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On the Thin-Film Equation with Nonlinear
Convection in Multidimensional Domains

Andrey E. Shishkov and Roman M. Taranets

Abstract. We investigate the global solvability of the Cauchy prob-
lem for a multidimensional thin-film equation with nonlinear convection.
Preliminarily, we construct a nonnegative local generalized “strong” so-
lution of the Neumann problem in a bounded domain as the limit of the
sequence of solutions of the corresponding regularized boundary-value
problems. We establish the finiteness of the speed of support propa-
gation for arbitrary “strong” solutions of the Neumann problem. Using
this property, we construct a nonnegative global “strong” solution of the
Cauchy problem with an arbitrary finite initial function under optimal
conditions on parameters of nonlinearity of the equation.
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1. Introduction and Statement of Main Results

In the present paper, we investigate the degenerate fourth-order para-
bolic equation

ut + div (|u|n∇∆u− |u|m∇u) = −→χ · ∇b(u), (t, x) ∈ R+ × RN , (1.1)

where u = u(t, x), n > 0,m ∈ R1, b(z) ∈ W 1
1,loc(R1), and −→χ ∈ RN .

Equation (1.1) is a typical representative of a broad class of nonlinear
equations of the form

ut + div (f(u)∇∆u +∇A(u)) = g(t, x, u,∇u) (1.2)
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2 On the Thin-Film Equation with Nonlinear Convection

which appear in the simulation of various processes in the theory of elastic
deformations and dynamics of fluids and binary alloys [2, 6, 8, 9, 16, 18].
For example, Eq. (1.1) with b(u) = 0 describes the evolution of the height
u(t, x) a liquid film that propagates over a solid surface under the action of
surface tension, viscosity, and (for m = n) gravitation. Note that, for m <
0, the second-order term in Eq. (1.1) corresponds to the intermolecular
Van der Waals forces, whereas for m > 0 (m 6= n) it corresponds to
internal diffusion forces. The fourth-order term in Eq. (1.1) describes the
effect of capillary surface tension. The exponent n > 0 characterizes the
behavior of a liquid at the line of its contact with a solid surface. For
example, the case n = 3 corresponds to the no-slip condition, and the
case n ∈ (0, 3) corresponds to the motion of a liquid for slip condition.
The case n = m = 1 describes the variation in the size of the domain
filled with liquid in a half-space Hele–Shaw cell in the lubrication regime
[23]. The case n = 1 and m = 0 corresponds to the principal term (for
u → 0) in the Cahn–Hilliard equation for binary alloys with logarithmic
free energy:

ut + div
[
u(1− u)∇

{
∆u− ln u

1−u

}]
= 0.

The convective term in Eq (1.1) describes the action of various potentials,
e.g., gravitation on an inclined plane (−→χ b(u) = (un, 0, . . . , 0)), thermally
induced surface tension (−→χ b(u) = (−un−1, 0, . . . , 0)) [6, 7, 10], etc.

The mathematical investigation of degenerate fourth-order thin-film
equations was initiated by Bernis and Friedman in [5], where, in par-
ticular, a nonnegative generalized solution of a Neumann problem with
an arbitrary nonnegative initial function was constructed for the one-
dimensional equation

ut + div (|u|n∇∆u) = 0 (1.3)

Later, nonnegative generalized solutions of boundary-value problems for
the multidimensional equation (1.3) were constructed, and a number of
qualitative properties of the constructed solutions that depend on the
parameters n and N (e.g., the finiteness of the speed and waiting time
phenomenon of the propagation of supports of solutions, support shrink-
ing, etc.) were described in [1, 3, 4, 11, 13, 19, 20]. In [18], nonnegative
solutions were constructed for the Neumann problem for Eq. (1.2) where
g = g(t, x, u) is a function of at most linear growth with respect to u,
|A′(u)| 6 d0f(u), and f(u) is a function of power growth in the neighbor-
hood of u = 0. For g = g(t, x, u) ∼ |u|λ−1u (λ > 0), A′(u) = −|u|m, and
f(u) = |u|n, Eq. (1.2) was studied in [25, 26]. In [14], for the multidi-
mensional equation (1.1) with b(u) = 0, nonnegative generalized solutions
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were constructed, conditions on the parameters n and m that guarantee
the finiteness or infiniteness of the speed of propagation of perturbations
were found, and the exact asymptotics of the motion of the support of a
solution were obtained.

In [6, 7, 10], the stability of traveling-wave solutions of the one-dimen-
sional equation (1.1) with n = m = 3, χ = 1, and b(u) = u3 − u2 was
studied. In [17], for the one-dimensional equation (1.1) without diffusion
term in the case n ∈ (0, 3), λ > max

{
3
4n− 1, 1

8

}
, and b(u) as in (1.6),

a nonnegative local generalized solution and, under the additional con-
dition λ < 9

2 , a nonnegative global generalized solution of the Cauchy
problem were constructed. It was also proved that the speed of support
propagation is finite, and its upper bound for large and small times was
obtained.

The main result of the present paper is the construction of a nonnega-
tive global “strong” (entropy) generalized solution of the Cauchy problem

(C)





ut + div(un∇∆u− um∇u) = −→χ · ∇b(u), (t, x) ∈ R+ × RN , (1.4)

u(0, x) = u0(x) ∈ H1(RN ), u0 > 0, suppu0 is a compact set, (1.5)

|b′(z)| 6 c |z|λ−1 ∀ z ∈ R1, b(0) = 0, λ > 0, c > 0, (1.6)

for N 6 3, m > 0, and 1
8 < n < 2 and the proof of the finiteness of

the speed of propagation of the support of this solution. In a subsequent
work, we will describe the evolution of the support of a solution for large
and small times and establish exact (in a certain sense) upper bounds for
the right and left (with respect to the direction of the vector of convection)
fronts of the support of the solution.

Remark 1.1. The method used for the investigation of problem (C)
is not connected with the model form of Eq. (1.4) and can easily be
adapted to equations with more general structure, e.g., to the case of
a more general convective transfer b = b(t, x, u) that does not have a
periodic structure with respect to the space variable x.

In the present paper, parallel with problem (C), we consider the Neu-
mann problem for Eq. (1.4), namely,

(N)





ut + div (un∇∆u− um∇u) = −→χ · ∇b(u) in QT = (0, T )× Ω, (1.7)
∇u · ~n = ∇∆u · ~n = 0 on (0, T )× ∂Ω, (1.8)

u(0, x) = u0(x) in Ω, (1.9)

where b(z) is defined by (1.6), Ω is an arbitrary bounded connected do-
main in RN (N 6 3) with boundary ∂Ω of the class C1,1, and ~n = ~n(x)
is the unit vector of the outward normal to ∂Ω at the point x.
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1.1. Notation and Main Assumptions

Sets, Vectors, and Auxiliary Functions: Qt2
t1

= (t1, t2)×Ω; B(x0, r) =
{x ∈ RN : |x−x0| < r}; for an N×N matrix A and vectors a, b ∈ RN , we

define 〈a,A, b〉 :=
N∑

i,j=1
aiAijbj and a·b :=

N∑
i=1

aibi; χA is the characteristic

function of a set A; for an arbitrary measurable function v(t, x), we define
the positivity set

P := P(v) = {v > 0} = {(t, x) ∈ Dom(v) : v(t, x) > 0}; (1.10)

by oδ(1) we denote quantities f(δ) satisfying the condition lim
δ→0

|f(δ)| = 0;

Mγ(z) :=

{
z

γ+1
2 if γ 6= −1,

ln z if γ = −1.
(1.11)

Notation for Functional Spaces:
Ck(Ω) is the space of functions k times continuously differentiable in the
domain Ω, and Ck

c (Ω) := {v ∈ Ck(Ω) : supp v ⊂ Ω};
Lp(Ω) is the Banach space of functions measurable in Ω and Lebesgue
summable to the power p > 1;
Lp−(Ω) := {v ∈ L1(Ω) : v ∈ Lp−ε(Ω) for arbitrary 0 < ε < p− 1};
W k

p (Ω) := {v : Dαv ∈ Lp(Ω)∀ |α| 6 k} is a Sobolev space;
Hk(Ω) := W k

2 (Ω) and H2∗ (Ω) := {v ∈ H2(Ω) : ∇v · ~n = 0 a.e. on ∂Ω};
X∗ is the space dual to a Banach space X;
〈w, v〉X∗, X = 〈w, v〉 is the coupling of elements of the spaces X∗ and X;
Lp(0, T ; X) is the space of (classes of) Lebesgue measurable functions
v(t, .) taking values in X and such that the function ‖v(t, .)‖p

X is measur-
able on (0, T );
Xloc(Ω) is the space of functions that belong to the space X(Ω′) for an
arbitrary bounded subdomain Ω′ : Ω′ ⊂ Ω;
X b Y means that the space X is imbedded compactly into the space Y .

Operators: div
−→
F :=

N∑
i=1

∂
∂xi

Fi(x) is the divergence of a vector field
−→
F ,

D2v is the tensor of the second derivatives of a scalar function v ∈ H2(Ω),
and D

−→
F := ∇ • −→F is the tensor product of the vector ∇ and the vector

field
−→
F .

Measures: LN is an N -dimensional Lebesgue measure and HN−1 is
an (N − 1)-dimensional Hausdorff measure.

Types of Constants: C and Ci (c and ci) are positive constants depen-
dent on all known parameters of problem (N) (independent of the initial
function u0 and the domain Ω); C(Ω) and Ci(Ω) (c(u0) and ci(u0)) are
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positive constants dependent on the known parameters of problem (N)
and the domain Ω (the function u0) and independent of u0 (the domain
Ω); d and di are positive constants that depend neither on the parameters
of problem (N), nor on u0, nor on Ω.

Integration: In the case where the domain of integration is obvious
from the context, the corresponding differentials are omitted.

We introduce the set ∆n,λ :=
(
max

{
1
2 − n,−λ

}
,min

{
n+1

3 , 2− n
}) \

{0,−1} and denote

∆̃n,λ := ∆n,λ for N < 3, ∆̃n,λ := ∆n,λ ∩ (−2, +∞) for N = 3. (1.12)

As initial functions in problem (N), we will use functions u0(x) such that

0 6 u0(x) ∈ H1(Ω) ∩
{

v :
∫

Ω

|v|α+1 <∞
}
∩

{
v :

∫

Ω

Ψ0(v)<∞
}

(1.13)

for certain α ∈ ∆̃n,λ. Here,

Ψ0(z):=





zm−n+2

(m−n+1)(m−n+2) +
Rm−n+1

m−n+2 − Rm−n+1

m−n+1 z, m− n + 2 6= 0, 1,

− ln z + z − 1, m− n + 2 = 0,
z ln z − z + 1, m− n + 2 = 1

(1.14)

where R = 0 if m− n + 1 > 0 and R = 1 if m− n + 1 < 0.

1.2. Formulation of Main Results

First, we prove the solvability of problem (N).

Definition 1.1. Let m > −1, n > 0, and λ > 0. Following the concept
of generalized solution from [13, 14], we say that a nonnegative function
u(t, x) ∈ L∞(0, T ; H1(Ω)) is a solution of problem (N) if the following
conditions are satisfied:

(i) ∇b(u) ∈ L2(0, T ; (W 1
q (Ω))∗)

(
q = q′

q′−1

)
for any q′ ∈ ∆1 :=(

1, 4N
2N+n(N−2)

)
(∆1 := {2} if N = 1) and there exists a vector function

−→
J ∈ L2(0, T ; Lq′(Ω;RN )) ∀ q′ ∈ ∆1 such that ut = −div

−→
J + −→χ · ∇b(u)

in L2(0, T ; (W 1
q (Ω))∗);

(ii) χPun−2|∇u|3, χPun−1|∇u|2, un|∇u|, um+1, and b(u) belong to
the space L1(0, T ; L1(Ω)), where P := P(u) is defined in (1.10);
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(iii) u(t, x) satisfies the boundary conditions (1.8) and is a solution
of Eq. (1.7) in the following sense:

T∫

0

〈ut(t), ζ(t)〉 dt−
T∫

0

〈−→χ · ∇b(u), ζ〉 dt = n(n−1)
2

∫∫

P

un−2|∇u|2∇u∇ζ

+ n
2

∫∫

P

un−1|∇u|2∆ζ + n

∫∫

P

un−1
〈∇u,D2ζ,∇u

〉

+
∫∫

QT

un∇u∇∆ζ + 1
m+1

∫∫

QT

um+1∆ζ =: U (T )(u, ζ) (1.15)

∀ ζ ∈ C3(QT ) : ∇ζ · ~n = 0 on (0, T )×∂Ω;
(iv) u(t, x) satisfies the initial condition (1.9) in the sense that

u(t, .) ⇒
t→0

u0(.) in L2(Ω).

Theorem 1.1. Suppose that N 6 3 and the parameters n, m, and λ
satisfy the relations

m > −1, n > 1
8 , λ > max

{
1
8 , 3n−1

7 , n− 2, n−m− 1
}

;
n < 4 and λ < min

{
4n+7

3 , 4
}

if N = 3.
(1.16)

Also assume that a parameter α ∈ ∆̃n,λ (∆̃n,λ is defined by (1.12)) sat-
isfies the relations

λ > max
{

3(α+n)−1
4 , (n−m− 1)+

}
; λ < α + n + 2 for N = 3 (1.17)

(it is easy to verify that, for any n, m, and λ from (1.16), the set of
these α is nonempty) and the initial function u0 > 0 satisfies condition
(1.13) for this α. Then there exists a solution u(t, x) of problem (N) in
the domain (0, Tloc) × Ω (Tloc > 0 depends on the known parameters of
problem (N)) with the following properties:

(i) Ψ0(u) ∈ L∞(0, Tloc;L1(Ω)) and u(t, x) > 0 a.e. in Ω for almost
all t ∈ [0, Tloc] if m− n + 2 6 0;

(ii) if α + m + 1 > 0, then Mα+m(u) ∈ L2(0, Tloc; H1(Ω)), where
Mγ(z) is defined by (1.11);

(iii) if α + m + 1 6 0, then Mα+m(u(t, x)) ∈ L2
loc(Ω) and u(t, x) > 0

a.e. in Ω for almost all t ∈ (0, Tloc), ∇Mα+m(u) = u
α+m−1

2 ∇u ∈
L2(QTloc

), and, furthermore, L2
loc(Ω) can be replaced by L2(Ω) if the do-

main Ω is convex;
(iv) um+1 ∈ L1(0, Tloc;W 1

1 (Ω)) if m>0, u
α+n+1

4 ∈L4(0, Tloc; W 1
4 (Ω)),

u
α+n+1

2 ∈ L2(0, Tloc; H2(Ω)), and uλ+α ∈ L1(QTloc
) (it is obvious that the

inequality λ + α > 0 follows from (1.16) and (1.12) );
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(v) there exist positive constants c1 and C2(Ω) such that, for almost
all T 6 Tloc, the following inequality is true:

c−1
1

∫∫

QT

{∣∣D2u
α+n+1

2

∣∣2+
∣∣∇u

α+n+1
4

∣∣4+
∣∣∇Mα+m(u)

∣∣2
}

+ 1
α(α+1)

∫

Ω

uα+1(T, x) dx 6 1
α(α+1)

∫

Ω

uα+1
0 (x)dx

+

T∫

0

∫

∂Ω

−→χ · ~nB(α)(u) + C2(Ω)
∫∫

QT

uα+n+1 (1.18)

where Mγ(z) is defined by relation (1.11), B(α)(z) := 1
α

z∫
0

b′(τ)τα dτ , and

C2(Ω) = 0 if the domain Ω is convex;
(vi) for almost all 0 6 t1 < t2 6 Tloc, the following local version of

inequality (1.18) is true if α ∈ ∆̃n,λ ∩ (−(m + 1),+∞):

1
α(α+1)

∫

Ω

ζ4uα+1(t2, x) dx− 1
α(α+1)

∫∫

Q
t2
t1

(ζ4)tu
α+1

+ c−1
3

∫∫

Q
t2
t1

ζ4
{∣∣∇u

α+m+1
2

∣∣2 +
∣∣∇u

α+n+1
4

∣∣4 +
∣∣D2u

α+n+1
2

∣∣2
}

6 1
α(α+1)

∫

Ω

ζ4uα+1(t1, x)dx + c3

t2∫

t1

∫

{ζ(t)>0}

uα+m+1(ζ2 |∇ζ|2 + ζ3 |∆ζ|)

+ c3

t2∫

t1

∫

{ζ(t)>0}

uα+n+1(|∇ζ|4 + ζ2 |∆ζ|2)−
t2∫

t1

∫

{ζ(t)>0}

−→χB(α)(u)∇ζ4

(1.19)

where ζ ∈ C2(Qt2
t1) is an arbitrary nonnegative cut-off function such that

supp ζ ⊂ [t1, t2]×Ω, and, furthermore, t1 = 0 and ζt(t, x) 6 0 if α+1 < 0;
(vii) for almost all 0 6 t1 < t2 6 Tloc (t1 = 0 if m− n + 2 6 0), the

following inequality is true:

ẼΩ(u(t2)) 6 ẼΩ(u(t1)) +

t2∫

t1

∫

∂Ω

−→χ · ~n Ψ̃0(u)−
∫∫

P

−→χ b′(u)∇u∆u, (1.20)
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where ẼΩ(u(t)) :=
∫
Ω

[12 |∇u|2 + Ψ0(u)]dx, Ψ̃0(z) :=
z∫
0

b′(τ)Ψ′
0(τ)dτ , Ψ0(z)

is defined by relation (1.14) and P := P(u) is defined by (1.10).

Remark 1.2. If n < 3 and 0 < m − n + 2 (6 6 for N = 3), then
∆̃n,λ ∩ (−1, +∞) 6= ∅ and an arbitrary nonnegative function u0(x) ∈
H1(Ω) is admissible in Theorem 1.1. If n > 3 or m − n + 2 6 0,
then condition (1.13) leads to the requirement of the integrability of the
function u0(x) to a certain negative power, for which, in particular, it is
necessary that mes{Ω\suppu0} = 0.

Corollary 1.1. Suppose that 1
8 < n < 2, m− n + 1 > 0, and

max
{
1, 3n

4 , n−m + 1
2 +

(
1−2n

4

)
+

}
< λ

(
< min

{
4n+7

3 , 4
}
, N = 3

)
.

(1.21)
Then u(t, x) ≡ 0 is a unique solution in the sense of Definition 1.1 of
problem (N) with u0(x) = 0.

The proof of Corollary 1.1 is given in Appendix A.
Under additional restrictions on the parameters of nonlinearity of

Eq. (1.7), one can establish the finiteness of the speed of propagation
of the support of the solution constructed in Theorem 1.1.

Theorem 1.2. Suppose that N ∈ {1, 2, 3},

m > 0, 1
8 < n < 2, 1< λ < µ + 1 + max{n + µ, m} for N < 3,

1 < λ < min
{

4n+7
3 , 4

}
for N = 3, and µ := 2

N min
{

n+4
3 , 3− n

}
(1.22)

(it is easy to verify that, under these assumptions, the interval ∆̃n,λ ∩
(0, +∞) is nonempty), and 0 6 u0(x) is an arbitrary function from
H1(Ω)∩Lm−n+2(Ω) such that suppu0(x) ⊂ B(0, R̃0), where R̃0 > 0 and
R0 > 0 : B(0, R̃0 + 3R0) b Ω. Then there exist an increasing function
Γ(t) ∈ C[0, Tloc], Γ(0) = 0, and T̃ := T̃ (R0) > 0 such that the solu-
tion u(t, x) constructed in Theorem 1.1 can be represented in the form
u(t, x) = u1(t, x) + u2(t, x), where u1 is a solution of problem (N) with
the aforementioned initial function u0(x) and u2 is the solution of the
homogeneous (with u0(x) ≡ 0) problem (N), and, furthermore,

suppu1(t, .)⊂ B(0, R̃0 + C Γ(t))b B(0, R̃0 + R0) ∀ t 6 T1,

suppu2(t, .) b Ω\B(0, R̃0 + 2R0) ∀ t 6 T1 := min{T̃ , Tloc},

where Tloc is defined in Theorem 1.1. Moreover, if the parameters λ, m,
and n also satisfy conditions (1.21), then u2(t, x) ≡ 0.
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Using Theorems 1.1 and 1.2, one can construct a global solution of
the Cauchy problem (C).

Definition 1.2. Let N 6 3, m > −1, n > 0, and λ > 0. We say
that a nonnegative function u(t, x) ∈ L∞loc(R+; H1

loc(RN )) is a solution of
problem (C) if the following conditions are satisfied:

(i) χPun−2|∇u|3, χPun−1|∇u|2, un|∇u|, um+1, and b(u) belong to
the space L1

loc([0,∞);L1
loc(RN )), where P = P(u) is defined by (1.10);

(ii) for any function ζ ∈ C3
c ([0,∞) × RN ), the following equality is

true:

−
∞∫

0

∫

RN

uζt −
∫

RN

u0ζ(0, x) +

∞∫

0

∫

RN

−→χ · ∇ζ b(u) = U (∞)(u, ζ)

where U (T )(u, ζ) is defined in (1.15).

Theorem 1.3. Suppose that N ∈ {1, 2, 3}, m > 0, 1
8 < n < 2,

max
{
1, 3n−1

4

}
< λ < 5N+8

4N + min
{
n, 5

4

}
if N < 3,

max
{
1, 3n−1

4

}
< λ < 2 + min

{
n, 5

4

}
if N = 3,

(1.23)

and u0(x) ∈ H1(RN ) ∩ Lm−n+2(RN ) is a nonnegative function with
suppu0 ⊂ B(0, R0), R0 < +∞. Then there exists a global solution u(t, x)
of problem (C) with the following properties:

(i) suppu(t, .) is compact for any t > 0 and there exists an increasing
function Γ(t) ∈ C[0, +∞), Γ(0) = 0, such that suppu(t, .) ⊂ B(0, R0 +
c(u0)Γ(t)) ∀ t > 0;

(ii) for any α ∈ ∆̃n,λ ∩ (0, +∞) satisfying the conditions

max
{3(α+n)−1

4 , 1
}

< λ 6 N+2
N + 3(α+n)

4 for N < 3,

max
{3(α+n)−1

4 , 1
}

< λ 6 3(α+n)+7
4 for N = 3

(1.24)

(it is easy to verify that, under the assumptions of the theorem, the set
of these α is nonempty), the following inclusions are true:

um−n+2 ∈ L∞loc([0,∞);L1(RN )), u
α+n+1

4 ∈ L4
loc([0,∞);W 1

4 (RN )),

u
α+n+1

2 ∈ L2
loc([0,∞);H2(RN )), u

α+m+1
2 ∈ L2

loc([0,∞);H1(RN ));

(iii) for almost all 0 6 t1 < t2, inequality (1.19) with Ω = RN and
an arbitrary nonnegative function ζ ∈ C2([t1, t2]× RN ) is true;

(iv) u(t, .) ⇒
t→0

u0(.) in L2(RN ).
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Remark 1.3. In the case N = 1, following the procedure described in
[3, 5], one can construct a generalized solution u(t, x) ∈ C([0,∞)×R1)∩
L∞(R+; H1(R1)) of problem (C) with compact suppu(t, .) ∀ t > 0 for
m > 0, 0 < n < 2, and max

{
1, 3n−1

4

}
< λ < 9

2 such that u ∈ C4,1(P),

u
n
2 (uxxx − um−nux) ∈ L2(P), B(u) :=

u∫
0

b′(τ) dτ ∈ L1(R+; L1(R1)), and

∞∫

0

∫

R1

uζt +
∫∫

P

un(uxxx − um−nux)ζx −
∞∫

0

∫

R1

B(u)ζx = 0

where P = P(u) is defined by (1.10) and ζ ∈ C1
c ((0,∞) × R1) is an

arbitrary cut-off function. Furthermore, using the approach related to
periodic approximations that was proposed in [17], one can construct a
generalized solution of problem (C) for m > −1, n ∈ (0, 2), and λ ∈
(max{3n

4 − 1, 1
8}, 9

2) without the assumption that the initial function is
finite.

2. Proof of Theorem 1.1. A Priori Estimates

2.1. Regularized Neumann Problem

For arbitrary δ > 0, σ > 0, ε > 0, and γ > 0, we introduce the
functions

mγ(z) := mδσ(z) + γ := |z|n+s

|z|s+δ|z|n+σ|z|n+s + γ > 0,

b′δσ(z) := b′(z)
1+δ( |z|λ−1+|z|λ−s−1)+σ( |z|λ−1+|z|λ+β−1)

,

Ψ′′
ε(z) := |z|m−n

1+ε|z|m−n , u0δσ(x) := u0(x) + δθ1 + σθ2

where

0 < θ1 < 2
2s−3 , θ2 > 0, β > max{2,m− n + 1}, (2.1)

s > max{n, 4} if N < 3 and s > max{n, 8} if N = 3. (2.2)

Consider the four-parameter family of boundary-value Neumann prob-
lems

(Nγεδσ)





ut + div
{
mγ(u)

[∇∆u−Ψ′′
ε(u)∇u

]}
= −→χ · b′δσ(u)∇u in QT ,

∇u · ~n = ∇∆u · ~n = 0 on (0, T )× ∂Ω,

u(0, x) = u0δσ(x) in Ω.

By analogy with [16, 18], for arbitrary values of the parameters γ > 0,
ε > 0, δ > 0, and σ > 0, using the Faedo–Galerkin method we con-
struct a global regular solution uγεδσ of the regularized problem (Nγεδσ),
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which naturally does not possess the property of nonnegativity. Using
the method proposed in [16, 18], we can also pass to the limit as γ → 0
and obtain a global solution uεδσ of problem (Nεδσ) (i.e., problem (Nγεδσ)
with γ = 0), which, by virtue of conditions (2.1) and (2.2) for the reg-
ularization parameters s and β, is strictly positive for almost all t > 0.
Passing to the limit as ε → 0 in Theorem A.1 (see Appendix A), we con-
struct a global nonnegative solution uδσ(t, x) of problem (Nδσ) (a special
case of problem (Nεδσ) with ε = 0). This theorem is proved by using the
procedure proposed in [14] (in the present paper, the proof is omitted).
Now, the main part of the proof of Theorem 1.1 consists in the passage
to the limit as δ → 0 and σ → 0. By this passage, we obtain new a priori
estimates for the solutions uδσ independent of δ > 0 and σ > 0.

2.2. Main Local a Priori Estimate of uδσ Uniform in δ and σ

First, consider the following two simple inequalities:

∫∫

QT

uν 6 γ̂B0 + c

T∫

0

(∫

Ω

u6

) ν+3(α+n+1)
3(α+n−ν+9)

+ c1

T∫

0

(∫

Ω

u6

) ν
6

6 γ̂B0

+ cR1(h1) + c1R1(ν
2 ) ∀ γ̂ > 0, B0 :=

∫∫

QT

∣∣∇u
α+n+1

4

∣∣4 (2.3)

where R1(s) :=
T∫
0

‖u‖2s
H1(Ω)dt, h1 = ν+3(α+n+1)

α+n−ν+9 , 6 < ν < α + n + 9, and

N = 3, and
∫∫

QT

uν 6 γ̂B0 + cR2(h2) + c1R2( ν
m−n+2) ∀ γ̂ > 0, B0 is defined in (2.3)

(2.4)

where R2(s) :=
T∫
0

‖u‖s(m−n+2)
Lm−n+2(Ω)

dt, h2 = ν+3(α+n+1)
3(α+n+1−ν)+4(m−n+2) , 1 < m −

n + 2 < ν < α + n + 1 + 4
3(m − n + 2), and N = 3. To obtain these

inequalities, we apply the Nirenberg–Gagliardo interpolation inequality
(Lemma B.5) to the function v = u

α+n+1
4 for a = 4ν

α+n+1 , d = 4, i = 0,
j = 1, and b = 24

α+n+1 in the case of (2.3) and for a = 4ν
α+n+1 , d = 4,

i = 0, j = 1 and b = 4(m−n+2)
α+n+1 in the case of (2.4), integrate the results

obtained with respect to time, and use the Young inequality.
Now consider inequalities (A.2) and (A.4) from Theorem A.1. We suc-

cessively estimate the terms on the right-hand sides of these inequalities
(note that all further calculations are carried out for N = 3; in the case
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N < 3, the required estimates for the right-hand sides follow directly from
the imbeddings H1(Ω) ⊂ L∞(Ω) for N = 1 and H1(Ω) ⊂ Lq(Ω) ∀q < ∞
for N = 2). Using the Cauchy inequality, we get

B1 :=
∫∫

QT

mδσ(uδσ)
∣∣∇uδσ

∣∣2 6 c

∫∫

QT

u
n−α+3

2
δσ |∇u

α+n+1
4

δσ |2

6 γB0 + cB
(1)
1 ∀ γ > 0, B

(1)
1 :=

∫∫

QT

un−α+3
δσ , B0 from (2.3). (2.5)

For 0 < n − α + 3 6 6, the term B
(1)
1 is estimated with the use of

the imbedding H1(Ω) ⊂ Lq(Ω) ∀ q 6 6: B
(1)
1 6 C(Ω)R1(n−α+3

2 ). For
0 < n−α+3 6 m−n+2, m−n+1 > 0, we estimate this term using the
imbedding Lm−n+2(Ω) ⊂ Lq(Ω) ∀ q 6 m−n+2: B

(1)
1 6 C(Ω)R2( n−α+3

m−n+2).
For 6 < n−α+3 < α+n+9 (m−n+2 < n−α+3 < α+n+1+ 4

3(m−n+2),
m− n + 1 > 0), to estimate B

(1)
1 we use inequality (2.3) ((2.4)): B

(1)
1 6

γ̃B0 + c(γ̃){R1(s1) + R1(s2)} (6 γ̃B0 + c(γ̃){R2(s3) + R2(s4)}), where
the quantities Ri(s) are defined in (2.3) and (2.4), s1 = 2(2n+α+3)

α+3 , s2 =
n−α+3

2 , s3 = n−α+3
m−n+2 , and s4 = 2n+α+3

3(α−1)+2(m−n+2) . Substituting the esti-
mates obtained into inequality (2.5), we get

B1 6 γ1B0 + C(Ω)
( ∑

i=1,2

R1(si) +
∑

i=3,4

R2(si)
)
∀ γ1 > 0 (2.6)

if the parameter α satisfies one of the relations

−3 < α < n + 3, (2.7)

−2
3(m− n + 1

2) < α < n + 3, m− n + 1 > 0. (2.8)

Moreover, the sum
∑

i=1,2
R1(si) is present only in case (2.7) (furthermore,

R1(s1) is absent if n−3 6 α < n+3), and the sum
∑

i=3,4
R2(si) is present

only in case (2.8) (furthermore, R2(s4) is absent if 2n−m+1 6 α < n+3).

Remark 2.1. In what follows, estimating the terms Bi on the right-hand
sides of relations (A.2) and (A.4), we omit simple calculations similar to
those presented between estimates (2.5) and (2.6).
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Using inequalities (2.3) and (2.4) again, we get

|B2| :=
∣∣∣∣∣
∫∫

QT

−→χ b′δσ(uδσ)uδσ∇uδσ

∣∣∣∣∣ 6 c

∫∫

QT

u
4λ−α−n+3

4
δσ

∣∣∇u
α+n+1

4
δσ

∣∣

6 γ2B0 + C(Ω)
( ∑

i=5,6

R1(si) +
∑

i=7,8

R2(si)
)

∀ γ2 > 0 (2.9)

if the parameters α and λ satisfy one of the relations
(

α+n−3
4

)
+

< λ < α + n + 6, (2.10)

(
α+n−3

4

)
+

< λ < α + m + 2, m− n + 1 > 0. (2.11)

Here, B0 and Ri(s) are defined in (2.3) and (2.4), s5 = λ+2(α+n)+3
α+n−λ+6 , s6 =

4λ−α−n+3
6 , s7 = 4λ−α−n+3

m−n+2 , and s8 = λ+2(α+n)+3
3(α+m−λ+2) . The sum

∑
i=5,6

R1(si)

is present in relation (2.9) only in case (2.10), and the sum
∑

i=7,8
R2(si) is

present only in case (2.11).
Taking into account relations (1.6) and (1.14) and Remark 2.1, in the

case m− n + 2 6= 1 we obtain

|B3|:=
∣∣∣∣∣
∫∫

QT

−→χ b′δσ(uδσ)Ψ′
0(uδσ)∇uδσ

∣∣∣∣∣6R
4(m−n+1)

3 C(Ω)
∑

i=13,14

R1(si)

+ γ3B0 + C(Ω)
( ∑

i=9,10

R1(si) +
∑

i=11,12

R2(si)
)

∀ γ3 > 0, (2.12)

if one of the following conditions is satisfied:

n−m + n+α−3
4 < λ < 2n−m + α + 6, (2.13)

n−m + n+α−3
4 < λ < α + n + 2, m− n + 1 > 0, (2.14)

α+n+1
4 < λ < α + n + 7, m− n + 1 < 0. (2.15)

Here, B0 and Ri(s) are defined in (2.3) and (2.4), s9 = n+m+λ+2α+3
2n−m−λ+α+6 ,

s10 = 4(λ+m)−5n−α+3
6 , s11 = 4(λ+m)−5n−α+3

m−n+2 , s12 = n+m+λ+2α+3
3(α+n+2−λ) ,

s13 = λ+2(α+n+1)
n+α−λ+7 , and s14 = 4λ−n−α−1

6 . Furthermore, the sum
∑

i=9,10
R1(si)

is present in relation (2.12) only in case (2.13), the sum
∑

i=11,12
R2(si) is

present only in case (2.14), and the sum
∑

i=13,14
R1(si) is present only in
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case (2.15). Integrating B3 by parts and using the imbedding theorem in
addition to (2.12) we obtain the estimate

|B3| 6 C(Ω)
(
R1(s15) + Rm−n+1R1(s16)

)
, m− n + 2 6= 1 (2.16)

(R is defined in (1.14), s15 = λ+m−n+1
2 , and s16 = λ

2 ) which is valid for

(n−m− 1)+ < λ 6 min{n−m + 3, 4}. (2.17)

For m − n + 2 = 1, using the inequality | ln z| 6 d(ξ)(z−ξ + zξ) ∀ ξ > 0
and reasoning as in the derivation of inequalities (2.12) and (2.16), we
get

|B3| 6 γ3B0 + C(Ω)
20∑

i=17

R1(si) ∀ γ3 > 0, B0 is defined in (2.3),

|B3| 6 C(Ω)
( ∑

i=21,22

R1(si) + R1(s16)
)

for ξ + α+n+1
4 < λ < α + n + 7− ξ and ξ 6 λ < 4− ξ, respectively. Here,

the quantities Ri(s) are defined in (2.3) and (2.4), s17 = λ+ξ+2(α+n+1)
n+α−λ−ξ+7 ,

s18 = 4λ−n−α−1+4ξ
6 , s19 = λ−ξ+2(α+n+1)

n+α−λ+ξ+7 , s20 = 4λ−n−α−1−4ξ
6 , s21 = λ+ξ

2 ,

and s22 = λ−ξ
2 .

Remark 2.2. Combining conditions (2.13)–(2.15), and (2.17) and taking
into account that, for m − n + 2 = 1, the parameter ξ in the condition
for λ can be taken arbitrarily small, we conclude that, for any λ ∈ ((n−
m− 1)+, α + n + 2 + (n−m + 4)+), at least one of the estimates for |B3|
presented above is true.

After elementary calculations, we obtain

∣∣∣b′δσ(z)g(α)
δσ (z)

∣∣∣6 c zλ−1

1+δ(zλ−1+zλ−1−s)+σ(zλ−1+zλ−1+β)

∣∣ 1
αzα+ δ

α+n−sz
α+n−s+

+ σ
α+nzα+n

∣∣ 6
{ cλ

|α|z
α+λ−1 + cλ

s−α−nzα+n + cλ
α+nzα+n ∀z 6 1,

cλ
|α|z

α+λ−1 + cλ
s−α−nzα+n−s + cλ

α+nzα+n−β ∀z > 1.

Therefore,
∣∣ b′δσ(z)g(α)

δσ (z)
∣∣ 6 2λc

|α| z
α+λ−1+ 2λsc

(s−α−n)(α+n) ∀ z > 0 if s > α+n

and β > α + n. By virtue of conditions (2.1) and (2.2) and Remark 2.1,
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we get

|B4| :=
∣∣∣∣∣
∫∫

QT

−→χ b′δσ(uδσ)g(α)
δσ (uδσ)∇uδσ

∣∣∣∣∣

6 c

∫∫

QT

u
4λ+3α−n−1

4
δσ

∣∣∇u
α+n+1

4
δσ

∣∣ + c

∫∫

QT

|∇uδσ| 6 C(Ω)R1(1
2) + γ4B0

+ C(Ω)
( ∑

i=23,24

R1(si) +
∑

i=25,26

R2(si)
)

∀ γ4 > 0; (2.18)

furthermore, the sum
∑

i=23,24
R1(si) is present only if n−3α+1

4 < λ < n+7,

and the sum
∑

i=25,26
R2(si) is present only if n−3α+1

4 < λ < m + 3 and

m− n + 1 > 0. Integrating B4 by parts and using relation (1.6) and the
imbedding H1(Ω) ⊂ L4(∂Ω), in addition to (2.18) we get

|B4| 6 c

T∫

0

∫

∂Ω

{uλ+α
δσ + uδσ} 6 C(Ω)

(
R1(s27) + R1(1

2)
)

for 0 < λ + α < 4. Here, B0 and Ri(s) are defined in (2.3) and (2.4),
s23 = 2n+λ+3α+2

n−λ+7 , s24 = 4λ+3α−n−1
6 , s25 = 4λ+3α−n−1

m−n+2 , s26 = λ+2n+3α+2
3(m−λ+3) ,

and s27 = λ+α
2 .

Remark 2.3. At least one of the estimates for |B4| presented above is
true for any λ ∈ (min{−α, n−3α+1

4 }, max{4− α, n + 7 + (m− n− 4)+}).
Using the identity uxixj = γ−1u1−γ(uγ)xixj −(γ−1)u−1uxiuxj , where

γ = α+n+1
2 , we rewrite B5 :=

∫∫
QT

−→χ b′δσ(uδσ)∆uδσ∇uδσ in an equivalent

form and then estimate it as follows:

|B5| 6 c

∫∫

QT

uΛ
δσ

∣∣∇u
α+n+1

4
δσ

∣∣3 + c

∫∫

QT

uΛ
δσ

∣∣∇u
α+n+1

4
δσ

∣∣∣∣∆u
α+n+1

2
δσ

∣∣,

where Λ := 4λ−3(α+n)+1
4 . Applying the Young inequality with exponents

4 and 4
3 to the first term and with exponents 4, 4, and 2 to the second

term, we get

|B5| 6 γ5

∫∫

QT

∣∣D2u
α+n+1

2
δσ

∣∣2 + γ5B0

+ C(Ω)
( ∑

i=28,29

R1(si) +
∑

i=30,31

R2(si)
)

∀ γ5 > 0; (2.19)
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furthermore, the sum
∑

i=28,29
R1(si) is present only if 3(α+n)−1

4 < λ <

α + n + 2, and the sum
∑

i=30,31
R2(si) is present only if 3(α+n)−1

4 < λ <

α+n+ 1
3(m−n+2) and m−n+1 > 0. Here, B0 and Ri(s) are defined in

(2.3) and (2.4), s28 = λ+1
n−λ+α+2 , s29 = 4λ−3(α+n)+1

2 , s30 = 4λ−3(α+n)+1
m−n+2 ,

and s31 = 2(λ+1)
3(n−λ+α)+m−n+2 .

Remark 2.4. Combining the restrictions on λ obtained in the deriva-
tion of estimates for |B5|, we conclude that relation (2.19) holds for
λ ∈ (3(α+n)−1

4 , α + n + 2 + (m−n−4
3 )+

)
.

Summing up inequalities (А.2) and (А.4), taking into account esti-
mates (2.6), (2.9), (2.12), (2.16), (2.18), and (2.19), and choosing suffi-
ciently small γi, i = 1, 5, we get

EΩ(uδσ) +
∫

Ω

G
(α)
δσ (uδσ)dx + c−1

1

∫∫

QT

{∣∣D2u
α+n+1

2
δσ

∣∣2 +
∣∣∇u

α+n+1
4

δσ

∣∣4
}

+ c−1
1

∫∫

QT

uα+m−1
δσ |∇uδσ|2 6 EΩ(u0δσ) +

∫

Ω

G
(α)
δσ (u0δσ(x))dx

+ C(Ω)
(
R1(1

2) +
31∑

i=1

R1(si) +
31∑

i=1

R2(si)
)

+ C2(Ω)R1(s32) 6 EΩ(u0δσ)

+
∫

Ω

G
(α)
δσ (u0δσ(x))dx + C0(Ω)

T∫

0

{Esmin
Ω (uδσ(τ)) + Esmax

Ω (uδσ(τ))
}

dτ

(2.20)

where EΩ(uδσ) is defined in assertion (h) of Theorem A.1, G
(α)
δσ (z) is de-

fined in assertion (j) of Theorem A.1, s32 = α+n+1
2 , C2(Ω) = 0 if Ω is

convex, smin = min{si, 2−1}, and smax = max{si, 2−1} (i = 1, 32). Com-
bining Remarks 2.2–2.4 and conditions (2.7), (2.8), (2.10), and (2.11), we
obtain the following final restrictions on λ and α sufficient for the validity
of (2.20):

max
{

3(α+n)−1
4 , (n−m− 1)+

}
< λ(< α + n + 2 if N = 3),

α ∈ ∆λ := (max{1
2 − n,−λ}, 2− n)\{0,−1} for N < 3,

α ∈ ∆λ ∩ (min{−3,−2
3(m− n + 1

2)},+∞) for N = 3.





(2.21)

Taking into account the definition of the function G
(α)
δσ (z) (see asser-

tion (j) in Theorem A.1) and condition (2.1), by analogy with [13] we



A. E. Shishkov, R. M. Taranets 17

get

EΩ(u0δσ(x)) +
∫

Ω

G
(α)
δσ (u0δσ(x)) 6 1

2 ‖u0δσ‖2
H1(Ω)

+
∫

Ω

Ψ0(u0δσ) +
∣∣∣ 1
α(α+1)

∣∣∣
∫

Ω

uα+1
0δσ + oδσ(1) 6 c1(u0) (2.22)

where the constant c1(u0) := c1(EΩ(u0), ‖u0‖Lα+1(Ω)) is independent of δ
and σ, and Ψ0(z) is defined by relation (1.14). Applying Lemma B.9 to
inequality (2.20) and taking inequality (2.22) into account, we obtain the
following local a priori estimate for almost all T 6 T̂ := T0

2 :

EΩ(uδσ(T )) +
∫

Ω

G
(α)
δσ (uδσ(T )) dx

+ c−1
1

∫∫

QT

{∣∣D2u
α+n+1

2
δσ

∣∣2 +
∣∣∇u

α+n+1
4

δσ

∣∣4 + uα+m−1
δσ |∇uδσ|2

}
6C4 (2.23)

where C4 = 2
1

smax−1 (c1(u0) + C0(Ω)), smax > 1, and

T0 := 1
C0(Ω)(smax−1)(c1(u0) + C0(Ω))1−smax . (2.24)

Here, C0(Ω) is defined by (2.20), and c1(u0) is defined by (2.22). Estimate
(2.23) is the main a priori estimate obtained in this section. It follows
from (2.23) that uniformly in δ > 0 and σ > 0:

{uδσ}δ,σ>0 are bounded in L∞(0, T̂ ; H1(Ω)), (2.25)

{Ψ0(uδσ)}δ,σ>0 are bounded in L∞(0, T̂ ; L1(Ω)), (2.26)

{u
α+m−1

2
δσ |∇uδσ|}δ,σ>0 are bounded in L2(QT̂ ), (2.27)
∫

Ω

G
(α)
δσ (uδσ(t))dx is bounded ∀ t ∈ [0, T̂ ], (2.28)

{u
α+n+1

2
δσ }δ,σ>0 are bounded in L2(0, T̂ ; H2(Ω)), (2.29)

{u
α+n+1

4
δσ }δ,σ>0 are bounded in L4(0, T̂ ;W 1

4 (Ω)). (2.30)

By virtue of (2.25), the following sequence is uniformly bounded:

{uδσ}δ,σ>0 in L∞(0, T̂ ; Lq(Ω)) ∀ q < ∞, N < 3 and ∀ q < 6, N = 3.
(2.31)
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Remark 2.5. Reasoning as in the derivation of inequalities (2.3) and
(2.4) and using estimate (2.23), we establish the uniform boundedness of
the sequence

{uδσ}δ,σ>0 in Lα+n+9(QT̂ ) and in Lr(QT̂ ) if m− n + 1 > 0, (2.32)

for N = 3 where r = α + n + 1 + 4
3(m− n + 2).

2.3. Additional a Priori Estimates Uniform in δ and σ

If N < 3 or N = 3 and α+m 6 11 (α+m > 11), then relation (2.31)
((2.26)) yields

∫

Ω

u
α+m+1

2
δσ (t, x)dx 6 C for almost all t 6 T̂ if α + m + 1 > 0. (2.33)

In view of (2.27), this implies that the sequence

{u
α+m+1

2
δσ }δ,σ>0 is bounded in L2(0, T̂ ;H1(Ω)), α + m + 1 > 0. (2.34)

By virtue of the interpolation Lemma B.3, relations (2.34) and (2.31)
yield ∫∫

QT̂

uα+m+5
δσ 6 C if α + m + 1 > 0 and N = 3. (2.35)

Following [14], one can show that, for N < 3 or N = 3, 0 < m < 3, or
N = 3, m > 3, α > −2, there exists η > 0 such that

{|∇Hδσ(uδσ)|}δ,σ>0 is bounded in L1+η(QT̂ ) (2.36)

where Hδσ(z) is defined in assertion (c) of Theorem A.1.
In the remaining part of this section, we establish optimal conditions

for the parameter λ that guarantee the uniform boundedness (with re-
spect to δ and σ) of the sequence

{∂tuδσ}δ,σ>0 in the space L2(0, T̂ ; (W 1
q (Ω))∗), q = q′

q′−1 (2.37)

where q′ is an arbitrary number from the interval ∆1 from Definition 1.1.
By virtue of assertion (b) of Theorem A.1, for arbitrary function ϕ ∈
L2(0, T̂ ; H1(Ω)) we obtain

T̂∫

0

〈∂tuδσ, ϕ〉 =
∫∫

QT̂

(−→
J δσ · ∇ϕ +−→χ · ∇Bδσ(uδσ)ϕ

)
=: I + II (2.38)
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where Bδσ(z) :=
z∫
0

b′δσ(τ) dτ . By virtue of estimates (2.6), (2.9), (2.12),

(2.16), and (2.19) and a priori estimate (2.23), relation (A.1) yields

T̂∫

0

∥∥−→J δσ

∥∥2

Lq′ (Ω)
6 C sup

t∈(0,T̂ )

∥∥un
δσ(t, .)

∥∥
L

q′
2−q′ (Ω)

6 C1. (2.39)

The last inequality follows from property (2.25) and the imbedding H1(Ω)

⊂ L
nq′
2−q′ (Ω), which is true because nq′

2−q′ < 2N
N−2 ⇔ q′ < 4N

2N+n(N−2) .
Relation (2.39) obviously yields

|I| 6 C2 ‖ϕ‖L2(0,T̂ ;W 1
q (Ω)) , q = q′

q′−1 . (2.40)

Let us find an analogous estimate for the term II in (2.38), which can be
represented in the form

II =

T̂∫

0

∫

∂Ω

−→χ · ~nBδσ(uδσ)ϕ−
∫∫

QT̂

−→χ · Bδσ(uδσ)∇ϕ =: II1 − II2. (2.41)

By virtue of (1.6), we have

|II2| 6 c‖uλ
δσ‖L2(0,T̂ ;Lq′ (Ω))‖∇ϕ‖L2(0,T̂ ;Lq(Ω)). (2.42)

Let us analyze the character of the summability of the solutions uδσ

defined by properties (2.25)–(2.30) for N = 3. Using relations (2.29) and
(2.31) ((2.26)), we establish the uniform boundedness of the family

{vδσ} := {uµ
δσ} in L2(0, T̂ ; W 1

6 (Ω)), µ = α+n+1
2 ∈ (

3
4 , 3

2

)
, (2.43)

and

{vδσ} inL∞(0, T̂ ;L
6
µ (Ω))

(
inL∞(0, T̂ ;L

m−n+2
µ (Ω)), m−n+1>0

)
. (2.44)

Let us find conditions for λ that guarantee the following estimate uniform
in δ and σ:

‖uλ
δσ‖L2(0,T̂ ;Lq′ (Ω)) ≡

T̂∫

0

(∫

Ω

v
λq′
µ

δσ

) 2
q′

dt 6 C ∀ q′ ∈ ∆1. (2.45)

By virtue of the Nirenberg–Gagliardo interpolation inequality (Lemma
B.5), we have

(∫

Ω

va

) 1
a

6 d1

(∫

Ω

|∇v|6
) θi

6
(∫

Ω

vbi

) 1−θi
bi

+ d2

(∫

Ω

vbi

) 1
bi

, i = 1, 2, (2.46)
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where a = λq′
µ , b1 = 6

µ , b2 = m−n+2
µ , θ1 = µ(λq′−6)

λq′(1+µ) , θ2 = 6µ(λq′−m+n−2)
λq′(6µ+m−n+2) ,

and N = 3. Raising inequality (2.46) to the power 2λ
µ and integrating

the result with respect to t, we get

T̂∫

0

(∫

Ω

v
λq′
µ

) 2
q′

6 c

T̂∫

0

( ∫

Ω

|∇v|6
)λθi

3µ
(∫

Ω

vbi

) 2λ(1−θi)

µbi

+ c

T̂∫

0

(∫

Ω

vbi

) 2λ
µbi

,

i = 1, 2. Applying the inequality obtained to the function v = vδσ and
using properties (2.43) and (2.44), we get estimate (2.45), provided that
one of the following inequalities is true: λθi

µ 6 1 ⇔ λ 6 µ
θi
∀ q′ ∈ ∆1,

i = 1, 2. It is easy to verify that these relations are equivalent to the
following restrictions imposed on the parameter λ:

λ 6 µ + max
{
1, m−n+2

6

}
(4 + n

2 ) for N = 3 (µ from (2.43)). (2.47)

Let us estimate the term II1 in (2.41). It is obvious that

|II1| 6 c

T̂∫

0

‖ϕ‖Ld(∂Ω)‖uδσ‖λ

L
λd

d−1 (∂Ω)
dt ∀ d > 1. (2.48)

For N < 3, by virtue of (2.25) and the imbedding W 1
p (Ω) ⊂ Lr(∂Ω) ∀ r <

∞, ∀ p > 2, this yields

|II1| 6 C3 ‖ϕ‖L2(0,T̂ ;W 1
q (Ω)) ∀λ > 0. (2.49)

For N = 3, we have the imbedding W 1
q (Ω) ⊂ Ldq(∂Ω), where dq = 2q

3−q
if q < 3 and dq is an arbitrarily large number if q > 3. To obtain an
estimate of the form (2.49), by virtue of (2.48) it suffices to establish the
uniform estimate

II(1)
1 :=

T̂∫

0

( ∫

∂Ω

|vδσ|
λdq

µ(dq−1) dHN−1

) 2(dq−1)

dq

dt 6 C, µ is defined in (2.43).

(2.50)
We apply the interpolation inequality from Lemma B.4 to the function
vδσ with a = λdq

µ(dq−1) , d = 6, b = bi from (2.46) (i = 1, 2), and N = 3,
raise the result obtained to the power 2λ

µ , and integrate it with respect
to t. As a result, we get

|II(1)
1 |6 c

T̂∫

0

(∫

Ω

|∇vδσ|6
)λθi

3µ
(∫

Ω

|vδσ|bi

) 2λ(1−θi)

µbi

+ c

T̂∫

0

(∫

Ω

|vδσ|bi

) 2λ
µbi

, i = 1, 2
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where θ1 = µ[λdq−4(dq−1)]
λdq(1+µ) and θ2 = 2µ[3λdq−2(dq−1)(m−n+2)]

λdq [6µ+m−n+2] . By virtue of
properties (2.43) and (2.44), this yields estimate (2.50) if λmin{θ1, θ2} 6
µ. Simple calculations show that this relation is equivalent to the restric-
tion λ 6 µ + max

{
1, m−n+2

6

}(
1 + 4(dq−1)

dq

) ∀ q′ = q
q−1 ∈ ∆1, which, in

turn, by virtue of the definitions of µ and dq, is equivalent to the relation

λ 6 α+n+1
2 + max

{
1, m−n+2

6

} (
4 + min{n,2}

2

)
for N = 3. (2.51)

Therefore, if conditions (2.47) and (2.51) are satisfied, then estimates
(2.40), (2.42), (2.45), and (2.49) are valid, and, hence, relation (2.37) is
true.

3. Proof of Theorem 1.1. Passages to the Limit

First, we pass to the limit as δ → 0.

3.1. Compactness of the Sequence uδσ

By virtue of Lemma B.1, it follows from (2.25) and (2.37) that there
exist an element uσ and a subsequence δ = δk → 0 such that

uδσ ⇒
δ→0

uσ in L2(QT̂ ) and almost everywhere in QT̂ . (3.1)

In addition, by virtue of Lemma B.2, we have

uδσ ⇒
δ→0

uσ in C(0, T̂ ; L2(Ω)). (3.2)

By virtue of Lemma B.6, it follows from (2.29), (2.39), and (2.43) that

u
α+n+1

2
δσ

⇒
δ→0

u
α+n+1

2
σ in L2(0, T̂ ;H1(Ω)). (3.3)

Using (2.29) and (3.3), we also establish that

u
α+n+1

2
δσ

⇀
δ→0

u
α+n+1

2
σ in L2(0, T̂ ;H2(Ω)). (3.4)

By virtue of relations (2.30), (2.34), and (3.1) and Lemma B.7, we have

u
α+n+1

4
δσ

⇀
δ→0

u
α+n+1

4
δσ in L4(0, T̂ ;W 1

4 (Ω)), (3.5)

u
α+m+1

2
δσ

⇀
δ→0

u
α+m+1

2
σ in L2(0, T̂ ;H1(Ω)) if α + m + 1 > 0. (3.6)
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Using relations (2.25), (2.39), (2.37), and (3.1), we get

uδσ
∗
⇀

δ→0
uσ in L∞(0, T̂ ;H1(Ω)), (3.7)

−→
J δσ ⇀

δ→0

−→
J σ in L2(0, T̂ ;Lq′(Ω)) ∀ q′ ∈ ∆1, ∆1 from Def. 1.1, (3.8)

∂tuδσ ⇀
δ→0

∂tuσ in L2(0, T̂ ; (W 1
q (Ω))∗), (3.9)

where q = q′
q′−1 and q′ is the same as in (3.8). By virtue of the Vitali

theorem (see [13]), relations (3.1) and (3.5) yield

∇u
α+n+1

4
δσ

⇒
δ→0

∇u
α+n+1

4
σ in L4−({uσ > 0}) and a.e. on {uσ > 0}. (3.10)

Using relations (3.3), (3.5), and (3.10) (see. [13]), we get ∇uδσ ⇒
δ→0

∇uσ

in L2(QT̂ ). With regard for (3.1) and (3.11), this yields

uδσ ⇒
δ→0

uσ in L2(0, T̂ ; H1(Ω)) and a.e. in QT̂ . (3.11)

Remark 3.1. If m > 0, then, using relations (2.36) and (3.11) and the
Vitali theorem, we establish the convergence

mδσ(uδσ)um−n
δσ ∇uδσ ⇒

δ→0
mσ(uσ)um−n

σ ∇uσ in L1(QT̂ ).

3.2. Passage to the Limit in Cases (b) and (c) of Theorem A.1

By analogy with [13, 14], we prove that the limit flow
−→
J σ formally

obtained in (3.8) satisfies the equality
−→
J σ = mσ(uσ)[∇∆uσ −um−n

σ ∇uσ]
in the sense of the limit (δ = 0) equality (с). This leads to the restriction
α < n+1

3 contained in the definition of the interval ∆̃n,λ in (1.12). Thus,
it remains to pass to the limit as δ → 0 in the second term on the right-
hand side of equality (b), or, which is equivalent, in term II in (2.38).
We again integrate II by parts, represent this term in the form (2.41),
and pass to the limit as δ → 0 in II1 and II2. Since Bδσ(z) ⇒

δ→0
Bσ(z) 6

c zλ, z ∈ [0,∞) Bδσ(z) is defined in (2.38), relation (3.11) implies that
Bδσ(uδσ) →

δ→0
Bσ(uσ) a.e. in QT̂ and a.e. in (0, T̂ )×∂Ω. Using (2.25) and

estimate (2.50) with dq = 2, we establish that the majorizing sequence
{uλ

δσ} is uniformly bounded with respect to δ and σ in L1+σ̃(QT̂ ) and
L1+σ̃((0, T̂ ) × ∂Ω) (σ̃ > 0 is sufficiently small) if 0 < λ (< 4, N = 3),
whence, taking into account that uλ

δσ
→

δ→0
uλ

σ a.e. in QT̂ and (0, T̂ ) ×
∂Ω, by virtue of the Vitali theorem we get uλ

δσ
⇒

δ→0
uλ

σ in L1(QT̂ ) and
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L1((0, T̂ ) × ∂Ω). Using the generalized Lebesgue lemma (see Appendix
B), we establish that Bδσ(uδσ) ⇒

δ→0
Bσ(uσ) in L1(QT̂ ) and L1((0, T̂ )×∂Ω)

if 0 < λ (< 4, N = 3). This yields the validity of the passage to the limit
in II1 and II2. Consequently,

II →
δ→0

T̂∫

0

〈−→χ · ∇Bσ(uσ), ζ〉 dt

=

T̂∫

0

∫

∂Ω

−→χ · ~nBσ(uσ)ζ −
∫∫

QT̂

−→χBσ(uσ)∇ζ. (3.12)

3.3. Positivity of the Solution uσ for α + m + 1 6 0

Lemma 3.1. Under the conditions of Theorem 1.1, the interval of solv-
ability Tloc > 0 can be chosen so that the inequality

∫
Ω

uδσ(t) dx> c(u0)> 0

holds uniformly in δ > 0 and σ> 0 for all t< Tloc.

Proof. Taking ζ ≡ 1 as a test function in identity (b) of Theorem A.1, we

get
∫
Ω

uδσ(t)dx =
∫
Ω

u0δσ(x)dx+
t∫
0

∫
∂Ω

Bδσ(uδσ)−→χ · ~n dHN−1dt := D1 +D2,

where Bδσ is defined in (2.38). By virtue of relations (1.6) and (2.25) and
the imbedding H1(Ω) ⊂ Lλ(∂Ω) ∀λ 6 4, for N = 3, we get |D2| 6 C1 t
∀ t 6 T̂ , where T̂ is defined in (2.23) and C1 is independent of δ, σ,
and t. Taking into account that u0δσ(x) > u0(x), we establish that∫
Ω

uδσ(t) dx >
∫
Ω

u0(x) dx− C1 t > 0, which implies that Lemma 3.1 with

Tloc = min{T̂ , (2C1)−1‖u0‖L1(Ω)} (3.13)

is true.

By analogy with [14] (Lemma 2.1), using Lemma 3.1 we prove the
important property of positivity for α + m + 1 6 0.

Lemma 3.2. If α + m + 1 6 0, then uσ(t, x) > 0 almost everywhere in
Ω and Mα+m(uσ) ∈ L2

loc(Ω) for almost all 0 < t < Tloc, where Tloc is
defined by (3.13) and Mγ(z) is defined by (1.11); furthermore, L2

loc(Ω)
can be replaced by L2(Ω) if the domain Ω is convex.

3.4. Derivation of the Entropy Inequality (1.18)

Inequality (1.18) is obtained by passing to the limit as δ → 0 and
σ → 0 in (A.4). As a consequence of Lemma 3.2 and convergence (3.11),
for α + m + 1 6 0 we get
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u
α+m−1

2
δσ ∇uδσ ⇀

δ→0
u

α+m−1
2

σ ∇uσ = ∇Mα+m(uσ) in L2
loc(QTloc

) (3.14)

where Tloc is defined by (3.13). By virtue of the Fatou lemma, a priori
estimate (2.23) implies that Ψ0(uσ) ∈ L∞(0, Tloc; L1(Ω)) (Ψ0(z) is defined
by (1.14)). Furthermore, if m− n + 2 6 0, then

uσ(t, x) > 0 a.e. in Ω for almost all 0 6 t 6 Tloc. (3.15)

Using relations (2.25), (2.26), and (2.35), we establish that the sequence
{Ψ0(uδσ)} is uniformly bounded in L1+η(QTloc

) for a certain η > 0 if
m− n + 2 > 0. By virtue of the Vitali theorem, this yields

Ψ0(uδσ) ⇒
δ→0

Ψ0(uσ) in L1(QTloc
) if m− n + 2 > 0. (3.16)

On the left-hand side of inequality (A.4), the passage to the limit is a
simple consequence of the Fatou lemma, convergence (3.14), the results
on compactness obtained in Sec. 3.1, and the inequality ‖lim fδ‖Lp(X) 6
lim‖fδ‖Lp(X), which is true for an arbitrary sequence {fδ} weakly com-
pact in Lp(X). Convergence (3.3) yields

∫∫
QTloc

uα+n+1
δσ

→
δ→0

∫∫
QTloc

uα+n+1
σ .

Using the boundedness
∫
Ω

G
(α)
δσ (u0δσ) dx 6 c(u0) (c(u0) is independent

of δ and σ), convergence (3.11), and the Lebesgue theorem, we get∫
Ω

G
(α)
δσ (u0δσ) dx →

δ→0

∫
Ω

G
(α)
σ (u0σ) dx. We pass now to the limit as δ → 0

in the third term on the right-hand side of inequality (A.4), or, which is
equivalent, in the integral B4 in (2.18). Integrating by parts, we rewrite
B4 in the form

B4 =

Tloc∫

0

∫

∂Ω

−→χ · ~nB(α)
δσ (uδσ) where B(α)

δσ (z) :=

z∫

0

b′δσ(τ)g(α)
δσ (τ) dτ.

(3.17)
Since B(α)

δσ (z) ⇒
δ→0

B(α)
σ (z) 6 c(zλ+α + z), z ∈ [0,∞) (here, α > −λ),

relation (3.11) implies that B(α)
δσ (uδσ) →

δ→0
B(α)

σ (uσ) almost everywhere in

(0, Tloc)× ∂Ω. Using (2.25) and the imbedding H1(Ω) ⊂ Lr(∂Ω) ∀ r 6 4,
for N = 3, we establish the uniform boundedness (in δ and σ) of the
majorizing sequence

{uλ+α
δσ +uδσ} in L1+σ̃((0, Tloc)×∂Ω) (σ̃ > 0 is sufficiently small) (3.18)

if −α < λ (< min{4, 4− α}, N = 3). For N = 3 and 0 < α < λ < 4, the
boundedness of (3.18) follows from estimate (2.50) with dq = 2. Thus,
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relation (3.18) is true for −α < λ (< 4, N = 3). By virtue of (3.18),
the convergence uλ+α

δσ + uδσ →
δ→0

uλ+α
σ + uσ a.e. in (0, Tloc)× ∂Ω, and the

Vitali theorem, we get uλ+α
δσ + uδσ ⇒

δ→0
uλ+α

σ + uσ in L1((0, Tloc) × ∂Ω).

Using the generalized Lebesgue lemma (see Appendix B), we establish
that B(α)

δσ (uδσ) ⇒
δ→0

B(α)
σ (uσ) in L1((0, Tloc)× ∂Ω) if −α < λ (< 4, N = 3).

Therefore,

B4 →
δ→0

Tloc∫

0

∫

∂Ω

−→χ · ~nB(α)
σ (uσ) if inequalities (1.17) are true, (3.19)

where B4 is defined by relation (2.18) and B(α)
σ (z) coincides with B(α)

δσ (z)
in (3.17) for δ = 0. The convergences obtained prove inequality (1.18).

3.5. Derivation of the Energy Inequality (1.20)

We rewrite inequality (A.3) in an equivalent form:

ẼΩ(uδσ(t)) 6 ẼΩ(u0δσ(x))− α+n−1
2

∫∫

QTloc

−→χ b′δσ(uδσ)u−1
δσ |∇uδσ|2∇uδσ

+ 2
α+n+1

∫∫

QTloc

−→χ b′δσ(uδσ)u
1−α−n

2
δσ ∆u

α+n+1
2

δσ ∇uδσ

+
∫∫

QTloc

−→χ b′δσ(uδσ)Ψ′
0(uδσ)∇uδσ =: ẼΩ(u0δσ(x)) + I1 + I2 + I3. (3.20)

By virtue of relations (3.11), (3.15), and (3.16) and the Fatou lemma, we
can pass to the limit as δ → 0 on the left-hand side of inequality (3.20)
and in the term ẼΩ(u0δσ(x)). Then we pass to the limit as δ → 0 in I1.
We rewrite I1 in the form

I1 = −α+n−1
2

(
4

α+n+1

)3
∫∫

QTloc

R
(1)
δσ (uδσ),

where R
(1)
δσ (uδσ):=−→χ b′δσ(uδσ)u

5−3(α+n)
4

δσ |∇u
α+n+1

4
δσ |2∇u

α+n+1
4

δσ . Taking (1.6)
into account, we get

|R(1)
δσ (uδσ)| 6 R̃

(1)
δσ (uδσ) := c u

4λ−3(α+n)+1
4

δσ |∇u
α+n+1

4
δσ |3,
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where 3(α+n)−1
4 < λ (< α+n+2, N = 3). Relations (2.32) and (2.30) im-

ply that the majorizing sequence {R̃(1)
δσ (uδσ)} is uniformly bounded with

respect to δ and σ in L1+σ̃(QTloc
) (for sufficiently small σ̃ > 0). By virtue

of relations (3.10) and (3.11), Lemma B.7, and the Vitali theorem, we con-
clude that R̃

(1)
δσ (uδσ) ⇒

δ→0
R̃

(1)
σ (uσ) in L1({uσ > 0}) and, hence, by virtue of

the generalized Lebesgue lemma, R
(1)
δσ (uδσ) ⇒

δ→0
R

(1)
σ (uσ) in L1({uσ > 0}).

Further, we show that R̃
(1)
δσ (uδσ) →

δ→0
0 (and, hence, R

(1)
δσ (uδσ) →

δ→0
0) on

{uσ = 0}. Indeed, by virtue of the Egorov theorem, it follows from
(3.11) that, for any γ > 0, there exists a set Sγ ⊂ {uσ = 0} such that
LN+1(Sγ) 6 γ and uδσ ⇒

δ→0
uσ on {uσ = 0}\Sγ . Using the Hölder in-

equality, we get

∫∫

{uσ=0}

R̃
(1)
δσ (uδσ)6 oδσ(1)

( ∫∫

{uσ=0}\Sγ

∣∣∇u
α+n+1

4
δσ

∣∣4
) 3

4

+ c

(∫∫

Sγ

u
4λ−3(α+n)+1
δσ

) 1
4
(∫∫

Sγ

|∇u
α+n+1

4
δσ |4

) 3
4

.

By virtue of the Vitali theorem, it follows from (2.30) that the last term
on the right-hand side tends to zero as LN+1(Sγ) →

γ→0
0. Thus, by virtue

of the generalized Lebesgue theorem, we have

I1 →
δ→0

−α+n−1
2

∫∫

{uσ>0}

−→χ b′σ(uσ)u−1
σ |∇uσ|2∇uσ (3.21)

provided that relations (1.17) are true. Then we pass to the limit as
δ → 0 in I3. Integrating by parts, we rewrite I3 in the following form:

I3 =

Tloc∫

0

∫

∂Ω

−→χ · ~n Ψ̃δσ(uδσ) where Ψ̃δσ(z) :=

z∫

0

b′δσ(τ)Ψ′
0(τ) dτ,

|Ψ̃δσ(z)| 6 c(zλ+m−n+1 + Rm−n+1zλ) and R is defined in (1.14). By
analogy with the proof of relation (3.19), we get

I3 →
δ→0

Tloc∫

0

∫

∂Ω

−→χ · ~n Ψ̃σ(uσ) if inequalities (1.17) are true, (3.22)
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where Ψ̃σ(z) coincides with Ψ̃δσ(z) for δ = 0. It remains to pass to the
limit in the term I2. We rewrite I2 in the form

I2 = 8
(α+n+1)2

∫∫

QTloc

R
(2)
δσ (uδσ)∆u

α+n+1
2

δσ ,

where R
(2)
δσ (uδσ) := −→χ b′δσ(uδσ)u

5−3(α+n)
4

δσ ∇u
α+n+1

4
δσ . Taking (1.6) into ac-

count, we get

|R(2)
δσ (uδσ)| 6 R̃

(2)
δσ (uδσ) := c u

4λ−3(α+n)+1
4

δσ |∇u
α+n+1

4
δσ |,

where 3(α+n)−1
4 < λ (< α + n + 2, N = 3). Relations (2.32) and (2.30)

imply that the majorizing sequence {R̃(2)
δσ (uδσ)} is uniformly bounded

with respect to δ and σ in L2+σ̃(QTloc
) (for 0 < σ̃ < 2 if N < 3 and for

0 < σ̃ < 4(α+n−λ+2)
2λ−α−n+5 if N = 3). By virtue of relations (3.10) and (3.11),

Lemma B.7, and the Vitali theorem, we conclude that R̃
(2)
δσ (uδσ) ⇒

δ→0

R̃
(2)
σ (uσ) in L2({uσ > 0}). By virtue of the generalized Lebesgue lemma,

this yields

R
(2)
δσ (uδσ) ⇒

δ→0

−→χ b′σ(uσ)u
1−α−n

2
σ ∇uσ in L2({uσ > 0}). (3.23)

Convergence (3.4) implies, in particular, that

∆u
α+n+1

2
δσ

⇀
δ→0

∆u
α+n+1

2
σ in L2(QTloc

). (3.24)

Thus, using (3.23) and (3.24), we establish the convergence of the term I2

on the set {uσ > 0}. Let us show that I2 →
δ→0

0 on {uσ = 0}. Indeed, by

virtue of the Egorov theorem, relation (3.11) implies that, for any γ > 0,
there exists a set Sγ ⊂ {uσ = 0} such that LN+1(Sγ) 6 γ and uδσ ⇒

δ→0
uσ

on {uσ = 0}\Sγ . Using the Hölder inequality, we get
∫∫

{uσ=0}

R̃
(2)
δσ (uδσ)|∆u

α+n+1
2

δσ |

6 oδσ(1)

( ∫∫

{uσ=0}\Sγ

∣∣∇u
α+n+1

4
δσ

∣∣4
) 1

4
( ∫∫

{uσ=0}\Sγ

∣∣∆u
α+n+1

2
δσ

∣∣2
) 1

2

+ c

(∫∫

Sγ

u
4λ−3(α+n)+1
δσ

) 1
4
(∫∫

Sγ

∣∣∇u
α+n+1

4
δσ

∣∣4
) 1

4
(∫∫

Sγ

∣∣∆u
α+n+1

2
δσ

∣∣2
) 1

2

.
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Since, for λ < α + n + 2 and N = 3, the imbedding Lα+n+9(QTloc
) ⊂

L4λ−3(α+n)+1(QTloc
) is true, by virtue of relations (2.32), (2.25), (2.29),

and (2.30) and the Vitali theorem the last term on the right-hand side
tends to zero as LN+1(Sγ) →

γ→0
0. Thus, by virtue of the generalized

Lebesgue lemma, we have

I2 →
δ→0

2
α+n+1

∫∫

{uσ>0}

−→χ b′σ(uσ)u
1−α−n

2
σ ∆u

α+n+1
2

σ ∇uσ, (3.25)

provided that inequalities (1.17) are true. Taking into account (3.20),
(3.21), and (3.23)–(3.25), we get

Ĩδσ(uδσ) →
δ→0

Tloc∫

0

∫

∂Ω

−→χ · ~n Ψ̃σ(uσ)−
∫∫

{uσ>0}

−→χ b′σ(uσ)∇uσ∆uσ,

provided that inequalities (1.17) are true. Here, Ĩδσ(z) is defined in

assertion (h) of Theorem A.1 and Ψ̃σ(z) :=
z∫
0

b′σ(τ)Ψ′
0(τ)dτ . Inequality

(1.20) is proved.

Remark 3.2. To obtain the local entropy estimate (1.19), we pass to
the limit as δ → 0 and σ → 0 in the corresponding local version of the
entropy inequality (A.4). Since this analysis is analogous to the analysis
carried out in Sec. 3.4, we omit it here.

Remark 3.3. We also omit the passage to the limit as σ → 0, which is
based on the same a priori estimates and can be carried out, with slight
modifications, by analogy with the passage to the limit as δ → 0 carried
out in Secs. 3.1–3.5.

3.6. Derivation of Restrictions on n, m, and λ

Combining all intermediate restrictions on the parameters of problem
(N) used in Secs. 3.1–3.5 (namely, relations (2.21), (2.48), and (2.51), the
condition α > −2 for N = 3 and m > −1, and the condition α < n+1

3 ),
one can easily verify that they hold simultaneously if the sole condition
(1.17) is satisfied. Thus, Theorem 1.1 is proved.

4. Proof of Theorem 1.2. Finite Speed of Propagation

We introduce the following notation: Ω(s) := B(x1, s), QT (s) =
(0, T )×Ω(s), and K(s) :=

∫
Ω(s)

uα+1
0 (x) dx ∀ s > 0, where x1 ∈ ∂B(0, R̃0 +



A. E. Shishkov, R. M. Taranets 29

3
2R0) is an arbitrary point and R0 > 0 is such that B(0, R̃0 + 3R0) b
Ω. Assuming that suppu0(x) ⊂ B(0, R̃0), we obtain K(s) ≡ 0 ∀ s ∈
(0, 3

2R0). For arbitrary s > 0 and δ > 0, we introduce a function
ϕ(x) ∈ C2(Ω) such that ϕ(x) = 0 if x ∈ Ω\Ω(s), ϕ(x) = 1 if x ∈ Ω(s−δ),
0 6 ϕ(x) 6 1 ∀x ∈ Ω, |∇ϕ| 6 d

δ , and |∆ϕ| 6 d
δ2 . In the local entropy

estimate (1.19), we set ζ4(x, t) = ϕ4(x) exp(− t
T ) ∀T 6 Tloc. We fix

α ∈ ∆̃n,λ ∩ (0, +∞), which is possible because n < 2. After simple
transformations, we get

sup
t∈(0,T )

∫

Ω(s−δ)

uα+1(t) + T−1

∫∫

QT (s−δ)

uα+1

+ c−1
3

∫∫

QT (s−δ)

{∣∣∇u
α+m+1

2

∣∣2 +
∣∣∇u

α+n+1
4

∣∣4 +
∣∣D2u

α+n+1
2

∣∣2
}

6 K(s)

+ c

(
δ−2

∫∫

QT (s)

uα+m+1 + δ−4

∫∫

QT (s)

uα+n+1 + δ−1

∫∫

QT (s)

uα+λ

)
=: RT (s, δ)

(4.1)

∀ s > 0, δ > 0, and ∀T 6 Tloc, where Tloc is defined by (3.13).
We introduce the following energy functions related to the solution

u(t, x):

G
(1)
T (s) :=

∫∫

QT (s)

uα+m+1, G
(2)
T (s) :=

∫∫

QT (s)

uα+n+1, G
(3)
T (s) :=

∫∫

QT (s)

uα+λ.

(4.2)
We apply the interpolation inequality from Lemma B.5 to the functions
v1 := u

α+m+1
2 for a = d = 2, b = 2(α+1)

α+m+1 , i = 0, j = 1, and θ1 =
mN

mN+2(α+1) ; v2 := u
α+n+1

4 for a = d = 4, b = 4(α+1)
α+n+1 , i = 0, j = 1, and

θ2 = nN
nN+4(α+1) ; v1 for a = 2(α+λ)

α+m+1 , d = 2, b = 2(α+1)
α+m+1 , i = 0, j = 1,

θ̃3 = N(λ−1)(α+m+1)
(α+λ)(mN+2(α+1)) , and λ > 1, and v2 for a = 4(α+λ)

α+n+1 , d = 4, b =
4(α+1)
α+n+1 , i = 0, j = 1, θ̃4 = N(λ−1)(α+n+1)

(α+λ)(nN+4(α+1)) , and λ > 1. Then we
integrate the inequalities obtained with respect to t. Taking (4.1) into
account, we obtain the following relations for the energy functions from
(4.2):

G
(1)
T (s− δ) 6 cT 1−θ1R1+k1

T (s, δ) + cTR
α+m+1

α+1

T (s, δ), (4.3)

G
(2)
T (s− δ) 6 cT 1−θ2R1+k2

T (s, δ) + cTR
α+n+1

α+1

T (s, δ), (4.4)
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G
(3)
T (s− δ) 6 c

T∫

0

( ∫

Ω(s−δ)

∣∣∇vi

∣∣2i

) θ̃i+2(α+λ)

α+n+1
( ∫

Ω(s−δ)

uα+1

) (1−θ̃i+2)(α+λ)

α+1

+ c

T∫

0

( ∫

Ω(s−δ)

uα+1

)α+λ
α+1

6 cT 1−θi+2R
1+ki+2

T (s, δ) + cTR
α+λ
α+1

T (s, δ) (4.5)

where i = 1, 2, RT (s, δ) is defined by (4.1), k1 = 2m
mN+2(α+1) , k2 =

4n
nN+4(α+1) , θ3 = N(λ−1)

mN+2(α+1) and k3 = 2(λ−1)
mN+2(α+1) if 1 < λ 6 m + 1 +

2(α+1)
N , and θ4 = N(λ−1)

nN+4(α+1) and k4 = 4(λ−1)
nN+4(α+1) if 1 < λ 6 n+1+ 4(α+1)

N .
We apply Lemma B.8 with s1 = 3

2s0 to the system of inequalities

(4.3)–(4.5). For the function GT (s) := f1(T )
4∑

i=1

(
G

(i)
T (s)

) β
1+ki , where

f1(T ) ∈ C[0, Tloc] and f1(0) = 0, constructed in the lemma indicated, we
get

GT (s) ≡ 0 ∀ 0 < s 6 3
2R0 − f2(T )

4∑

i=1

(
GT (3

2R0)
) ki

αiβ
. (4.6)

Here, the function f2(T ) ∈ C[0, Tloc], f2(0) = 0, is also constructed in
Lemma B.8, β = (1 + k1)(1 + k2)(1 + k3)(1 + k4), α1 = 2, α2 = 4, and
α3 = α4 = 1.

Further, we obtain an estimate for GT (3
2R0). By virtue of Theo-

rem 1.1 (u ∈ L∞(0, Tloc; H1(Ω)), uα+m+1 ∈ L2(0, Tloc; H1(Ω)), and
uλ+α ∈ L1(QTloc

)), the right-hand side of inequality (4.1) (i.e., RT (s, δ))
is bounded for all T 6 Tloc. Taking this into account and setting s = 2R0

and δ = R0
2 in inequalities (4.3)–(4.5), we get

GT (3
2R0) := f1(T )

4∑

i=1

(
G

(i)
T (3

2R0)
) β

1+ki 6 C5 f3(T ) (4.7)

where f3(T ) ∈ C[0, Tloc] and f3(0) = 0. Therefore, relation (4.6) is true
for any s satisfying conditions

0 < s 6 3
2R0 − C6Γ(T ), Γ(T ) := f2(T )

4∑

i=1

(f3(T ))
ki

αiβ . (4.8)

It is easy to verify that the function Γ(T ) has all properties mentioned
in Theorem 1.2. Relation (4.8) yields

GT

(
R0
2

)
= 0 ∀T 6 T̃ := Γ−1(R0

C6
). (4.9)
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Since the point x1 ∈ ∂B(0, R̃0+3
2R0) is arbitrary, the constructed solution

u(t, x) possesses the following property:

u(t, x) ≡ 0 ∀ (t, x) ∈ (0, T1)×{B(0, R̃0 + 2R0)\B(0, R̃0 + R0)}, (4.10)

where T1 := min{T̃ , Tloc}. This enables us to represent the constructed
solution u(t, x) in the form u = u1 + u2, where u1 = u in (0, T1) ×
B(0, R̃0 +R0), u1 = 0 in (0, T1)×{Ω\B(0, R̃0 +R0)}, u2 = u in (0, T1)×
{Ω\B(0, R̃0 +2R0)}, and u2 = 0 in (0, T1)×B(0, R̃0 +2R0). By virtue of
property (4.10), the supports of the functions u1 and u2 do not intersect.
Therefore, it is easy to verify that u1 is a solution of problem (N) and u2

is a solution of problem (N) with u0(x) ≡ 0.
It is easy to verify that, for any n, m, and λ from (1.22), there exists

α ∈ ∆̃n,λ ∩ (0,+∞) such that

m > 0, 1
8 < n < 2,

1 < λ < Φ if N < 3, Φ := max{n + 1 + 4(α+1)
3 , m + 1 + 2(α+1)

3 },
1 < λ < min{α + n + 2, Φ} = α + n + 2 if N = 3,

which is sufficient for the functional system (4.3)–(4.5) to be true. The-
orem 1.2 is proved.

5. Proof of Theorem 1.3. Cauchy Problem

We construct a solution U(t, x) of the Cauchy problem (C) on the
basis of solutions of problem (N). Assume that suppu0 b B(0, R0), R0 >
0, Ω := Ω1 = B(0, 4R0), and u(t, x) is a solution of problem (N) from
Theorem 1.1 in the domain (0, T (1)

loc ) × Ω1 (Tloc := T
(1)
loc ). By virtue of

Theorem 1.2 with R̃0 = R0, we have u(t, x) = u1(t, x) + u2(t, x) in the
domain (0, T1) × Ω1, where suppu1(t, .) b B(0, 2R0) and suppu2(t, .) b
Ω1\B(0, 3R0). We set

U(t, x) :=

{
u1(t, x) ∀ (t, x) ∈ (0, T1)×B(0, 2R0),

0 ∀ (t, x) ∈ (0, T1)× {RN\B(0, 2R0)}.

It is obvious that the function U(t, x) is a solution of problem (C) in the
domain (0, T1) × Ω1 in the sense of Definition 1.2. We write the refined
entropy inequality (1.18) and energy inequality (1.20) for the solution
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U(t, x), taking into account that suppU(t, .) b B(0, 2R0) b Ω:

sup
t∈(0,T1)

∫

Ω

Uα+1(t, x) + c−1
1

∫∫

Qt

{∣∣D2U
α+n+1

2

∣∣2+
∣∣∇U

α+n+1
4

∣∣4
}

+ c−1
1

∫∫

Qt

∣∣∇U
α+m+1

2

∣∣2 6
∫

Ω

uα+1
0 (x) ∀ t 6 T1, (5.1)

ẼΩ(U(t)) 6 ẼΩ(u0(x))−
∫∫

P

−→χ b′(U)∇U∆U 6 ẼΩ(u0(x))

+ c

t∫

0

(∫

Ω

∣∣∇U
α+n+1

4

∣∣4
) 1

4
(∫

Ω

∣∣D2U
α+n+1

2

∣∣2
) 1

2
(∫

Ω

U ξ

) 1
4

+ c

t∫

0

(∫

Ω

∣∣∇U
α+n+1

4

∣∣4
) 3

4
(∫

Ω

U ξ

) 1
4

, ξ := 4λ− 3(α + n) + 1, (5.2)

where ẼΩ(u(t)) is defined in (1.20). Applying Lemma B.5 to the function
v(x) = U for a = ξ > 1

(⇒ λ > 3(α+n)
4

)
, b = 1, d = 2, i = 0, and j = 1,

we get

∫

Ω

U ξ 6 c

( ∫

Ω

|∇U |2
)N(ξ−1)

N+2
(∫

Ω

U

)1+
(2−N)(ξ−1)

N+2

+ c

(∫

Ω

U

)ξ

(5.3)

for λ > 3(α+n)
4 if N < 3 and for 3(α+n)

4 < λ 6 3(α+n)+5
4 if N = 3.

If N = 3 and 3(α+n)−1
4 < λ 6 3(α+n)

4 ⇔ 0 < ξ 6 1, then
∫
Ω

U ξ 6

|Ω|3(α+n)−4λ
(∫
Ω

U
)ξ. In the case where N = 3 and λ > 3(α+n)+5

4 , apply-

ing Lemma B.5 to the function v(x) = U
α+n+1

4 with a = ξ
α+n+1 , b =

24
α+n+1 , d = 4, i = 0, and j = 1, we get

∫

Ω

U ξ 6 c

(∫

Ω

∣∣∇U
α+n+1

4

∣∣4
)ν(∫

Ω

U6

) 4(λ+1)
3(α+n+3)

+ c

(∫

Ω

U6

) ξ
6

, (5.4)

where ν := 4λ−3(α+n)−5
α+n+3 .

Taking into account inequalities (5.1) and (5.3) and the property of
the conservation of mass

(∫
Ω

U(t, x)dx =
∫
Ω

u0(x)dx
)
, which follows from
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the finiteness of the support of u(t, .) , we deduce from (5.2) that, for any
t 6 T1,

ẼΩ(U(t))6 A1(ẼΩ(u0), T1) + c2(u0)

t∫

0

g(τ)
(
ẼΩ(U(τ))

)N(ξ−1)
4(N+2)

dτ (5.5)

for λ > 3(α+n)
4 if N < 3 and for 3(α+n)

4 < λ 6 3(α+n)+5
4 if N = 3.

Here, A1(ẼΩ(u0), T1) := ẼΩ(u0) + c1(u0)T
1
4
1 , g(t) :=

(∫
Ω

|∇U
α+n+1

4 |4)
1
4×

×(∫
Ω

|D2U
α+n+1

2 |2)
1
2 +

(∫
Ω

|∇U
α+n+1

4 |4)
3
4 , ci(u0) are independent of

‖∇u0‖L2(Ω), and ξ is defined in (5.2). By virtue of Lemma B.9 and
estimate (5.1), inequality (5.5) yields

ẼΩ(U(t)) 6 A1(ẼΩ(u0), T1) exp
{

c2(u0)

t∫

0

g(τ) dτ

}

6 A1(ẼΩ(u0), T1) exp
{
B1(T1)

} ∀ t 6 T1, B1(T1) := c3(u0)T
1
4
1 (5.6)

(here, A1(., .) is defined by (5.5)), provided that N(ξ−1)
4(N+2) 6 1 ⇒ λ 6

N+2
N + 3(α+n)

4 ; c3(u0) is independent of ‖∇u0‖L2(Ω).
For N = 3 and λ > 3(α+n)+5

4 , using inequalities (5.2) and (5.4), we
get

ẼΩ(U(t)) 6 ẼΩ(u0(x)) + c

t∫

0

g(τ)
(
ẼΩ(U(τ))

) ξ
8
dτ

+ c

t∫

0

g(τ)

( ∫

Ω

∣∣∇U
α+n+1

4

∣∣4
) ν

4(ẼΩ(U(τ))
) λ+1

α+n+3 dτ ∀ t 6 T1.

Since ξ
8 > λ+1

α+n+3 , the last inequality yields

ẼΩ(U(t)) 6 ẼΩ(u0(x))+c

t∫

0

g̃(τ)
{
1 +

(ẼΩ(U(τ))
) ξ

8
}

dτ ∀ t 6 T1, (5.7)

where g̃(t) := g(t)
{
1 +

(∫
Ω

∣∣∇U
α+n+1

4

∣∣4) ν
4
}
, ξ is defined in (5.2), ν is

defined in (5.4), and g(t) is defined by (5.5). By virtue of relation (5.1)
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and the Hölder inequality, we have
t∫

0

g̃(τ)dτ 6 B2(T1) ∀ t 6 T1, B2(T1) := c4(u0)Tω
1 + c5(u0)T

1
4
1 , (5.8)

where ω = α+n−λ+2
α+n+3 , λ < α + n + 2, and ci(u0) are independent of

‖∇u0‖L2(Ω). Using inequality (5.7), we get

ẼΩ(U(t)) 6 A2(ẼΩ(u0), T1) + c

t∫

0

g̃(τ)
(
ẼΩ(U(τ))

) ξ
8
dτ

where A2(ẼΩ(u0), T1) := ẼΩ(u0) + B2(T1) and ω is defined in (5.8). By
virtue of relation (5.8) and Lemma B.9, this yields

ẼΩ(U(t)) 6 A2(ẼΩ(u0), T1) exp
{

c

t∫

0

g̃(τ)dτ

}

6 A2(ẼΩ(u0), T1) exp{B2(T1)}, (5.9)

provided that ξ
8 6 1 ⇒ λ 6 3(α+n)+7

4 . Thus, the a priori estimates
(5.6) and (5.9) are uniform in R0 > 0 (Ω = B(0, 4R0)) if the following
conditions are satisfied:

m > 0, 1
8 < n < 2,

max
{

3(α+n)−1
4 , 1

}
< λ 6 N+2

N + 3(α+n)
4 for N < 3,

max
{

3(α+n)−1
4 , 1

}
< λ 6 3(α+n)+7

4 for N = 3.

(5.10)

It is easy to verify that, for any n, m, and λ from (1.23), there exists a
positive α ∈ ∆̃n,λ for which relations (5.10) are true.

Using the refined entropy inequality (5.1), we establish an estimate
independent of R0 > 0 for the initial energy GT (3

2R0) defined by (4.7),
thus refining an estimate for the motion of the boundary of the support.
Using Lemma B.5 for the estimation of G

(1)
T (3

2R0) (G(1)
T (s) from (4.2)),

by analogy with (4.3) we get

G
(1)
T (3

2R0) 6 c

(∫∫

QT

∣∣∇U
α+m+1

2

∣∣2
)θ1

( T∫

0

(∫

Ω

Uα+1

)1+ m
α+1

)1−θ1

+ cT

(
sup

t∈(0,T )

∫

Ω

Uα+1

)α+m+1
α+1 (5.1)

6 c(T + T 1−θ1)‖u0‖h
Lα+1(Ω)
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+ c(T + T 1−θ1)‖u0‖α+m+1
Lα+1(Ω)

6 c(u0)(T + T 1−θ1) ∀T 6 T1,

where h = (mN+2(m+α+1))(α+1)
mN+2(α+1) and c(u0) depends only on ‖u0‖Lα+1(Ω).

By analogy, we estimate the energy functions G
(i)
T (3

2R0), i = 2, 3 (G(i)
T (s)

from (4.2)). As a result, we obtain

GT (3
2R0) 6 c6(u0)f3(T ), f3(T ) is defined by (4.7)

and, hence, relation (4.9) holds for T̃ = Γ−1
(

R0
c7(u0)

)
. This implies that

suppU(t, .) ⊂ B(0, R0+c7(u0)Γ(t)) ∀ 06 t6T1 =min
{
T

(1)
loc ,Γ−1

(
R0

c7(u0)

)}
,

where Γ(t) is defined in Theorem 1.2 and c7(u0) depends only on
‖u0‖Lα+1(Ω) and is independent of R0 > 0. Also note that the constructed
solution U1(t, x) := U(t, x), (t, x) ∈ (0, T1)×RN , satisfies estimates (5.1),
(5.6), and (5.9).

We now construct an extension of the solution U(t, x) for t > T1.
Denote R1 := R0 + c7(u0)Γ(T1) (it is obvious that R1 6 2R0) and
consider problem (N) in the domain Ω2 := B(0, 4R1). Following the
proofs of Theorems 1.1 and 1.2, we construct a solution U2(t, x) of prob-
lem (N) in the domain (T1, T1 + T2) × Ω2 with the initial condition
U2(T1, x) = U1(T1, x). Here T2 := min

{
T

(2)
loc , Γ−1

(
R1

c7(u0)

)
+ T1

}
, T

(2)
loc =

T
(2)
loc (EΩ(U1(T1)), ‖U1(T1)‖Lα+1(Ω2), Ω2), EΩ(.) is defined in assertion (h)

of Theorem A.1. Furthermore, suppU2(t, .) ⊂ B(0, R1 +c7(U1(T1))Γ(t−
T1)) ∀ t ∈ [T1, T1+T2], and the following estimates analogous to estimates
(5.1), (5.6), and (5.9) are true:

‖U2(t, .)‖Lα+1(Ω2) 6 ‖U1(T1, .)‖Lα+1(Ω2) ∀ t ∈ [T1, T1 + T2], (5.11)

ẼΩ(U2(t, .)) 6 Ai(ẼΩ(U1(T1)), T1) exp{Bi(T1)} ∀ t ∈ [T1, T1 +T2], (5.12)

where Ai(., .), Bi(.) (i = 1, 2) are defined by relations (5.5)–(5.9). By
virtue of estimates (5.1), (5.6), (5.9), (5.11), and (5.12), it is easy to
verify that the function

U(t, x) :=





U1(t, x), (t, x) ∈ [0, T1]× RN ,

U2(t, x), (t, x) ∈ [T1, T1 + T2]× Ω2,

0, (t, x) ∈ [T1, T1 + T2]× {RN\Ω2},

is a solution of the Cauchy problem in the domain (0, T1 + T2) × RN

with the initial condition U(0, x) = u0(x). Therefore, by virtue of The-
orem 1.2, we can refine the estimate for the support of this solution:
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suppU(t, .) ⊂ B(0, R0 + c7(u0)Γ(t)) ∀ 0 6 t 6 T1 + T2; furthermore, the
following estimates analogous to estimates (5.1), (5.6), and (5.9) are true:

‖U(t, .)‖Lα+1(Ω2) 6 ‖u0‖Lα+1(Ω2) ∀ t 6 T1 + T2, (5.13)

ẼΩ(U(t, .)) 6 Ai(ẼΩ(u0), T1 +T2) exp{Bi(T1 +T2)} ∀ t 6 T1 +T2, (5.14)

where Ai(., .), Bi(.) (i = 1, 2) are defined by relations (5.5)–(5.9). We now
use the value U(T1+T2, x) as an initial function in the Neumann problem
in the domain (T1+T2, T1+T2+T3)×Ω3. Here T3 := min

{
T

(3)
loc (EΩ(U(T1+

T2)), ‖U(T1 +T2)‖Lα+1(Ω3), Ω3), Γ−1
(

R2
c7(u0)

)
+T1 +T2

}
, Ω3 := B(0, 4R2),

and R2 := R0 + c7(u0)Γ(T1 + T2). By virtue of Theorems 1.1, 1.2, we
obtain a solution U3(t, x) such that suppU3(t, .) b Ω3 ∀ t ∈ [T1 +T2, T1 +
T2 +T3]. Therefore, extending this solution by zero outside Ω3, we obtain
the corresponding solution of the Cauchy problem in (0, T1+T2+T3)×RN

with a unique estimate of the support:

suppU(t, .) ⊂ B(0, R0 + c7(u0)Γ(t)) ∀ 0 6 t 6 T1 + T2 + T3.

We repeat this procedure k times and pass to the limit as k →∞. As a

result, we obtain a solution U(t, x) for all t 6 T ∗ =
∞∑
i=1

Ti. Let us show

that T ∗ = ∞. Assume that this is not true. Then, for an arbitrarily small

ε > 0, we can choose a number k = k(ε) such that
k∑

i=1
Ti = T ′, T ∗ −T ′ <

ε, and the solution U(t, x) is constructed on the interval (0, T ′). Then,
using U(T ′, x) as an initial function and following Theorems 1.1 and 1.2,
we construct a solution Uk+1(t, x) of problem (N) in the domain (T ′, T ′+
Tk+1)×Ωk+1. Here Ωk+1 := B(0, 4Rk+1), Rk+1 := R0 + c7(u0)Γ(T ′), and
Tk+1 := min

{
T

(k+1)
loc (EΩ(U(T ′)), ‖U(T ′)‖Lα+1(Ωk+1),Ωk+1), Γ−1

( Rk+1

c7(u0)

)
+

T ′
}
. Since the support of this solution is finite in Ωk+1 for all t ∈ [T ′, T ′+

Tk+1], we conclude that Uk+1(t, x) is a solution of the corresponding
Cauchy problem that defines an extension of the solution U(t, x) to the
interval (0, T ′ + Tk+1). By virtue of the definition of Tk+1, it is easy
to see that Tk+1 does not depend on k and ε and depends only on T ∗;
furthermore, Tk+1 = Tk+1(T ∗) → 0 only if T ∗ → ∞. Therefore, we can
extend our solution U(t, x) to the interval (0, T ∗ − ε + Tk+1(T ∗)), where
T ∗ − ε + Tk+1(T ∗) > T ∗, which contradicts the assumption. This means
that T ∗ = ∞. Theorem 1.3 is proved.
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Appendix A

A.1. Construction of the Solutions uδσ

Theorem A.1. Suppose that N ∈ {1, 2, 3}, m > −1, n > 0, and,
furthermore, n < m if N = 3 and m > 5. Then, for arbitrary δ > 0 and
σ > 0 and finite T > 0, there exists a pair of functions (uδσ,

−→
J δσ) that

is a solution of problem (Nδσ) in the following sense:
(a) (uδσ,

−→
J δσ) ∈ L∞(0, T ; H1(Ω)) ∩ L2(0, T ; H2∗ (Ω))× L2(QT );

(b) the pair (uδσ,
−→
J δσ) satisfies the following integral identity:

T∫

0

〈∂tuδσ(t), ζ(t)〉(H1)∗,H1 dt =
∫∫

QT

−→
J δσ∇ζ +

∫∫

QT

−→χ b′δσ(uδσ)∇uδσζ

with an arbitrary function ζ ∈ L2(0, T ; H1(Ω));
(c) the vector-function

−→
J δσ satisfies the equality

−→
J δσ = mδσ(uδσ)[∇∆uδσ − um−n

δσ ∇uδσ]

in the following weak sense:
∫∫

QT

−→
J δσ · ~η = 1

2

∫∫

QT

m′′
δσ(uδσ)|∇uδσ|2∇uδσ~η

+ 1
2

∫∫

QT

m′
δσ(uδσ)|∇uδσ|2div ~η +

∫∫

QT

m′
δσ(uδσ) 〈∇uδσ, D~η,∇uδσ〉

+
∫∫

QT

mδσ(uδσ)∇uδσ∇div ~η +
∫∫

QT

Hδσ(uδσ)div ~η

for all ~η ∈ L∞(0, T ; W 2∞(Ω)): ~η · ~n = 0 on (0, T ) × ∂Ω; here, Hδσ(z):=
z∫
0

τm−nmδσ(τ) dτ ;

(d) uδσ(t, .) ⇒
t→0

u0δσ(.) in L2(Ω);

(e) if N = 1 and s > 4, then uδσ(t, .) > 0 in (0, T )×Ω; if N = 2 and
s > 4 or N = 3 and s > 8, then uδσ(t, .) > 0 in Ω for almost all t > 0;

(f) for almost all t and s from (e), the following inequality is true:
∫

Ω

G0(uδσ(t))dx +
∫∫

Qt

[|∆uδσ|2 + um−n
δσ |∇uδσ|2

]

6
∫

Ω

G0(u0δσ(x))dx +
∫∫

Qt

−→χ b′δσ(uδσ)g0(uδσ)∇uδσ
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where G0(z) :=
z∫
1

g0(τ)dτ =
z∫
1

v∫
1

dτdv
mδσ(τ) ;

(g) uδσ(t, .) ∈ Cβ(Ω) for almost all t > 0 and any β ∈ [
0, 4−N

2

)
,

N < 4;
(h) for almost all 0 6 t1 < t2 (t1 = 0 if m − n + 2 6 0) and any

q′ ∈ (1, 2) (q′ = 2 if N = 1), the following estimate is true for the flow−→
J δσ:

t2∫

t1

∥∥−→J δσ(t)
∥∥2

Lq′ (Ω)
dt 6 2 sup

t∈(t1,t2)
‖mδσ(uδσ(t))‖

L
q′

2−q′ (Ω)

× [EΩ(uδσ(t1))− EΩ(uδσ(t2)) + Iδσ(uδσ)] (A.1)

where

Iδσ(uδσ) := Ĩδσ(uδσ) +
∫∫

Q
t2
t1

{1
2mδσ(uδσ)|∇uδσ|2 +−→χ b′δσ(uδσ)uδσ∇uδσ},

Ĩδσ(uδσ) :=
∫∫

Q
t2
t1

−→χ b′δσ(uδσ){−∆uδσ + Ψ′
0(uδσ)}∇uδσ,

EΩ(uδσ(t)) := ẼΩ(uδσ(t)) + 1
2 ‖uδσ(t)‖2

L2(Ω) ,

Ψ0(z) is defined by (1.14), and ẼΩ(uδσ(t)) is defined by (1.20);
(i) for almost all 0 6 t1 < t2 (t1 = 0 if m− n + 2 6 0), the following

inequalities are true:

EΩ(uδσ(t2)) 6 EΩ(uδσ(t1)) + Iδσ(uδσ), Iδσ(uδσ) from (A.1), (A.2)

ẼΩ(uδσ(t2)) 6 ẼΩ(uδσ(t1)) + Ĩδσ(uδσ), Ĩδσ(uδσ) from (h); (A.3)

(j) under conditions (e), for any α ∈ (
1
2 − n, 2− n

) \{0,−1} and
T > 0, there exist positive constants c1 and C2(Ω) such that

sup
t∈[0,T ]

∫

Ω

G
(α)
δσ (uδσ(t)) dx + c−1

1

∫∫

QT

{∣∣D2u
α+n+1

2
δσ

∣∣2 +
∣∣∇u

α+n+1
4

δσ

∣∣4}

+ c−1
1

∫∫

QT

uα+m−1
δσ |∇uδσ|2 6

∫

Ω

G
(α)
δσ (u0δσ) dx + C2(Ω)

∫∫

QT

uα+n+1
δσ

+
∫∫

QT

−→χ b′δσ(uδσ)g(α)
δσ (uδσ)∇uδσ (A.4)
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where G
(α)
δσ (z) := 1

α(α+1)z
α+1+ δ

(s−α−n)(s−α−n−1)z
α+n+1−s+ σ

(α+n)(α+n+1)

×zα+n+1, g
(α)
δσ (z) := (G(α)

δσ (z))′, (g(α)
δσ (z))′ = zα+n−1

mδσ(z) , and C2(Ω) = 0 if
the domain Ω is convex.

A.2. Proof of Corollary 1.1

We write the following two simple corollaries of the interpolation Lem-
mas B.4 and B.5:

∫

Ω

va 6 c

(∫

Ω

|∇v|2
) θ1a

2
(∫

Ω

vb

) (1−θ1)a
b

+ c

(∫

Ω

vb

)a
b

(A.5)

where θ1 = 2N(a−b)
a(2N+b(2−N)) and θ1a

2 + (1−θ1)a
b = 2a+N(2−b)

2N+b(2−N) > 1, b < a

(< 6 for N = 3), and

∫

∂Ω

va 6 c

(∫

Ω

|∇v|2
) θ2a

2
(∫

Ω

vb

) (1−θ2)a
b

+ c

(∫

Ω

vb

)a
b

(A.6)

where θ2 = 2(aN−b(N−1))
a(2N+b(2−N)) , a> b(N−1)

N , and θ2a
2 + (1−θ2)a

b = 2a+(N−1)(2−b)
2N+b(2−N) >1,

b+2
2 < a (< 4 for N = 3). Denote

Eb(v(t, .)) =
∫

Ω

{|∇v(t, .)|2 + vb(t, .)}dx. (A.7)

We successively estimate the right-hand sides of inequalities (1.18) and
(1.20). Since n < 2, the interval ∆̃n,λ∩(0, +∞) (∆̃n,λ is defined in (1.12))
is nonempty, and we can choose a strictly positive parameter α. Applying
inequality (A.6) to the function v = u for a = λ + α and b = α + 1 and
integrating with respect to t, we get

∣∣∣∣∣

T∫

0

∫

∂Ω

−→χ · ~nB(α)(u)

∣∣∣∣∣
(1.6)

6 c

T∫

0

∫

∂Ω

uλ+α 6 c

T∫

0

{Es1
α+1(u(t)) + Es2

α+1(u(t))} dt

for max{1, 3−α
2 } < λ (< 4 − α, N = 3). Here, s1 = 2(λ+α)+(1−α)(N−1)

2N+(α+1)(2−N) ,
s2 = λ+α

α+1 , si > 1, and B(α)(z) is defined in (1.18). Applying inequality
(A.6) to v = u for a = 4λ− 3(α + n) + 1 and b = α + 1 and integrating



40 On the Thin-Film Equation with Nonlinear Convection

with respect to t, we obtain (see (2.19))

∣∣∣∣∣
∫∫

QT

−→χ b′(u)∆u∇u

∣∣∣∣∣
(1.6)

6 γ

∫∫

QT

∣∣D2u
α+n+1

2

∣∣2 + γ B0

+ c

∫∫

QT

u4λ−3(α+n)+1 6 γ

∫∫

QT

∣∣D2u
α+n+1

2

∣∣2 + γ B0

+ c

T∫

0

{Es3
α+1(u(t)) + Es4

α+1(u(t))}dt ∀ γ > 0

for α + 3n
4 < λ (< 3(α+n)+5

4 , N = 3). Here, B0 is defined in (2.3),
s3 = 4λ−3(α+n)+1

α+1 , s4 = 2(4λ−3(α+n)+1)+N(1−α)
2N+(α+1)(2−N) , and si > 1. Integrating

inequality (A.6) with v = u, a = λ+m−n+1, b = α+1, and m−n+1 > 0
with respect to t, we get

∣∣∣∣∣

T∫

0

∫

∂Ω

−→χ · ~n Ψ̃0(u)

∣∣∣∣∣

(1.14)
(1.6)

6 c

T∫

0

∫

∂Ω

uλ+m−n+1

6 c

T∫

0

{Es5
α+1(u(t)) + Es6

α+1(u(t))} dt, Eb is defined in (A.7),

for max{n − m + α+1
2 , n − m + α} < λ (< n − m + 3, N = 3). Here,

s5 = 2(λ+m−n+1)+(1−α)(N−1)
2N+(α+1)(2−N) , s6 = λ+m−n+1

α+1 , si > 1, and Ψ̃0(z) is defined
in (1.20).

Adding inequalities (1.18) and (1.20) together and taking into account
the estimates obtained above and the fact that u0(x) ≡ 0, we obtain

Eα+1(u(T, x)) 6 c

T∫

0

{Esmin
α+1 (u(t)) + Esmax

α+1 (u(t))} dt ∀T 6 Tloc. (A.8)

Here, 1 < smin := min{si} 6 smax := max{si} (i = 1, 6) if max{1,
3−α

2 , α+ 3n
4 , n−m+ α+1

2 , n−m+α} < λ (< min{4−α, 3(α+n)+5
4 , n−m+3}

for N = 3), α ∈ ∆̃n,λ∩(0,+∞), and m−n+1 > 0. In the case where N =
3 and min{4−α, 3(α+n)+5

4 , n−m+3} 6 λ < α+n+2 (α ∈ ∆̃n,λ∩(0,+∞)),
an estimate of the form (A.8) is obtained if one estimates the right-hand
sides of (1.18) and (1.20) using inequalities (2.3) and (2.4) (see Sec. 2.2).
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Combining all restrictions imposed on the parameters α and λ > 0, we
establish that inequality (A.8) is true if

max{1, 3−α
2 , α + 3n

4 , n−m + α+1
2 , n−m + α} < λ (< α + n + 2, N = 3).

(A.9)
It is easy to verify that, for all m, n, and λ, by virtue of (1.21) there
exists α from the interval ∆̃n,λ∩ (0,+∞) such that relation (A.9) is true.
Then, by virtue of Lemma B.9, relation (A.8) implies that u(t, x)≡ 0
∀ 0 6 t 6 Tloc (Tloc is defined in Theorem 1.1) if inequality (1.21) is true.

Appendix B

Generalized Lebesgue Lemma. Suppose that a set E ⊂ RN is mea-
surable, gn ⇒

n→∞ g in Lq(E) with 1 6 q < ∞, and fn, f : E → RN are
measurable functions such that fn →

n→∞ f a.e. in E and |fn|p 6 |gn|q a.e.
in E with 1 6 p < ∞. Then fn ⇒

n→∞ f in Lp(E).

Lemma B.1. ([21]) Suppose that X, Y, and Z are Banach spaces, X b
Y ⊂Z, and X and Z are reflexive. Then the imbedding {u ∈Lp0(0, T ;
X) : ∂tu ∈ Lp1(0, T ;Z), 1 < pi < ∞, i = 0, 1} b Lp0(0, T ; Y ) is compact.

Lemma B.2. ([24]). Suppose that X, Y, and Z are Banach spaces and
X b Y⊂Z . Then the imbedding {u ∈ L∞(0, T ; X) : ∂tu ∈ Lp(0, T ; Z),
p > 1} b C(0, T ;Y ) is compact.

Lemma B.3. ([15]). Suppose that Ω ⊂ RN is a bounded domain with
piecewise-smooth boundary ∂Ω and m̃, p > 1. Then there exists a con-
stant d > 0 that depends only on m̃, p, N and the structure of ∂Ω and is
such that, for all v ∈ L∞(0, T ; Lm̃(Ω)) ∩ Lp(0, T ;W 1

p (Ω)), the following
inequality is true:

‖v‖Lq(QT ) 6 d
(
1 + T

|Ω|
N(p−m̃)+m̃p

Nm̃

) 1
q
(
ess sup
0<t<T

‖v(t)‖Lm̃(Ω) + ‖∇v‖Lp(QT )

)

where q = p(N+m̃)
N .

Lemma B.4. ([22]). If Ω ⊂ RN is a bounded domain with smooth
boundary C1, a > 1, b > 0, a > N−1

N b > 0, and d > 1, then there
exist positive constants d1 and d2 (d2 = 0 if the domain Ω is unbounded)
that depend only on Ω, d, b, and N and are such that, for any function
v(x) ∈ W 1

d (Ω) ∩ Lb(Ω), the following inequality is true:

‖v‖La(∂Ω)6 d1 ‖∇v‖θ
Ld(Ω) ‖v‖1−θ

Lb(Ω)+d2 ‖v‖Lb(Ω) , θ =
1
b − N−1

aN
1
b + 1

N − 1
d

∈ (0, 1).
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Lemma B.5. ([22]). If Ω ⊂ RN is a bounded domain with piecewise-
smooth boundary, a > 1, b ∈ (0, a), d > 1, and 0 6 i < j, i, j ∈ N,
then there exist positive constants d1 and d2 (d2 = 0 if the domain Ω is
unbounded) that depend only on Ω, d, j, b, and N and are such that,
for any function v(x) ∈ W j

d (Ω) ∩ Lb(Ω), the following inequality is true:

∥∥Div
∥∥

La(Ω)
6 d1

∥∥Djv
∥∥θ

Ld(Ω)
‖v‖1−θ

Lb(Ω) + d2 ‖v‖Lb(Ω)

where θ =
1
b +

i
N − 1

a
1
b +

j
N −1

d

∈
[

i
j , 1

)
.

Lemma B.6. ([13]). Suppose that N ∈ {1, 2, 3}, 0 < n (< 4 if N = 3),
β ∈ (

3
4 , 3

2

)
, and F is a bounded subset of L∞(0, T ; H1(Ω)) such that the

following conditions are satisfied:
(i) for any f ∈ F , there exists a vector-function

−→
J (f) such that

ft = −div
−→
J (f) in L2(0, T ; (W 1

q (Ω))∗) ∀q > 4N
2N+n(2−N) ,

{−→
J (f)

}
f∈F

is bounded in L2(0, T ; Lq′(Ω)) ∀q′ < 4N
2N+n(N−2) ;

(ii) {fβ}f∈F is bounded in L2(0, T ; H2(Ω)).
Then {fβ}f∈F is relatively compact in L2(0, T ; H1(Ω)).

Lemma B.7. ([21]). Suppose that Q is a bounded domain in R+
t ×RN

x

and fn and f0 are functions from Lq(Q), 1<q<∞, such that ‖fn‖Lq(Q)6c
and fn →

n→∞ f0 a.e. in Q. Then fn ⇀
n→∞ f0 in Lq(Q).

Lemma B.8. ([17]). Let (β1, . . . , βm) ∈ Rm,m > 1, β =
m∏

j=1
βj, and

βi = β
βi

=
m∏

j=1,j 6=i

βj. Suppose that nonnegative nondecreasing functions

Gi(s) satisfy the conditions

Gi(s− δ) 6 di

( m∑

i=1

Gi(s)
δαi

)βi

∀ s < s1, δ > 0, i = 1,m

with real numbers di > 0, βi > 1, and αi > 0 for i = 1,m. Let G(s) :=
m∑

i=1
(dβi

i ) (Gi(s))
βi. Then there exists a positive constant d > 1 depending

on m, αi, and βi and such that Gi(s0) ≡ 0 for all i = 1,m where

s0 6 s1 − d
m∑

i=1

(
dβi

i (dβi
i )

1−βi

(G(s1))
βi−1) 1

αiβ .
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Lemma B.9. ([12]). Suppose that v(t) is a nonnegative summable func-
tion on [0, T ] that, for almost all t ∈ [0, T ], satisfies the integral inequality

v(t) 6 k + m

t∫

0

h(τ)g(v(τ)) dτ

where k > 0,m > 0, h(τ) is summable on [0, T ], and g(τ) is a positive
function for τ > 0. Then

v(t) 6 G−1

(
G(k) + m

t∫

0

h(τ) dτ

)

for almost all t ∈ [0, T ]. Here G(v) =
v∫

v0

dτ
g(τ) , v > v0 > 0.
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