(S’S)

VseR', &§>0,

where all constants depend only on known parameters of the problem.

Proof. We introduce nonnegative patch functions (1), @(1)e c? ( R! ) with the following properties:

0 if 10,
o(1) = inthiscase, 0 < @(t)<1 VteR!'
. 15
1 if © 2=,
16
T T
8 d* 1
C(t) = inthiscase ——5 >0 VieR.
. 1 dt
— if 1< =,
32

We define a family of main patch functions as follows:

0y 5(x) = (p(—alC (%%%) VseR! &> 0.

By virtue of the above-presented properties for the patch functions @(t) and {(t), functions from the
mentioned family satisfy the following relations:

s + ;08¢ [%),
s+aﬁ)[§%+%),

C
|V(ps,5| < g’ |A(ps,8| <

IA

0 if xy

0, 5(x) = 0< @ s(x)<1 VxeRY,

vV

1 if xy

C
2

(7]

o] ()8
Vx.s+a18C(6)_xNS s+a;d|C 5 +16'
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Furthermore, it is easy to verify the validity of the inclusions

Q(s+9) c {x:xN > s+a18(§(%)+£)} c Q(s+%8) c {x:xN > s+a16C(|§|)} c Q(s),

K(s,d) D {x:s+a15§(|)g|) < xy < s+4a0 (C(lx’l)wLE)},

) 16
‘R 15
which imply that supp @, 5(x) € Q (s + 1 8),

Setting C4 (x, )= (pi s(x)exp (—¢tT™1) in the local entropy estimate (2.3), after simple transformations, we
get inequality (3.2).

Lemma 4. Suppose that u(x,t) is an arbitrary “strong” solution of problem (C). We introduce the
following energy functions connected with this solution:

Ip(s) := ” u* " dx dr,

E(s) := ” u® M A dr .
Or(s)

Or(s)

Then, for all A > 1, the following inequalities are true:

I(s+8) < TR (s, §),

3.3)
Ep(s+8) < TR (s, 5), (3.4)
where
mN 2m
6= —M, k= ——M—,
mN +2(o + 1) mN + 2(o + 1)
3.5
nN 4n
92 = ——, k = s
nN + 40, + 1) nN + 40, + 1)
as well as
Ip(s+8) < GRIM(5,8), if A< n+l, (3.6)
Ep(s+8) < GRIM(s,8), if A< m+1, (3.7)
where
2m -\ +1) dn—A+1)
ll = , 2 = . (38)
Nm—-A+1)+2o+1) Nun-A+D+4a+1)

All constants are independent of T.
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(o+n+1)/4
u as

Proof. Applying the interpolation inequality (4.1) given in Sec. 4 to the function v(x) =
4(o+1)

, i=1, we get
n+o+1

§ = oo and setting a=d=4, b=

(1-8,)(n+a+1)
o+l

0,
4
J' Mn+a+ldeC( J' |Vu(n+oc+])/4| dx] ( J‘ u(H]dx
Q(s+9) Q(s+9) Q(s+9)

Integrating this relation with respect to the time and using the Holder inequality with exponents 651 and (1 -

0,) 1, we obtain the estimate

1—62

n+o+l (n+a+1)/4 4 (T o+l H#
[[ u dedt < | [ |Vu Faxar | | [| | w*dx |

Or(s+9) Or(s+9) 0 \Q(s+90)

which, by virtue of Lemma 3, leads to inequality (3.3). In the same manner, we prove inequality (3.4) applying

2o +1)
m+o+1
the obtained inequality with respect to time and using the Holder inequality, we obtain relation (3.4). We apply
2(h + o)

for p=2, r= ——"——=, q =
P m+o+1 7

u((x+m+1)/2

inequality (4.1) to v(x)= as & — oo and setting a=d=2, b= , and i=1. Integrating

inequality (4.2) established in Sec. 4 to the function v(x) = o2

M, and 1 -b= 20+ 1) . The condition r < p leads to the restriction A< m + 1. We

m+a+1 Nm-A+1D)+20a+1)

perform analogous operations with the function v(x)= u @D for p=4, r= M, q= M,
n+o+1 n+o+1

4(a +1)

and 1-b=
Nn-A+D+40+1)

for A <n+ 1. Asaresult, we obtain inequalities (3.6) and (3.7).

We now pass to the proof of Theorem 2.

Assume that condition (i) is satisfied. In this case, the influence of absorption on the propagation of the
support of the solution is not taken into account.

We introduce auxiliary functions connected with the energy functions E(s) and Ir(s), namely:

Ar(s) = E;(s),  Bp(s) = I;*M(s),

where k;, i =1, 2, are defined in (3.5). For these functions, by virtue of (3.3) and (3.4), the following
inequalities are true:

Ap(s+8) < T OTRIRB (G 5).
Bp(s+8) < 71" W+pB 8 vseR', &> 0,

where B:=(1+k)(1+k,).
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We consider the auxiliary function Cy(s)= ThAT(s) + By(s), where h=(1-0,)(1+k;)—-(1-067)(1 +
k,). Taking into account the above-obtained relations for the function Cy(s + d), we get the estimate

Cp(s+8) < TV (5741 ()~ (s +8)) + 8 2(Ep(s) — Ex(s +8)) + hy(s)]P. (3.9)

o+1 o+1 o+1
-b

Using the inequality (a —b) <a Yo>0, a>b>0, we obtain the inequalities

Crls+8) < T+ [57B(p (o) B (s+8))

+6 P (Ap(s)—Ap(s +8)) R+ (s ]
< C[8_4BT(1_92)(]+kl)(ACT(S))1+k2 + S_ZB(ACT(S))H—ICI T(]—ez)(l+kl)—h(l+kl)]
+ CT(I_GZ)(Hkl)hg(S),

where AC(s)=Cr(s)—Cr(s+9).
Now we choose the parameter 8, which was arbitrary up to now. First, we introduce the notation

1 1
SIT(S) = [T(l_ez)(l+k1)_h(l"'kl)céfl(S)]ZB’ 6%@) = [T(l—ez)(l‘*kl)C;{Z(s)]“B’

Sk o= {seR*: 8h(s) 2 83(5)},  SF = RY\S),  Jp(s) := max {85(s) 1.

Setting 6 = SlT(s) in the inequalities derived above, we obtain the estimate

2c

Cr(s + SIT(S)) < o

Cr(s) + cT=0UH0EB oy e sk (3.10)

Indeed, if 8%(s) > 82(s) >0, then we have
(51T(S))_4BC§2 (S)T(l—ez)(1+k1) < (8%(s))_4BC;f2 (S)T(l—ez)(l+k1) -1

If 8h(s) > 8%(5) =0, then C;(s)=0, which means that SIT(S) = 0 and the statement of the theorem is

obvious. By analogy, we perform similar operations for 6 = 8%(5) and obtain

2c
2c +1

Cr(s + 82(s)) < Cr(s) + cTOUHEB oy e 52, (3.11)

Thus, using relations (3.10) and (3.11), we obtain
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Cr(s +8%), s e s,
Cr(s+J7(s)) =
Cr(s +8%), s e 8%,

which leads to the inequality

2c

Cr(s+Jr(s)) < e+

S Cr(s) + 71700 k0B v e R

Raising both sides of this inequality to the power k;(2B)~" and multiplying by 7((1=82)(A+ky)=h(1+k))/ (2)
we obtain an inequality for 61T(s). Now we raise both sides of this inequality to the power k2(4[3)_1 and

multiply by p(1=0)0+k)/(EB) — Ag 4 result, we obtain an inequality for 8%(s). Combining both these
inequalities, we obtain the following main functional relation for the function J(s):

Jr(s+Jp(s)) < YIp(s)+ TFp(s) VseR', 0<y<1, (3.12)
where
Fr(s) = max {70780/ 2p8172(5), TU=0/4pka T4 ()1

We set s =-20 and 8=y in relation (3.9) and pass to the limit as s — . Using the boundedness of the
functions I7(s), Ex(s) and hy(s), we obtain the estimate

Cp(=o0) < CT(l_ez)(l+kl)h0B(—°°).
Thus, there exists —eo < 5 <0 such that
Jp(s) < CFp(s) Vs < s (3.13)
By virtue of the assumption on the increase in the function hy(s), we have
Fr(s) € —ksmax{7!"0)/2, 71-60040 . ;¢ (3.14)

Now we use Lemma 5 formulated in Sec.4 for the functions J;(s) and F;(s) that satisfy relations
(3.12)—(3.14). As aresult, we get

Jr(s) =0 Vs >0, T < T (k),

which was to be proved.
Assume that condition (ii) is satisfied. The scheme of the proof is the same as for the first case but with
regard for the influence of absorption on the motion of a support of the solution. We assume that
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Ar(s) = Ef®(s),  By(s) = I7(s),
where k, and /; are defined in (3.5) and (3.8). By virtue of inequalities (3.3) and (3.7), we have
Ap(s+8) < cRP(s,8), Bp(s+8) < T U+RB( 5),
where B:=(1+1;)(1+k,). The function Cy(s) takes the form
Cr(s) = Ap(s) + T- 1790+ p (o),
By analogy with the first case, we obtain the functional inequality (3.12), where
Jr(s) 1= max {70704/ OB ), ) /O3,
Fr(s) = max {714k 5. ph 2 (51,

Applying Lemma 5 to the functions J(s) and Fr(s), we obtain the necessary statement.
Assume that condition (iii) is satisfied. By analogy with the previous case, we take the influence of
absorption into account. We set

Ar(s) = Ef™(s),  Br(s) = I7"1(s),

where k; and /, are defined in (3.5) and (3.8). Using inequalities (3.4) and (3.6), we get
Ap(s+8) < TV UTIRE( §)  B(s+8) < cRB(s, ),
where B:=(1+k;)(1+1,). The function Cy(s) takes the form
Cp(s) = TR A (6) 4 Bo(s).
By analogy with the first case, we obtain inequality (3.12), where
Jr(s) i= max {700 2R/ gy /WP ()},
Fr(s) = max{T(l_el)/zh(])q/z(s); h(l)z/4(s)}.

Using Lemma 5, we obtain the necessary result.
Now assume that condition (iv) is satisfied. In this case, the influence of absorption on the support
propagation is the most essential. For this reason, we set

Ar(s) = Ef2(s),  By(s) = I;7(s),
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where /; and [, are defined by (3.8). Using inequalities (3.4) and (3.6), we get
Ap(s+8) < cRP(s,8), Bp(s+8) < cRb(s, d),
where B:=(1+1;)(1+1/,). The function Cy(s) can be represented in the form
Cr(s) = Ar(s) + Br(s)
and in the corresponding inequality (3.12),
Tr(s) := max{Ch/®(s), P (5)},  Fr(s) = max{h)"*(s); 2 *(s)}.

Applying Lemma 5, we obtain the required statement.
Thus, Theorem 2 is completely proved.

4. Application

Let K(s, S) be the domain introduced in the third section. Then it is easy to verify that the interpolation
Nirenberg —Gagliardo inequality [32] has the form

—N(a-b)

i 119 _
~ b - i 1-6
IVlakesy < k8 @ IVl kiedy + kol DV a5V s @.1)

where v(x)e Wé(K(s, S)) N Lb(K(s, S)), N>1 is the dimension, 8 >0, b>0, a>1, d>1, O (0; 1) and
. -1
is determined by the relation 6 = (% - l) (% + ﬁ - é) , 0< k;, and k, < o are constants independent of
a
§ and v(x).
Let Q(s)c R" be the domain considered in the third section. Then the following interpolation inequality,

the proof of which is a simple corollary of the Holder inequality and (4.1) (see, e.g., [33]), is true:

(p—n(-b)/q
) , (4.2

T [ vl dxar < c[f flel”dxdtT [f j|v|’dxdt]l_bsup( [ vl dx

0 Q) 0 Q) 0 Qs) [0:TT\ (s

where ve I7((0; T); Wy, 100(Qs)), T>0, 1-b=pg(pg+N(p-r))"", r<p, ¢>0, and C >0 depends
on N, p, g, and r and is independent of 7.

Lemma 5 (Lemma 3 in [26]). Suppose that a certain continuous nonnegative nonincreasing function
f(s) satisfies the functional relation

F(s+£(s)) < vf(s) + g(s) VseR', 0<y<l1,
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where the known nonnegative continuous nonincreasing function g(s) satisfies the estimate

g(s) £ -as Vs <0, 0<ac< oo,

Suppose also that, for certain —oo < sy <0, the inequality

F(s) € kg(s) Vs < s, <0, k> —

1-v

is true. In addition, if

a <k '(1-y=kh,

then f(s)=0 Vs20.

—_

10.

11.

12.

13.

14.

15.

16.
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