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On the Thin-Film Equation with Nonlinear
Convection in Multidimensional Domains

ANDREY E. SHISHKOV AND ROMAN M. TARANETS

Abstract. We investigate the global solvability of the Cauchy prob-
lem for a multidimensional thin-film equation with nonlinear convection.
Preliminarily, we construct a nonnegative local generalized “strong” so-
lution of the Neumann problem in a bounded domain as the limit of the
sequence of solutions of the corresponding regularized boundary-value
problems. We establish the finiteness of the speed of support propa-
gation for arbitrary “strong” solutions of the Neumann problem. Using
this property, we construct a nonnegative global “strong” solution of the
Cauchy problem with an arbitrary finite initial function under optimal
conditions on parameters of nonlinearity of the equation.
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1. Introduction and Statement of Main Results

In the present paper, we investigate the degenerate fourth-order para-
bolic equation

ug 4 div (|u|"VAu — |[u|"Vu) = X - Vb(u), (t,z) € Rt x RN, (1.1)

where u = u(t,z),n > 0,m € Rl b(z) € Wllloc(Rl), and ¥ € RV,
Equation (1.1) is a typical representative of a broad class of nonlinear
equations of the form

ur + div (f(u)VAu + VA(u)) = g(t, z,u, Vu) (1.2)
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which appear in the simulation of various processes in the theory of elastic
deformations and dynamics of fluids and binary alloys [2, 6, 8, 9, 16, 18|.
For example, Eq. (1.1) with b(u) = 0 describes the evolution of the height
u(t, z) aliquid film that propagates over a solid surface under the action of
surface tension, viscosity, and (for m = n) gravitation. Note that, for m <
0, the second-order term in Eq. (1.1) corresponds to the intermolecular
Van der Waals forces, whereas for m > 0 (m # n) it corresponds to
internal diffusion forces. The fourth-order term in Eq. (1.1) describes the
effect of capillary surface tension. The exponent n > 0 characterizes the
behavior of a liquid at the line of its contact with a solid surface. For
example, the case n = 3 corresponds to the no-slip condition, and the
case n € (0,3) corresponds to the motion of a liquid for slip condition.
The case n = m = 1 describes the variation in the size of the domain
filled with liquid in a half-space Hele-Shaw cell in the lubrication regime
[23]. The case n = 1 and m = 0 corresponds to the principal term (for
u — 0) in the Cahn—Hilliard equation for binary alloys with logarithmic
free energy:

u + div [u(l —u)V {Au —In ﬁ}} =0.

The convective term in Eq (1.1) describes the action of various potentials,
e.g., gravitation on an inclined plane (X'b(u) = (u™,0,...,0)), thermally
induced surface tension (X b(u) = (—u"~1,0,...,0)) [6, 7, 10], etc.

The mathematical investigation of degenerate fourth-order thin-film
equations was initiated by Bernis and Friedman in [5], where, in par-
ticular, a nonnegative generalized solution of a Neumann problem with
an arbitrary nonnegative initial function was constructed for the one-
dimensional equation

ur + div (Ju["VAu) =0 (1.3)

Later, nonnegative generalized solutions of boundary-value problems for
the multidimensional equation (1.3) were constructed, and a number of
qualitative properties of the constructed solutions that depend on the
parameters n and N (e.g., the finiteness of the speed and waiting time
phenomenon of the propagation of supports of solutions, support shrink-
ing, etc.) were described in [1, 3, 4, 11, 13, 19, 20|. In [18], nonnegative
solutions were constructed for the Neumann problem for Eq. (1.2) where
g = g(t,z,u) is a function of at most linear growth with respect to wu,
|A"(u)| < dof(u), and f(u) is a function of power growth in the neighbor-
hood of u = 0. For g = g(t,z,u) ~ [ul*tu (X > 0), A’ (u) = —|u|™, and
f(u) = |u|”, Eq. (1.2) was studied in [25, 26]. In [14], for the multidi-
mensional equation (1.1) with b(u) = 0, nonnegative generalized solutions
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were constructed, conditions on the parameters n and m that guarantee
the finiteness or infiniteness of the speed of propagation of perturbations
were found, and the exact asymptotics of the motion of the support of a
solution were obtained.

In [6, 7, 10], the stability of traveling-wave solutions of the one-dimen-
sional equation (1.1) with n = m = 3, x = 1, and b(u) = u® — u? was
studied. In [17], for the one-dimensional equation (1.1) without diffusion
term in the case n € (0,3), A > max{%n -1, %}, and b(u) as in (1.6),
a nonnegative local generalized solution and, under the additional con-
dition A < %, a nonnegative global generalized solution of the Cauchy
problem were constructed. It was also proved that the speed of support
propagation is finite, and its upper bound for large and small times was
obtained.

The main result of the present paper is the construction of a nonnega-

tive global “strong” (entropy) generalized solution of the Cauchy problem

up 4 div(u"VAu — u™Vu) = X - Vb(u), (t,z) € RT xRN, (1.4)
(O)R u(0,z) = ug(z) € HY(RN), up > 0, suppug is a compact set, (1.5)
b/ (2)] < c|zPtVzeREb0)=0,A>0,¢>0, (1.6)

for N < 3, m > 0, and % < n < 2 and the proof of the finiteness of
the speed of propagation of the support of this solution. In a subsequent
work, we will describe the evolution of the support of a solution for large
and small times and establish exact (in a certain sense) upper bounds for
the right and left (with respect to the direction of the vector of convection)

fronts of the support of the solution.

Remark 1.1. The method used for the investigation of problem (C')
is not connected with the model form of Eq. (1.4) and can easily be
adapted to equations with more general structure, e.g., to the case of
a more general convective transfer b = b(t,z,u) that does not have a
periodic structure with respect to the space variable x.

In the present paper, parallel with problem (C'), we consider the Neu-
mann problem for Eq. (1.4), namely,

uy + div (u"VAu — u"Vu) = X - Vb(u) in Qr = (0,T) x Q, (1.7)
(N) Vu-1=VAu-n=0on (0,7) x 09, 1.8)
u(0,x) = ug(x) in Q, 1.9)

—~~

where b(2) is defined by (1.6), 2 is an arbitrary bounded connected do-
main in RY (N < 3) with boundary 9 of the class C*!, and 7 = 7i(z)
is the unit vector of the outward normal to 02 at the point z.
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1.1. Notation and Main Assumptions

Sets, Vectors, and Auziliary Functions: Qif = (t1,t2) x Q; B(xg,7) =

{z € RN : |z —x0| < r}; for an N x N matrix A and vectors a,b € RV, we
N N
define (a, A,b) := > a;A;;bj and a-b:= ) a;b;; x a is the characteristic
ij=1 i=1
function of a set A; for an arbitrary measurable function v(t, z), we define
the positivity set

P:=P(v) ={v >0} = {(t,z) € Dom(v) : v(t,z) > 0}; (1.10)

by 05(1) we denote quantities f(d) satisfying the condition %in% |f(0)] = 0;

PESE
M(z) =27 7L (1.11)
Inzif v=—1.

Notation for Functional Spaces:
C*(Q) is the space of functions k times continuously differentiable in the
domain €, and C*(Q) := {v € C*(Q) : suppv C Q};
LP(Q) is the Banach space of functions measurable in £ and Lebesgue
summable to the power p > 1;
LP=(Q) :={v e LY(Q) : v € LP~¢(Q) for arbitrary 0 < ¢ < p — 1};
WrH(Q) :={v: D* € LP(Q)V|a| < k} is a Sobolev space;
HF(Q) := WF(Q) and H2(Q) := {v € H?(Q) : Vv -7 =0 a.e. on 9N};
X* is the space dual to a Banach space X;
(w,v)x= x = (w,v) is the coupling of elements of the spaces X* and X
LP(0,T; X) is the space of (classes of) Lebesgue measurable functions
v(t,.) taking values in X and such that the function [|v(¢,.)|/% is measur-
able on (0,7);
Xi0c(€2) is the space of functions that belong to the space X (') for an
arbitrary bounded subdomain €' : O/ C €;
X €Y means that the space X is imbedded compactly into the space Y.

N
Operators: div F = > %Fi(x) is the divergence of a vector field F,
i=1 "

D?v is the tensor of the second derivatives of a scalar function v € H?(Q),
and DF := Ve F is the tensor product of the vector V and the vector
field F.

Measures: £V is an N-dimensional Lebesgue measure and HY ! is
an (N — 1)-dimensional Hausdorff measure.

Types of Constants: C' and C; (¢ and ¢;) are positive constants depen-

dent on all known parameters of problem (N) (independent of the initial
function up and the domain Q); C(2) and C;(92) (c(up) and ¢;(ug)) are
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positive constants dependent on the known parameters of problem (V)
and the domain 2 (the function ug) and independent of ug (the domain
Q); d and d; are positive constants that depend neither on the parameters
of problem (), nor on ug, nor on {.

Integration: In the case where the domain of integration is obvious
from the context, the corresponding differentials are omitted.

We introduce the set A, \ := (max {% —n, —)\} ,min {"T‘H, 2 — n}) \
{0, —1} and denote

Apyi=Apyfor N <3, A,y i=A,0N(—2,400) for N =3. (1.12)

As initial functions in problem (N), we will use functions ug(z) such that

0 < uglx) € H(Q { /v|a+1<oo}{ /\Ilg()<oo} (1.13)

for certain o € An)\. Here,
m—n+2 Rmfn+l RM— n+1
(mfnil)(mfn+2) + m—n+2  m-nt1 0T +2#0,1,
Vo (z):= —Inz4+z—1,m—n+2=0, (1.14)
zlnz—z4+1,m—-n+2=1

where R=0ifm-n+1>0and R=1ifm—-n+1<0.

1.2. Formulation of Main Results

First, we prove the solvability of problem (N).

Definition 1.1. Let m > —1, n >0, and A > 0. Following the concept
of generalized solution from [13,14], we say that a nonnegative function
u(t,x) € L>=(0,T; H*(Q)) is a solution of problem (N ) if the following
conditions are satisfied:

(i) Vb(u) € L20.T;(WHQ)) (4= 75) for any ¢ € A1 =
(1, W]\M) (A1 :={2} if N =1) and there exists a vector function

T € L2(0,T; LY (4 RY)) V¢ € Ay such that uy = —div] + X - Vb(u)
in L2(0,T: (W2 (9))");

(i1) xpu™ 2| Vul?, xpu"|Vul?, u|Vu|, v™ L, and b(u) belong to
the space L*(0,T; L'(S2)), where P:= P(u) is defined in (1.10);
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(7i1) u(t,x) satisfies the boundary conditions (1.8) and is a solution
of Eq. (1.7) in the following sense:

t)) dt O/T (X - Vb(u), ) dt = W{/uﬂ\vuy?wvg
// = Ty 2 AC+n// (Vu, D*¢,Vu)
+!T/ u"VuVAC + m+1// MHAC = U (u,¢)  (1.15)

V¢ eC3(Qr): V(¢ -ii=0 on (0,T)x08;
(iv) u(t,z) satisfies the initial condition (1.9) in the sense that
u(t,.) t=>0u0(.) in L2(9).

D\’ﬂ
B
=

Theorem 1.1. Suppose that N < 3 and the parameters n, m, and A
satisfy the relations

m > —1, n>8, /\>1rnax{1 3" —2,n—m—1};
n<4and)\<m1n{4”;'7,4} sz:3.

(1.16)

Also assume that a parameter o € A, \ (A, is defined by (1.12)) sat-
isfies the relations

/\>max{w,(n—m—l)+}; A<a+n+2 for N=3 (1.17)

(it is easy to wverify that, for any n, m, and X from (1.16), the set of
these v is nonempty) and the initial function uy > 0 satisfies condition
(1.13) for this a. Then there exists a solution u(t,z) of problem (N) in
the domain (0,Tjoc) X Q (Tjoe > 0 depends on the known parameters of
problem (N)) with the following properties:

(i) Wo(u) € L®(0, Tioe; L)) and u(t,x) > 0 a.e. in Q for almost
all t € [0, Tioe] if m —n+2<0;

(i) if a +m +1 > 0, then Marm(u) € L*(0, Tioe; HY()), where

M (2) is defined by (1.11);

(i31) if « +m+1 <0, then Maym(u(t,z)) € L2 (Q) and u(t,z) > 0
a.e. in Q for almost all t € (0,T}c), VMagm(u) = V€
L*(Qm,,), and, furthermore, L} (Q) can be replaced by L*(SY) if the do-
main () is convex;

(Z"U) ut e Ll(ovT’loc; Wll(Q)) ifm>0, u €L4(Ovﬂoc; W41(Q))z
WET € L%(0, Tioe; H(RY)), and u** € LY(Qr,,) (it is obvious that the
inequality A + o > 0 follows from (1.16) and (1.12) );

(2

a+n+1
4
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(v) there exist positive constants ¢1 and Co(2) such that, for almost
all T < Tyoe, the following inequality is true:

! / / {020 P [T 4 [V Mo ()]
Qr

= / T2 do < ey fu )
T

Q
WL//Y> i B (u) + Co(Q // otntl (118)
Qr

where M., (2) is defined by relation (1.11), B =1 [¥(r)r"dr, and
0

C2(Q2) = 0 if the domain Q) is convex;
(vi) for almost all 0 < t1 < ta < Tjoc, the following local version of
inequality (1.18) is true if « € Ap x N (—(m + 1), +00):

(a+1 /C4 a+1(t2’ dx — a(alﬂ)// (¢ )tuaH
Q2

Q
+ C3_1 // C4 {‘Vua+72"+l ‘2 + |vua+2+1 ‘4 + ‘Dgua+;t+1 ‘2}
Q

to

0 (4, 2)da + o3 / / W VP 4 A
t1 {¢(t)>0}

to to
+ 03/ / ua+n+1(|v<’4 + C2 |A<|2) . / / YB(Q)(U)VCAL
1 {¢(t)>0} 1 {¢(t)>0}

(1.19)

where € CQ(QZ) s an arbitrary nonnegative cut-off function such that
supp ¢ C [t1,t2] X, and, furthermore, t1 = 0 and (;(t,z) < 0if a+1 < 0;

(vii) for almost all 0 < t1 < ta < Tjpe (t1 =0 if m —n+2 <0), the
following inequality is true:

ég(u(tg))gég(u(tl))+//7 7 0o(u //Xb’ YWulu, (1.20)
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where Eq(u(t)) = [ [3 |Vul® + To(u)]dz, Uo(z fb’ T)dr, Wo(z)
Q
is defined by relation (1.14) and P := P(u) is deﬁned by (1.10).

Remark 1.2. If n < 3and 0 < m —n + 2 (< 6 for N = 3), then
Apx N (—1,400) # () and an arbitrary nonnegative function ug(x) €
H'(Q) is admissible in Theorem 1.1. If n > 3 or m —n + 2 < 0,
then condition (1.13) leads to the requirement of the integrability of the
function ug(z) to a certain negative power, for which, in particular, it is
necessary that mes{Q\suppug} = 0.

Corollary 1.1. Suppose that é <n<2, m—-n+1>0, and

max{1,3% n—m+ 1+ (53 ) }< A (<min{#%t 4}, N =3).
(1.21)
Then u(t,z) = 0 is a unique solution in the sense of Definition 1.1 of

problem (N) with up(z) = 0.

The proof of Corollary 1.1 is given in Appendix A.

Under additional restrictions on the parameters of nonlinearity of
Eq. (1.7), one can establish the finiteness of the speed of propagation
of the support of the solution constructed in Theorem 1.1.

Theorem 1.2. Suppose that N € {1,2,3},

m >0, %<n<2, 1< A< p+1+max{n+pu, m} for N <3,
1<A< min{4"§r7,4} for N =3, and p:= %min{"g4 — n}
(1.22)
(it is easy to verify that, under these assumptions, the interval AnA N
(0, +00) is monempty), and 0 < wug(x) is an arbitrary function from
HY(Q) N L™ "*2(Q) such that suppug(z) C B(0, Ry), where Ry > 0 and
Ry > 0: B(0, Ry + 3Ry) € Q. Then there exist an increasing function
D(t) € C[0,Tjoe), T(0) = 0, and T := T(Ry) > 0 such that the solu-
tion u(t,z) constructed in Theorem 1.1 can be represented in the form
u(t,z) = ui(t,x) + ua(t,x), where uy is a solution of problem (N) with
the aforementioned initial function ug(x) and ug is the solution of the
homogeneous (with ug(x) = 0) problem (N), and, furthermore,

suppui(t,.)C B(0,Ry + CT(t))€ B(0, Ry + Ro) YVt < T1,
supp uz(t,.) € Q\B(0, Ry + 2Ro) YVt < T} := min{T, Tjo.},

where T, is defined in Theorem 1.1. Moreover, if the parameters A, m,
and n also satisfy conditions (1.21), then ua(t,x) = 0.
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Using Theorems 1.1 and 1.2, one can construct a global solution of
the Cauchy problem (C).

Definition 1.2. Let N < 3, m > —1, n > 0, and A > 0. We say
that a nonnegative function u(t,x) € ijc(R+ Hlloc(RN)) is a solution of
problem (C) if the following conditions are satisfied:
(1) xpu™2|Vul?, xpu Y Vul?, u*|Vu|, u™, and b(u) belong to
the space L} ([0,00); L} (RY)), where P = P(u) is defined by (1.10);
(ii) for any function ¢ € C3([0,00) x RY), the following equality is

true:
_//uct—/uom . +D/R/ V¢ b(u) = U (u, Q)

0 RN RN
where UT) (u, ¢) is defined in (1.15).

Theorem 1.3. Suppose that N € {1,2,3}, m >0, % <n<2,

SES +min{n, 3} if N <3,

1.23
max{1,3"41}</\<2+m1n{n,1} if N =3, ( )

and up(xz) € HY(RN) N L™ H2(RN) is a nonnegative function with
suppug C B(0, Ry), Ry < +o0. Then there exists a global solution u(t, x)
of problem (C) with the following properties:

(i) suppu(t,.) is compact for any t > 0 and there exists an increasing
function T'(t) € C[0,+00), I'(0) = 0, such that suppu(t,.) C B(0, Ry +
c(ug)T'(t)) Vit > 0;

(7i) for any o € An)\ N (0, +00) satisfying the conditions

max{m, 1} <

max{m, 1} <

NT+ + 3(a+n for N < 3,

<
(1.24)
< W for N=3

(it is easy to verify that, under the assumptions of the theorem, the set
of these a is nonempty), the following inclusions are true:

a+n+1

(G w2 € Lloc([07 OO); Ll(RN))7u € Lloc([ ) W4( ))7
a+n+1 a+m+1

u” 2 € Li([0,00); H*(RY)),u 2 € Li,o([0,00); H' (RY));
(iii) for almost all 0 < t1 < t2, inequality (1.19) with Q = RY and

an arbitrary nonnegative function ¢ € C%([t1,ta] x RY) is true;
(1) u(t,.) = ug(.) in L2(RYN).
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Remark 1.3. In the case N = 1, following the procedure described in
3, 5], one can construct a generalized solution u(t, z) € C([0,00) x RY)N
L®(R*; HY(RY)) of problem (C) with Compact suppu(t,.) Vt > 0 for
m >0, 0<n <2 and max{l Sn_ 1} < A < § such that u € CH1(P),

43 (e — 0" "z) € L2(P) fb’ )dr € L'(R*; LY(RY)), and
J o et ] [
0 & 0 R!

where P = P(u) is defined by (1.10) and ¢ € C!((0,00) x R!) is an
arbitrary cut-off function. Furthermore, using the approach related to
periodic approximations that was proposed in [17], one can construct a
generalized solution of problem (C) for m > —1, n € (0,2), and A €
(max{2® — 1, 1}, ) without the assumption that the initial function is
finite.

2. Proof of Theorem 1.1. A Priori Estimates

2.1. Regularized Neumann Problem

For arbitrary 6 > 0, ¢ > 0, ¢ > 0, and v > 0, we introduce the
functions

|Z n+s

My (2) :=mss(2) + 7 := E |S+5\z||"+a|z\”+“ +v >0,

b/ (Z) o b’ Z)
50\ %) = TS T+ P Do (e T+ AP )

‘ m—n

WL (2) = o, tose (@) = uo(x) + 8" + o
where
0< 61 <525, 02>0, 8>max{2,m—n+1}, (2.1)
s> max{n,4} if N <3 and s> max{n,8}if N =3. (2.2)

Consider the four-parameter family of boundary-value Neumann prob-
lems

ug + div {m,(v) [VAu — \Il”( ul} =X - bs,(w)Vu in Qr,

(Nyeso) Vu - it = VAu ﬁ 0 on (0,7) x 99,
u(0, ) = ugso () in Q.

By analogy with [16, 18|, for arbitrary values of the parameters v > 0,

€ > 0,0 >0, and o0 > 0, using the Faedo—Galerkin method we con-
struct a global regular solution s, of the regularized problem (Nyzs5),
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which naturally does not possess the property of nonnegativity. Using
the method proposed in [16, 18], we can also pass to the limit as v — 0
and obtain a global solution ucs, of problem (Ng5,) (i.e., problem (N,c54)
with v = 0), which, by virtue of conditions (2.1) and (2.2) for the reg-
ularization parameters s and (3, is strictly positive for almost all ¢t > 0.
Passing to the limit as ¢ — 0 in Theorem A.1 (see Appendix A), we con-
struct a global nonnegative solution wug, (¢, z) of problem (Ns,) (a special
case of problem (N.s,) with e = 0). This theorem is proved by using the
procedure proposed in [14]| (in the present paper, the proof is omitted).
Now, the main part of the proof of Theorem 1.1 consists in the passage
to the limit as 6 — 0 and o — 0. By this passage, we obtain new a priori
estimates for the solutions ug, independent of § > 0 and o > 0.

2.2. Main Local a Priori Estimate of u5, Uniform in 6 and o
First, consider the following two simple inequalities:

v

T v+3(at+n+1) T v
3(a+n—v+9)
//M@ch/(/u‘s) +c1/</ ) < 4B
Qr 0 M 0
4

+eRi(hy) + 1Ry (%) ¥4 >0, By = //\vu“*lf“\ (2.3)

where Rj(s f HuHHl(Q)dt, hy = %, 6<v<a+n+9, and
=3, and

// ’)/B() + CRQ(hQ) + ClRQ(m n+2) V’Ay > 0, B(] is defined in (2.3)

(2.4)

+2) +3(a+n+1
where Ryfs fH Ity s b2 = sty 1 <m—

n—|—2<1/<a+n—|—1+3( m —n+2), and N = 3. To obtain these

inequalities, we apply the Nirenberg-Gagliardo interpolation inequality
a+n+1

(Lemma B.5) to the function v = v+ for a = a+n+1, d 4, i=0,
j=1,and b = a+n+1 in the case of (2.3) and for a = a+n+1, d =4,
i=0,j=1and b= % in the case of (2.4), integrate the results

obtained with respect to time, and use the Young inequality.

Now consider inequalities (A.2) and (A.4) from Theorem A.1. We suc-
cessively estimate the terms on the right-hand sides of these inequalities
(note that all further calculations are carried out for N = 3; in the case
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N < 3, the required estimates for the right-hand sides follow directly from
the imbeddings H(Q) C L>°(Q) for N =1 and H}(Q) C L4(Q) Vg < oo
for N =2). Using the Cauchy inequality, we get

n—a+3 at+n+1 9
By ::/ mga(uga)’VU50 //u(sg2 |Vaug, * |

Qr
<yBy+cBY vy >0, B! // w3 By from (2.3). (2.5)

For 0 < n—a+ 3 < 6, the term B(I) is estimated with the use of
the imbedding H'(2) C LI(Q) Vg < 6: B < C(Q)Ry(%=5+2). For
O<n—a+3<m—-—n+2, m—n+1>0, we estlmate this term using the
imbedding L™ "+2(2) € LI(Q) Vg < m—n+2: B < C(Q)Ry(2=0%3),
For 6 < n—a+3 < a4+n+9 (m—n+2 < n—a+3 < a+n+1+3(m—n+2),
m—n+1>0), to estimate B\") we use inequality (2.3) ((2.4)): B <
YBo + c(Y){R1(s1) + Ri(s2)} (< YBo + c(V){Ra(s3) + Ra(s4)}), where
the quantities R;(s) are defined in (2.3) and (2.4), s1 = m#w, S =
n—a+3
2

—a+3 2 3 . . .
, S3 = %7112’ and s4 = 3(0471)’”‘5‘2‘;7”%). Substituting the esti-

mates obtained into inequality (2.5), we get

B1 <mBy+ C(Q)( Z Rl(Si) + Z RQ(SZ')) Yy >0 (2.6)
i—1,2 i—3.4

if the parameter « satisfies one of the relations

—3<a<n+3, (2.7)

—2m-n+3)<a<n+3, m—n+1>0. (2.8)

Moreover, the sum > Rj(s;) is present only in case (2.7) (furthermore,
i=1,2
Ri(s1) is absent if n —3 < a < n+3), and the sum > Ra(s;) is present
1=3,4

only in case (2.8) (furthermore, Ry(s4) is absent if 2n—m+1 < o < n+3).

Remark 2.1. In what follows, estimating the terms B; on the right-hand
sides of relations (A.2) and (A.4), we omit simple calculations similar to
those presented between estimates (2.5) and (2.6).
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Using inequalities (2.3) and (2.4) again, we get

— 4/ 4 —a—n+3 a+n+1
// X bso(Uso)uso Vs | < 6//u50 | Vg, T
Qr Qr

<Wm+am(2ﬁmm+2ﬁmm>vw>0@w

i=5,6 i=7,8

| Ba| :=

if the parameters o and A satisfy one of the relations

(H=2), <A<a+n+6, (2.10)
(%’H)+<)\<a+m+2,m—n+l>0. (2.11)
Here, By and R;(s) are defined in (2.3) and (2.4), s5 = %, s6 =
Poaontd g = PooondS and sy = %‘@iﬁt@g’) The sum ‘%:6 Ri(si)
1=9,
is present in relation (2.9) only in case (2.10), and the sum »_ Ra(s;) is
=78

present only in case (2.11).
Taking into account relations (1.6) and (1.14) and Remark 2.1, in the
case m —n + 2 # 1 we obtain

<RTT0@) Y Ri(s:)
i=13,14

| Bs|:=

//nga(u(sg)\lfé(ugg)Vu&,
Qr

+73Bo+0(9)< S Ri(s)+ Y Rg(s@-)> Vs >0, (2.12)

i=9,10 i=11,12

if one of the following conditions is satisfied:

n—m+ 2= < X< 2n —m+a+6, (2.13)
n—m+22=3 < N<a+n+2 m—n+1>0, (2.14)
atrtl CA<a+n+7, m-—n+1<0. (2.15)

Here, By and R;(s) are defined in (2.3) and (2.4), sg = %’

— 4(A+m)—bn—a+3 — 4(A+m)—5n—a+3 _ n+mHrA+2a+3
S10 = 6 ;S = m-nt2 0 512 = “3(atnt2-A) °
A+2 1 —a
313:%, and 314:4’\"%1. Furthermore, the sum Y Ry(s;)
i=9,10
is present in relation (2.12) only in case (2.13), the sum >  Ra(s;) is
i=11,12

present only in case (2.14), and the sum ) Ri(s;) is present only in
i=13,14
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case (2.15). Integrating B3 by parts and using the imbedding theorem in
addition to (2.12) we obtain the estimate

B3| < C(Q) (Ri(s15) + R™ " Ry (s16)), m—n+2#1  (2.16)

(R is defined in (1.14), s15 = w, and s1 = %) which is valid for
(n—m—1)y <X <min{n —m + 3,4} (2.17)
For m — n + 2 = 1, using the inequality |Inz| < d(&)(z7¢ + 28) V&€ > 0

and reasoning as in the derivation of inequalities (2.12) and (2.16), we
get

|Bs| <43Bo+ C(Q) > Ri(si)) Vs3>0, By is defined in (2.3),
=17

\Bg\<C’(Q)< > Rl(si)+R1(316)>

i=21,22

for 5—1—%”“ <A<a+n+T7—&and £ <\ <4—E, respectively. Here,

the quantities R;(s) are defined in (2.3) and (2.4), s17 = %,
—n—a— A—E42 1 a1

s1g = Anmas LAl 3 L 519 = 771_?;_(?1@7)7 Sgp = Anmamlodl 5 =8 51 = ¥7

and S99 = %

Remark 2.2. Combining conditions (2.13)—(2.15), and (2.17) and taking
into account that, for m — n + 2 = 1, the parameter £ in the condition
for A can be taken arbitrarily small, we conclude that, for any A € ((n —
m—1)y,a+n+2+(n—m+4)y), at least one of the estimates for | B3|
presented above is true.

After elementary calculations, we obtain

A—1

cz a+n—s
( )950 ‘< 14+8(2A 1422 1=8) 4o (A~ 1422 - 140) ‘a + oc+n 5% +
cA atA—1 cA a+n cA a+n
+ 7204—"’ { |a‘Z T 5=an? + atn”® vz
a+n = ch at+A—1 cA a+n—s cA _a+tn—p
WZ -+ mz -+ T_HLZ VZ > 1.

50 (2 )g((sj)( )‘ g 2 patA- 1+(2)‘% Vz>0ifs > a+n

|a| s—a—n)(a+n

and § > a + n. By virtue of conditions (2.1) and (2.2) and Remark 2.1,
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we get

|By| == X Yo (tso) 950) (us0) VUse

AX+3a—n—1 +1 1
// Usy " V“aa4 |+ C/ Vuss| < C(Q)R1(3) + v4Bo
Qr

—i—C’(Q)( Z Ri(s;) + Z RQ(Si)) Vs >0; (2.18)

i=23,24 i=25,26

furthermore, the sum > Ry(s;) is present only if 220 < X\ < n 47,
i=23,24
and the sum > Ro(s;) is present only if 2=3¢+H < X\ < m + 3 and
i=25,26
m —n + 1> 0. Integrating By by parts and using relation (1.6) and the
imbedding H!(Q) C L4(99), in addition to (2.18) we get

’B4 //{u’\+o‘ + U5U} < C(Q) (R1(827) + Rl(%))

0 9
for 0 < A+ a < 4. Here, By and R;(s) are defined in (2.3) and (2.4),
S93 = QnZiii(?FZ? Soq = 4)\+3céfn71’ S5 = 4)\74723_0;171271’ S96 = )\i?::r)\?f;)a
and So7 = HTO‘

Remark 2.3. At least one of the estimates for |By| presented above is
true for any A € (min{—c, 22301} max{4d —a,n+ 7+ (m —n—4), }).

Using the identity te,o; = 7 07 (u") g0, — (v — 1)t Mg, g, , where
v = 2L we rewrite By := [ X b, (uso) Ausy Vuss in an equivalent
form and then estimate it as f(ﬁfows

a4 n+1 atn+l
|B5’ // U’&T‘vu&r +c//u50‘vu50 HAU(SJ )

where A :— w

. Applying the Young inequality with exponents
4 and % to the first term and with exponents 4, 4, and 2 to the second
term, we get

+n+1
|Bs| < 5 //‘DQU&, ? + 5By

+C(Q)< > Ri(si)+ Y Rz(si)> Vs >0; (2.19)

i=28,29 i=30,31
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furthermore, the sum >  Rj(s;) is present only if M‘j‘)_l <A<
i=28,29
a+n+2, and the sum ) Ra(s;) is present only if M <A<
i=30,31

a+n+3i(m—n+2)and m—n+1 > 0. Here, By and R;(s) are defined in
(23) and (2.4), 525 = 7=y, s = PG, a0 = SRS,
d sar — 2(A+1)

and s31 = 3(n—A+a)+m—n+2"

Remark 2.4. Combining the restrictions on A obtained in the deriva-
tion of estimates for |Bs|, we conclude that relation (2.19) holds for

p= (M a+n+2+(m7n4)+)‘

Summing up inequalities (A.2) and (A.4), taking into account esti-
mates (2.6), (2.9), (2.12), (2.16), (2.18), and (2.19), and choosing suffi-
ciently small v;, i = 1,5, we get

a+n+ atntl
(use) /G&7 Uy dx—l—cl // ‘D2 ’ —|—‘Vu50 }4}

/ / M Vg, |2 < Eq(uoso) / G (uose (z))dz

31

+ C(Q) <R1 3+ Z Ri(s;) + Z Rg(si)) + C2(Q) R1(s32) < Ea(uoso)
=1 =1
T

+ [ G\ (ugso(2))dz + Co(Q) | {E5 (uso(T)) + E5m (use (7)) } dr
/ /

(2.20)

where Eq(us,) is defined in assertion (h) of Theorem A.1, G((;i)(z) is de-
fined in assertion (j) of Theorem A.1, sgp = 22 Cy(Q) = 0 if Q is
convex, Smin = min{s;, 271}, and spax = max{s;, 271} (i = 1,32). Com-
bining Remarks 2.2-2.4 and conditions (2.7), (2.8), (2.10), and (2.11), we
obtain the following final restrictions on A and « sufficient for the validity
of (2.20):

max{%,(n—m—lh} <AM<a+n+2if N=3),
a € Ay = (max{} —n,—\},2 = n)\{0, -1} for N <3, (2.21)
o € Ay N (min{—3,—2(m —n+ 3)}, +o0) for N = 3.

Taking into account the definition of the function Gg‘;)(z) (see asser-
tion (j) in Theorem A.1) and condition (2.1), by analogy with [13] we
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get

0 (uoss (2 +/Gi u0so (7)) < § l[wose |71 (0

Q
+/\IIO u060'
Q

where the constant c;(uo) := c1(Eq(uo), [[uollpa+1(q)) is independent of &
and o, and ¥o(z) is defined by relation (1.14). Applying Lemma B.9 to
inequality (2.20) and taking inequality (2.22) into account, we obtain the
following local a priori estimate for almost all T' < 1= %:

U(SJ /G uéa

+cp // |D2u50 } +\Vu50 ‘ + Ul ™ Vg, ‘} Ci (2.23)

a(a+1 ’/uoso +050(1) < c1(uo) (2.22)

where Cy = e (c1(up) + Co(£2)), Smax > 1, and
To = oo (€1 (u0) + Co(€2))' . (2.24)

Here, Cy(2) is defined by (2.20), and ¢;(up) is defined by (2.22). Estimate
(2.23) is the main a priori estimate obtained in this section. It follows
from (2.23) that uniformly in 6 > 0 and o > 0:

{Us55}5,050 are bounded in  L>(0,T; H*()), (2.25)
{Wo(uso) 5,050 are bounded in  L°(0,T; L1(Q)), (2.26)
{u;:gn : |Vuse|}so>0 are bounded in L (Q7), (2.27)

/ G (us,(t))da is bounded Yt € [0, 7T, (2.28)
{u;:gH }5.050 are bounded in L2(0,T; H*()), (2.29)
{up© Jsom0 are bounded in L40, T, W (). (2.30)

By virtue of (2.25), the following sequence is uniformly bounded:

{ts6 }5,0>0 in LOO(O,T; L1(Q))Vg<oo, N<3and V¢g< 6, N=3.
(2.31)
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Remark 2.5. Reasoning as in the derivation of inequalities (2.3) and
(2.4) and using estimate (2.23), we establish the uniform boundedness of
the sequence

{uss}5,050 In La+”+9(QT) and in L"(Qz) if m —n+1>0, (2.32)

for N =3 where r = a+n+ 1+ 3(m —n+2).

2.3. Additional a Priori Estimates Uniform in § and o

IfN<3o0or N=3and a+m < 11 (a+m > 11), then relation (2.31)
((2.26)) yields

a+m+1 -~
/uda 2 (tyx)de < Cforalmost all t < Tif a+m+1>0. (2.33)
Q
In view of (2.27), this implies that the sequence

a+m+1

{us, > }s,0>0 is bounded in L2(0,T; HY(Q)), a+m+1>0. (2.34)

By virtue of the interpolation Lemma B.3, relations (2.34) and (2.31)
yield

//u§;m+5<Cifa+m+1>0andN:3. (2.35)
Qr

Following [14], one can show that, for N <3 or N =3, 0 < m < 3, or
N =3, m >3, a> —2, there exists 7 > 0 such that

{IVHss(uss)|} 5,00 is bounded in LH”(QT) (2.36)

where Hs,(z) is defined in assertion (c) of Theorem A.1.

In the remaining part of this section, we establish optimal conditions
for the parameter A that guarantee the uniform boundedness (with re-
spect to 0 and o) of the sequence

{8tu50'}5,0'>0 in the space L2(05T7 (qu(Q))*)? q= q/q_,l (237)

where ¢ is an arbitrary number from the interval A; from Definition 1.1.
By virtue of assertion (b) of Theorem A.1l, for arbitrary function ¢ €
L?(0,T; H'(Q)) we obtain

T
/(@usm@ = // (750 Vo+7X - VBaa(uaa)@) =1+II (2.38)
0 @
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where Bsy(z fb T)dr. By virtue of estimates (2.6), (2.9), (2.12),
(2.16), and (2.19) and a priori estimate (2.23), relation (A.1) yields

/HJ&,HLQ <€ s i, (6], <O (2.30)
1€ (0 L7 (@)

The last inequality follows from property (2.25) and the imbedding H*(£2)

C L%(Q), which is true because 2”}(;, % s ¢ < ﬁ]&?)
Relation (2.39) obviously yields
1 < Co H‘PHL2 0,T5WH(Q)) * q= q/qj- (2.40)

Let us find an analogous estimate for the term II in (2.38), which can be
represented in the form

II—//X 7t Bso (Use ) // X - Bso(use) Vi =: 11} — 1. (2.41)

0 022
By virtue of (1.6), we have

2| < CHug\UHLQ(QT;Lq’(Q))||VQOHLQ(()7T;LL1(Q))' (2.42)

Let us analyze the character of the summability of the solutions ug,
defined by properties (2.25)—(2.30) for N = 3. Using relations (2.29) and
(2.31) ((2.26)), we establish the uniform boundedness of the family

{oso} = {ult } in L2(0, Ty WA(Q), p= 2540 € (3,3), (243)
and

{vse }in L(0, 75 Lt () (in L0, T (Q)), m—n+1>0).  (2.44)

Let us find conditions for A that guarantee the following estimate uniform
in 9 and o:

T
N _
1450 | 120,700 () = /(

Lq/ l
/v55> dt <CVq €A (2.45)
0

Q

By virtue of the Nirenberg—Gagliardo interpolation inequality (Lemma
B.5), we have

%

A 1-9;

(/ ) (/\vﬁ) 6(/#) L dg(/vbl) blz: 1.2, (2.46)

Q
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_ A _ 6 m— n+2 _ u(Ag'—6) _ 6u(Ag'—m+n—2)
where a = =, by =, by =5 0 = St 92 = 3gGutm oty
and N = 3. Raising inequality (2.46) to the power % and integrating

the result with respect to ¢, we get

2\

0 0 Q

1 = 1,2. Applying the inequality obtained to the function v = vs, and
using properties (2.43) and (2.44), we get estimate (2.45), provided that
one of the following inequalities is true: )‘791 <le X< 5V e
i = 1,2. It is easy to verify that these relations are equivzalent to the
following restrictions imposed on the parameter \:

A< p+max {1, 2=2E2% (4 + 2) for N =3 (p from (2.43)).  (2.47)

Let us estimate the term IIy in (2.41). It is obvious that

1| < /||¢\Ld lusel gt Va1 (a9

For N < 3, by virtue of (2.25) and the imbedding W, (€2) € L"(9Q) Vr <
00,V p = 2, this yields

L] < Csllel oo mmp)y YA >0 (2.49)

For N = 3, we have the imbedding W} (Q) C L4 (09), where d; = 32?‘7(1

if ¢ < 3 and d, is an arbitrarily large number if ¢ > 3. To obtain an
estimate of the form (2.49), by virtue of (2.48) it suffices to establish the
uniform estimate

2(dg—1)
dg
n = /(/va |u<dq—1>dHN 1) dt < C, pis defined in (2.43).
0

(2.50)
We apply the interpolation inequality from Lemma B.4 to the function
V5o With a = % d =6, b=>b; from (2.46) (i = 1,2), and N = 3,

raise the result obtained to the power %, and integrate it with respect

to t. As a result, we get

2A(1—

i y<c/</\w&, >5u</|v&,|b> " +c/</\v50\b>#b,i:1,2
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where 61 = % and 0y = 2u [3’\%;{2%;7);?5]”””. By virtue of

properties (2.43) and (2.44), this yields estimate (2.50) if A min{6;, 62} <

. Simple calculations show that this relation is equivalent to the restric-

tion A < u+max{1,m_Tm}(1+Md§7t:D) Vg = qfql € Ay, which, in

turn, by virtue of the definitions of y and dy, is equivalent to the relation
A el omax {1, mep2) (4 4 2y g N =30 (251)

Therefore, if conditions (2.47) and (2.51) are satisfied, then estimates
(2.40), (2.42), (2.45), and (2.49) are valid, and, hence, relation (2.37) is
true.

3. Proof of Theorem 1.1. Passages to the Limit
First, we pass to the limit as § — 0.

3.1. Compactness of the Sequence us,

By virtue of Lemma B.1, it follows from (2.25) and (2.37) that there
exist an element u, and a subsequence d = d; — 0 such that

Use 5i>0 Uy in LQ(QT) and almost everywhere in Q. (3.1)

In addition, by virtue of Lemma B.2, we have

use = U in C(0, T; L3()). (3.2)

By virtue of Lemma B.6, it follows from (2.29), (2.39), and (2.43) that

W B s E i 20,7 HY(Q)) (3.3)
so - sl oL : :

Using (2.29) and (3.3), we also establish that
a+n+1 a+n+1 N
Usy? T Uo P in L*(0,T; H*(Q)). (3.4)

By virtue of relations (2.30), (2.34), and (3.1) and Lemma B.7, we have

a+n+1 a+n+1 4 N 1
(T 6—\0u504 in L*(0,7; W;(Q)), (3.5)
at+m+1 at+m+1 9 N 1
ug, 2 — ug > in L7(0,T5H (Q)) if a+m+1>0. (3.6)

i 6—0



22 ON THE THIN-FILM EQUATION WITH NONLINEAR CONVECTION

Using relations (2.25), (2.39), (2.37), and (3.1), we get

Use 61 Uy in L®(0,T; HY(Q)), (3.7)

—0

—

J&Troj’g in L2(0,7; LY (Q)) V¢’ € Ay, Ay from Def. 1.1, (3.8)

Ortisy = Outtg in L*(0, T3 (W (2))%), (3.9)
where g = q,‘{l and ¢’ is the same as in (3.8). By virtue of the Vitali
theorem (see [13]), relations (3.1) and (3.5) yield

at+n+1 at+n+1

Vg, * 6i>0 Vus, * in L' ({u, > 0}) and a.e. on {u, > 0}. (3.10)

Using relations (3.3), (3.5), and (3.10) (see. [13]), we get Vusy, 5:>0 Vu,
in L*(Q;). With regard for (3.1) and (3.11), this yields

Use 6:>0 Uy In L2(O,T; H'(Q)) and a.e. in Q- (3.11)

Remark 3.1. If m > 0, then, using relations (2.36) and (3.11) and the
Vitali theorem, we establish the convergence

Mo (Use)Uge " Vise afo Mg (U )u™ "V, in L Q).

3.2. Passage to the Limit in Cases (b) and (c) of Theorem A.1

By analogy with [13, 14|, we prove that the limit flow 70 formally
obtained in (3.8) satisfies the equality 70 = My (U ) [VAU; —ul "V,
in the sense of the limit (6 = 0) equality (c). This leads to the restriction
a < "TH contained in the definition of the interval An’/\ in (1.12). Thus,
it remains to pass to the limit as § — 0 in the second term on the right-
hand side of equality (b), or, which is equivalent, in term II in (2.38).
We again integrate II by parts, represent this term in the form (2.41),
and pass to the limit as 6 — 0 in I} and IIs. Since Bsy(2) = By(z) <

6—0

cz, z € [0,00) Bsy(2) is defined in (2.38), relation (3.11) implies that
Bso (use) o Bs(ug) a.e. in Q7 and a.e. in (0,7) x 9. Using (2.25) and
estimate (2.50) with d; = 2, we establish that the majorizing sequence
{u},} is uniformly bounded with respect to § and o in L'™(Q) and
LY9((0,T) x 9Q) (5 > 0 is sufficiently small) if 0 < A (< 4,N = 3),
whence, taking into account that u}, o uy ae. in Qs and (0,7) x

98, by virtue of the Vitali theorem we get u} 6:>0 upy in L'(Q4) and
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LY((0,T) x 89). Using the generalized Lebesgue lemma (see Appendix
B), we establish that Bs, (uss) 6:>0 B, (us) in LY(Q4) and L1((0,T) x Q)

if 0 < A (< 4, N = 3). This yields the validity of the passage to the limit
in II; and IIs. Consequently,

II e (X - VB, (ug), ) dt
0

T

//Y'ﬁgo(“")c_//YBa(ua)Vc. (3.12)
Qr

0 00

3.3. Positivity of the Solution u, for a +m+1 <0

Lemma 3.1. Under the conditions of Theorem 1.1, the interval of solv-
ability Tioe > 0 can be chosen so that the inequality f use (t) dx> c(ug)>0
holds uniformly in § > 0 and o> 0 for all t< Tj,..

Proof. Taking ( =1 as a test function in identity (b) of Theorem A.1, we
get fu(;,, t)dx = fuogg dac—i—f f Bso (use) X - dHN~1dt := Dy + Do,
where Bso is deﬁned in (2.38). By Vlrtue of relations (1.6) and (2.25) and
the imbedding H}(Q) C LMNON) VA < 4, for N =3, we get |Dy| < Ot
VvVt < T, where T is defined in (2.23) and C) is independent of ¢, o,

and t. Taking into account that wugpss(z) > wug(z), we establish that
f ugso (t) dz > f uo(x)dx — Cy t > 0, which implies that Lemma 3.1 with

Tioe = min{T, (2C1) ™ |uoll 10 } (3.13)

is true. O

By analogy with [14] (Lemma 2.1), using Lemma 3.1 we prove the
important property of positivity for a +m + 1 < 0.

Lemma 3.2. If a+m+ 1 <0, then uy(t,x) > 0 almost everywhere in
Q and Mosm(us) € L2 () for almost all 0 < t < Tjoe, where Tio. is
defined by (3.13) and M.,(z) is defined by (1.11); furthermore, L? ()
can be replaced by L?(Q) if the domain Q is convex.

3.4. Derivation of the Entropy Inequality (1.18)

Inequality (1.18) is obtained by passing to the limit as 6 — 0 and
o — 01in (A.4). As a consequence of Lemma 3.2 and convergence (3.11),
fora+m+1 <0 we get
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at+m—1 at+m—1

us, > Visg ajo Uy > Vg =V Marm(uy) in L2 (Qp,.)  (3.14)
where T}, is defined by (3.13). By virtue of the Fatou lemma, a priori
estimate (2.23) implies that Wo(u,) € L(0, Tioe; L)) (¥o(2) is defined
by (1.14)). Furthermore, if m —n + 2 < 0, then

ug(t,z) > 0 a.e. in Q for almost all 0 < ¢t < Tjpe. (3.15)

Using relations (2.25), (2.26), and (2.35), we establish that the sequence
{Uo(usy)} is uniformly bounded in L*7(Qr, ) for a certain n > 0 if
m —n + 2 > 0. By virtue of the Vitali theorem, this yields

o (use) = Uo(uy) in LNQq,,) if m —n +2 > 0. (3.16)

On the left-hand side of inequality (A.4), the passage to the limit is a
simple consequence of the Fatou lemma, convergence (3.14), the results
on compactness obtained in Sec. 3.1, and the inequality ||lim fs]| Lr(x) S
lim|| f5]| Lr(x)> Which is true for an arbitrary sequence {fs} weakly com-

pact in LP(X). Convergence (3.3) yields [f u§:”+16—>0 [ ugtntt,
Tioc - Tioc

Using the boundedness [ Ggi)(uogg)dx < c(up) (c(up) is independent
Q
of § and o), convergence (3.11), and the Lebesgue theorem, we get

ngi)(uogg) dx 6—>{)ng&) (uoes) dz. We pass now to the limit as § — 0
Q —VQ

in the third term on the right-hand side of inequality (A.4), or, which is
equivalent, in the integral By in (2.18). Integrating by parts, we rewrite
By in the form

noc z
B, = / / X - B (us0) where BE(2) := / b, (1)9 (7) dr.
0 90 0

(3.17)
Since ng)(z) = Bga)(z) < (M2 4+ 2), 2 € [0,00) (here, a > —\),
0—0

(0, Tioe) x 09Q. Using (2.25) and the imbedding H(Q) C L"(09Q) Vr < 4,
for N = 3, we establish the uniform boundedness (in § and o) of the
majorizing sequence

relation (3.11) implies that Bg‘;) (usy) o B (uy) almost everywhere in

{udT duge } in LM9((0, Tioe) x 9Q) (6 > 0 is sufficiently small) (3.18)

if —a <A (<min{4,4—a},N=3). For N=3and 0 < a < A < 4, the
boundedness of (3.18) follows from estimate (2.50) with d, = 2. Thus,
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relation (3.18) is true for —a < A (< 4,N = 3). By virtue of (3.18),
the convergence ug‘jo‘ + Uso 5_>0 udt + uy ace. in (0,Tj,c) x 09, and the

Vitali theorem, we get ug‘;a + Uy 5:>0 udtY + uy in L1((0, Tioe) x ON).

Using the generalized Lebesgue lemma (see Appendix B), we establish
that B (usq) = B (uy) in L'((0, Tioe) X Q) if —a < A (< 4, N = 3).

Therefore,

,1—208
By o / /7 <71 B (ug) if inequalities (1.17) are true, (3.19)
0 90

where By is defined by relation (2.18) and B((,a)(z) coincides with Bgi)(z)
in (3.17) for 6 = 0. The convergences obtained prove inequality (1.18).

3.5. Derivation of the Energy Inequality (1.20)

We rewrite inequality (A.3) in an equivalent form:

Ealusy (1)) < Ealugsy (x)) — 2+2=1 / / T W (s s [ Vagy PV

QTloc
9 — 1—3—71, a+;t+1
+ s X bsg(uso)ug, > Aug Vg
QTloc
+ // 7 bga(ulgg)\llé)(u(;g)Vu(;g =: gQ(uo&,(x)) + 11 + 1o + Is. (3.20)

QTloc

By virtue of relations (3.11), (3.15), and (3.16) and the Fatou lemma, we
can pass to the limit as § — 0 on the left-hand side of inequality (3.20)
and in the term £q(ugse (). Then we pass to the limit as § — 0 in .
We rewrite I in the form

3
Il = _a+721—1 (cx—i—i—&—l) // Rl(s](;') (u60)7

QTloc

o) ey = oL 20, ST ek
where Rj./(uso):= X b}, (uso)us, |Vug, *  |*Vug,* . Taking (1.6)
into account, we get

(1) ~(1) 4)‘_3((2*'")‘*‘1 atntl o
‘R&T (U50)| < R&T (u50) = C Uy, ‘VU(SU )
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where % < A (< a+n+2, N = 3). Relations (2.32) and (2.30) im-
ply that the majorizing sequence {R((;?(uzgg)} is uniformly bounded with
respect to § and o in L'*9(Qr,,.) (for sufficiently small & > 0). By virtue
of relations (3.10) and (3.11), Lemma B.7, and the Vitali theorem, we con-

clude that Rg? (uss) 6:>0 BV (ug) in L' ({u, > 0}) and, hence, by virtue of
the generalized Lebesgue lemma, Rg(lj) (uso) 6:>0 R((,l)(ug) in L' ({uy > 0}).

Further, we show that R((;i_) (uso) 6:>00 (and, hence, R((;? (U5U)§:>O 0) on

{us = 0}. Indeed, by virtue of the Egorov theorem, it follows from

(3.11) that, for any v > 0, there exists a set S, C {u, = 0} such that

eNHI(S) < v and usy = uy on {u, = 0}\S,. Using the Hélder in-
0—0

equality, we get

_ a+n+1 %
// Réa Uso <6 // |vu60

{us=0} {us=0}\Sy

1 3
4 4
4A3 + a+n+14
+c(//% @ ) (/ vt )
Sy

By virtue of the Vitali theorem, it follows from (2.30) that the last term
on the right-hand side tends to zero as £¥*1(S,) —>OO. Thus, by virtue
y—

of the generalized Lebesgue theorem, we have

Il —otnel // XU, (uo)uy | Vg |*Vu, (3.21)
{us>0}

provided that relations (1.17) are true. Then we pass to the limit as
0 — 0 in I3. Integrating by parts, we rewrite I3 in the following form:

’Tloc z

b= [ [ % iWsoluse) where Bsq(2) i= [ by, (r)h(r)dr.
0 90

0

s, (2)] < (At 4 Rm=7H1A) and R is defined in (1.14). By
analogy with the proof of relation (3.19), we get
Tioc
I3 — / /Y -7 W, (uy) if inequalities (1.17) are true, (3.22)

6—0
0 a0
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where W, (z) coincides with W4 (2) for § = 0. It remains to pass to the
limit in the term I5. We rewrite I in the form

at+n+1
12 = a+n+1 / Rﬁo’ U§o A'LL50 5
QTloc

2) — St ennd : :
where Ry (use) == X U, (uso)ug, Vug, * . Taking (1.6) into ac-
count, we get

AX—3(a+n)+1 a+n+1

\R((s?(uéo)f < R((Si)(u&f) =cug, ! |Vug, * |,

where M <A< a+n+2, N =3). Relations (2.32) and (2.30)

imply that the majorizing sequence {R5 U) (usy)} is uniformly bounded

with respect to ¢ and o in L?T9(Qq,,.) (for 0 < & < 2 if N < 3 and for

0<o< 2(2\6—”;72:? if N = 3). By virtue of relations (3.10) and (3.11),

Lemma B.7, and the Vitali theorem, we conclude that R((;i)(u(ga) 5:>0
R((f)(ug) in L2({uy, > 0}). By virtue of the generalized Lebesgue lemma,
this yields
l—a—
R§U>(U50) = X0, (ug)us * "V, in L2({u, > 0}). (3.23)
Convergence (3.4) implies, in particular, that

a+t+n+1 a+t+n+1

Aug,* = Aug 7 in L*(Qr,,)- (3.24)

Thus, using (3.23) and (3.24), we establish the convergence of the term I
on the set {u, > 0}. Let us show that I 6—>OO on {u, = 0}. Indeed, by

virtue of the Egorov theorem, relation (3.11) implies that, for any v > 0,

there exists a set Sy C {uy = 0} such that £¥+1(S,) < v and uso = u,
6—0
on {us = 0}\S,. Using the Holder inequality, we get

a+n+1
// R(;U U |Au§ |
{uo=0}
1
a+n+1 a+n+1 2
// ’vuﬁa // ’AU(SJ

{us=0}\S, (=0,

e )

QH
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Since, for A < a@ +n + 2 and N = 3, the imbedding L*™"*(Qr, ) C
L3+ (Qr ) is true, by virtue of relations (2.32), (2.25), (2.29),
and (2.30) and the Vitali theorem the last term on the right-hand side
tends to zero as £V +1(5’7)7:1)0. Thus, by virtue of the generalized

Lebesgue lemma, we have

—a—n a+n+1
0a+n+1 //X b, (uo)uo > Aug > Vug, (3.25)
{uo'>0}

provided that inequalities (1.17) are true. Taking into account (3.20),
(3.21), and (3.23)-(3.25), we get

Tioc

Igo (uso) —> //}> ﬁ\i/ (o) //Xb' Ug ) Vg Aug,

{us>0}

provided that inequalities (1.17) are true. Here fgg( ) is defined in
assertion (h) of Theorem A.1 and W, ( f bl(T 7)dr. Inequality
(1.20) is proved.

Remark 3.2. To obtain the local entropy estimate (1.19), we pass to
the limit as § — 0 and ¢ — 0 in the corresponding local version of the
entropy inequality (A.4). Since this analysis is analogous to the analysis
carried out in Sec. 3.4, we omit it here.

Remark 3.3. We also omit the passage to the limit as ¢ — 0, which is
based on the same a priori estimates and can be carried out, with slight
modifications, by analogy with the passage to the limit as § — 0 carried
out in Secs. 3.1-3.5.

3.6. Derivation of Restrictions on n, m, and \

Combining all intermediate restrictions on the parameters of problem
(N) used in Secs. 3.1-3.5 (namely, relations (2.21), (2.48), and (2.51), the
condition o« > —2 for N = 3 and m > —1, and the condition o < ":{1),
one can easily verify that they hold simultaneously if the sole condition
(1.17) is satisfied. Thus, Theorem 1.1 is proved.

4. Proof of Theorem 1.2. Finite Speed of Propagation

We introduce the following notation: €(s) = B(z1,s), Qr(s) =
(0,7) x (s), and K (s f u ™ (x) dx Vs > 0, where x1 € dB(0, Ro +
(s)
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%Ro) is an arbitrary point and Ry > 0 is such that B(O,Ro +3Ry) €
Q. Assuming that suppug(z) € B(0, Ry), we obtain K(s) = 0 Vs €
(0, %RO). For arbitrary s > 0 and 6 > 0, we introduce a function
o(x) € C%(Q) such that p(x) = 0 if z € Q\Q(s), go(x) =1lifzx € Q(s—9),
0 <op(r) <1VeeQ, |Vl < g, and |Ay| < 4 R In the local entropy
estimate (1.19), we set (*(z,t) = ¢*(@)exp(—%) VT < Tjo.. We fix
a € An)\ N (0, 4+00), which is possible because n < 2. After simple
transformations, we get

sup / atl(py / /
te(O,T&(

Qr(s—9)
iy

( // w6 // w4 5 // )::RT(S,a)

Qr(s) Qr(s)

(4.1)

Vs>0, d>0,and VT < Ty, where T, is defined by (3.13).
We introduce the following energy functions related to the solution

u(t, x):
// a+m+1 Gg)(s) ::// ,UJo¢+n+17 (3) //
Qr(s) Qr(s)
(4.2)
We apply the interpolation inequality from Lemma B.5 to the functions
at+m+1
U1 T fora = d = 2, b:jiagi)l, =0, 7=1,and 6; =
N . et g _ Hatl) . -
m,vg.—u 4+ fora=d=4,b= aan, =0, j=1, and
_ N . _ 2(at)) 2(a+1) _ -
GQ—W(Q_W,vlfora—ame,d 2, b—a+am+l,z—0,]—1
n . NO-1(a+m+1) _ 4AlatN) o o
03 = (a+A)(mNa+2Ta+1))’ and A > 1, and vy for a = aan, =4, b=
4(atl) . . b NO-1)(a+n+1)
afnﬂ, 1 =0, =104 = (a+>\)(an‘_4(na+1)), and A > 1. Then we

integrate the inequalities obtained with respect to t. Taking (4.1) into
account, we obtain the following relations for the energy functions from
(4.2):

a+m+1

GV (s = 6) < TN RYFL(s,6) + (TR, (s,0), (4.3)

at+n+1

G (s —0) < T "% RI*2(s,6) + cTR,™ (s,6), (4.4)
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Oipo(at+X) (1=6;42)(at))

a+n+1 a+1
G (s —0) /( / Vo 2’) ( /w“)
0 \Q(s—d) Q(s—3)
T
+ c/(
0

atA
ot

a+1
ua+1> el 91+2R1+k’+2(3 8) + TRy (s,0) (4.5)

Q(s—9)
where i = 1,2, Rp(s,0) is defined by (4.1), k1 = anaﬂ)’ ky =
4n _ N(A\-1) . 2(A—1) .
F(N+4‘§a+*1) O3 = ‘mJ\E+2‘(c§+T) and k3 = ?:ZN+)2(&+T) f1<A<m ?F 1;F
2(a+1 N(A—1 4(N—1 . 4(a+1
-~ and@ —mandk4:mlfl<)\ n+1+

We apply Lemma B.8 with s; = %so to the system of 1nequaht1es

4 . _B_
(4.3)—(4.5). For the function Gr(s) := fi(T) Z(Gé@(s)) M where
i=1
f1(T) € C[0,Tjoc) and f1(0) = 0, constructed in the lemma indicated, we
get

’%‘

4
Gr(s)=0 Y0<s<3Ry— foT Z( (3Ry ) : (4.6)

=1

Here, the function fo(T) € C[0,Tio], f2(0) = 0, is also constructed in
Lemma B.8, = (1 4+ k1)(1 + k2)(1 + k3)(1 + k4), a1 =2, az =4, and
a3 = 0y = 1.

Further, we obtain an estimate for GT(%RO). By virtue of Theo-
rem 1.1 (u € L%(0,Tjoe; HY(Q)), ut™ € L2(0,Tj0e; HY(Q)), and
uM® € LY(Qq,.)), the right-hand side of inequality (4.1) (i.e., Rz (s,?))
is bounded for all T' < Tj,.. Taking this into account and setting s = 2Ry
and § = % in inequalities (4.3)—(4.5), we get

4 , 8
Gr(3Ro) :== f1(T) Z(Ggﬁ)(%RoD L Cs f3(T) (4.7)

i=1

where f3(T) € C[0,Tjoc) and f3(0) = 0. Therefore, relation (4.6) is true
for any s satisfying conditions

4 k
0<s< 3Ry~ CeI(T), T(T) := fo(T) > _ (f3(T))

=1

(4.8)
It is easy to verify that the function I'(T") has all properties mentioned
in Theorem 1.2. Relation (4.8) yields

Gr () =0 VT <T:=T""(&). (4.9)
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Since the point 21 € 9B(0, RO—I—%RO) is arbitrary, the constructed solution
u(t, x) possesses the following property:

u(t,z) =0 VY (t,z) e (0,T1) x {B(0, Ry +2Ro)\B(0, Ry + Ro)}, (4.10)

where T := min{T,Tloc}. This enables us to represent the constructed
solution u(t,z) in the form w = w; + ug, where u; = w in (0,77) X
B(0, Ry+ Ry), uy = 01in (0,T1) x {Q\B(0, Ry + Ro)}, ug = win (0,T1) x
{Q\B(0, Ro+2Rp)}, and uy = 0 in (0,T1) x B(0, Ry +2Ry). By virtue of
property (4.10), the supports of the functions u; and uy do not intersect.
Therefore, it is easy to verify that u; is a solution of problem (N) and ugy
is a solution of problem (N) with ug(x) = 0.

It is easy to verify that, for any n, m, and X from (1.22), there exists
o€ An)\ N (0, +00) such that

m > 0, %<n< 2,
4(a+1)
3

l<A<min{fa+n+2,®}=a+n+2if N =3,

which is sufficient for the functional system (4.3)—(4.5) to be true. The-
orem 1.2 is proved.

5. Proof of Theorem 1.3. Cauchy Problem

We construct a solution U(t,z) of the Cauchy problem (C') on the
basis of solutions of problem (V). Assume that suppug € B(0, Ry), Ry >
0, Q:=Q; = B(0,4Ry), and u(t,x) is a solution of problem (N) from
Theorem 1.1 in the domain (0,7}(016)) X Q1 (Tipe = Tl(olc)). By virtue of
Theorem 1.2 with Ry = Ry, we have u(t,z) = uy(t,z) + ua(t,z) in the
domain (0,71) x €4, where suppui(t,.) € B(0,2Ry) and suppus(t,.) €
Q1\B(0,3Rp). We set

Ut 2) e ui(t,z) V(t,z) € (0,T1) x B(0,2Ry),
o= 0 V(t,z) e (0,T1) x {RM\B(0,2Rp)}.

It is obvious that the function U (¢, z) is a solution of problem (C) in the
domain (0,77) x ©; in the sense of Definition 1.2. We write the refined
entropy inequality (1.18) and energy inequality (1.20) for the solution
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U(t,x), taking into account that suppU(t,.) € B(0,2Ry) € £
sup /Ua+1(t,:c) +Cl—1 //{‘DQUQ+S+1 ‘2_’_ IVU(!+Z+1 ‘4}
te(0,71)
Q Q¢

+c;1//\vz]“*’z"“\2g/ug“(x) Vi< Ty, (5.1)
Qt Q

Ea(U() < / / LV (U)VUAU < o uo())
f(/w ) (fere) ()
0 Q

+c0/<!\VU“ ) (/Iﬁ) E:=4\—3(a+n)+1, (5.2)

where Eq(u(t)) is defined in (1.20). Applying Lemma B.5 to the function
vir)=Ufora=¢>1 (:>)\>M), b=1,d=2,i=0,and j =1,
we get

N(g-1) 14 2=N)E=1)

/UE<C<Q/WU12> N+2<!U> o +c</U>£ (5.3)

Q Q

for A > 3 if N < 3 and for 2 o ) oA gy 3

If N = 3 and 30 o\ ¢ 3@ o g < ¢ < 1, then [Uf <
Q

|Q|3(atn) =4 (f U)g. In the case where N = 3 and \ > W, apply-
Q

ing Lemma B.5 to the function v(z) = totl with @ = ﬁ7 b —
a+2:+17 d=4,i=0,and j =1, we get
v _AQA+D) £
atn+1 4 3(a+n+3) 3
Q Q 0 P
where v := 2=3(atn)=5

a+n+3 ’
Taking into account inequalities (5.1) and (5.3) and the property of

the conservation of mass ([ U(t,z)dz = [ ug(z)dz), which follows from
Q Q



A. E. SHisHKOV, R. M. TARANETS 33

the finiteness of the support of u(¢,.) , we deduce from (5.2) that, for any
t<Th,

¢ N(E-1)
Ea(U(t)) < A1(€a(uo), Tr) + ca(uo /g ) e (5.5)
0
for A > 29 i N < 3 and for 28 < ) g HodnEE ey 3
-~ ~ l « n 1
Here, A1(Eq(uo), Ty) = Eq(ug) + c1(uo)Ty, g(t (f\VU Sy

x(f|D2U%|2)% (f|VUQ+n+1| )%, ¢i(up) are independent of

Q
[Vuollp2(q), and & is deﬁned in (5.2). By virtue of Lemma B.9 and
estimate (5.1), inequality (5.5) yields

Ea(U(t)) < Al(gg(uo) Ty) exp{CQ up) /tg }
0

N

—
el
=)

~

A (5Q(U0) T1 exp{Bl T1 } Vt Tl, Bl(Tl) —C3(’LLO)T

(here, Ay(.,.) is defined by (5.5)), provided that 241 < 1 = X <

4(N+2)
N2y 3(a+n); c3(uo) is independent of ||Vugl|r2(q)
For N = 3 and A > M, using inequalities (5.2) and (5.4), we

get

ol

Ea(U(1)) < Ealuo(x)) + ¢ /g<r> (éaW(r)) ar

0
atntl 4 : 5 ﬁ
—l—co/g(T)(Q/}VU i | > (Ea(U(T))) dr Vt<T

A1
a+n+3’

Since % > the last inequality yields

Ea(U(t) < ~Q(uo(:tz))Jrc/g(T){l + (SQ(U(T)))g} dr Vt<Ty, (5.7)
0

a+n+1 ‘ )H

where §(t) = g(t){1+ (f VU |")#}, € is defined in (5.2), v is
defined in (5.4 ), and ¢(t) is defined by (5.5). By virtue of relation (5.1)
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and the Holder inequality, we have

/g(f)dT <Bo(T1) Yt<Ti, Bo(Ty) i= ea(uo)T¥ + es(uo) TS, (5.8)
0

%, A < a+n+ 2, and ¢(ug) are independent of

Vol 12()- Using inequality (5.7), we get

where w =

t
EalU(1) < AxEauo) ) + ¢ [ 5(r) (ZaU(r))" dr
0

where Az(Eq(uo), T1) := Eq(ug) + Ba(Ty) and w is defined in (5.8). By
virtue of relation (5.8) and Lemma B.9, this yields

Ea(U(t)) < Az(Ea(uo), Tl)exp{ /tg }
0

g A2(8§2<U,o) Tl) eXp{BQ(Tl)} (59)

provided that g <1 = XK W. Thus, the a priori estimates
(5.6) and (5.9) are uniform in Ry > 0 (2 = B(0,4Ry)) if the following
conditions are satisfied:

m>0, §<n<2,

max{% } <A Ni2 g ) o v < 3, (5.10)

max{%,l} <)\<WforN:3.

It is easy to verify that, for any n, m, and A from (1.23), there exists a
positive a € A,y for which relations (5.10) are true.

Using the refined entropy inequality (5.1), we establish an estimate
independent of Ry > 0 for the initial energy Gr(3Rp) defined by (4.7),
thus refining an estimate for the motion of the boundary of the support.
Using Lemma B.5 for the estimation of G(Tl)(%Ro) (G(Tl)(s) from (4.2)),
by analogy with (4.3) we get

01 T 1+OLLH 1-01
Gg})(%RO) <C<//{VUQ+TQH+1’2> (/ </Ua+1> )
Qr

0 Q
at+m+1

) ed 1-0 h
+cT su% /UO‘Jr < T +T77)uollfarr(q)
te(0, )Q
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+ (T + T |uo| T30 g < eluo)(T +TH") VT < T,

(mN+2(m+oa+1))(a+1)
mN+2(a+1)

where h= and c(ug) depends only on |ugl|at1(q)-

By analogy, we estimate the energy functions Gl )( Ry),i=2,3 (G( )( )
from (4.2)). As a result, we obtain

Gr(5R0) < co(u0) f3(T), f3(T) is defined by (4.7)

and, hence, relation (4.9) holds for T = I'~ ( (50)). This implies that

supp U (t,.) C B(0, Ro+c7(up)l'(t)) VOLt<T = mm{ loc, *1(%)},
where T'(¢) is defined in Theorem 1.2 and c¢7(up) depends only on
[uol| Lo+1(y and is independent of Ry > 0. Also note that the constructed
solution Uy (t, ) := U(t,z), (t,z) € (0,T1) xRV satisfies estimates (5.1),
(5.6), and (5.9).

We now construct an extension of the solution U(t,z) for t > T;.
Denote Ry := Ro + c7(up)l'(T1) (it is obvious that R; < 2Rp) and
consider problem (N) in the domain Q9 := B(0,4R;). Following the
proofs of Theorems 1.1 and 1.2, we construct a solution Us(t, x) of prob-
lem (N) in the domain (77,71 + T2) % Qg with the initial condition
Us(Th,x) = Uy (T, x). Here Ty := mln{Tloc, 1(07(%)) +T1} Tl(02C =

l(oc)(gg(Ul(Tl)), |UL(T1)| ot1(,), £22), Eal.) is defined in assertion (h)
of Theorem A.1. Furthermore, supp Usa(t,.) C B(0, Ry +c7(Ur(Th))I(t —
T1)) Yt € [T1,T1+Ts], and the following estimates analogous to estimates

(5.1), (5.6), and (5.9) are true:

[Ua(t, )l Loty < UL(TL, )l petiy) VT € [T1, T + T2, (5.11)

Ea(Us(t, ) < Ai(Eq(UL(TY)), T1) exp{ B;(T1)} ¥t € [T}, T1 + T3], (5.12)

where A;(.,.),Bi(.) (i = 1,2) are defined by relations (5.5)-(5.9). By
virtue of estimates (5.1), (5.6), (5.9), (5.11), and (5.12), it is easy to
verify that the function

( )7 ( ) ) [O7T1] X RNa
Ut,x) := < Us(t,z), (t,z) € [Th,T1 + To] x Qo,
0, (t,x) € [T1, Ty + Tp] x {RM\Qy},

is a solution of the Cauchy problem in the domain (0,77 + T3) x RV
with the initial condition U(0,z) = ug(z). Therefore, by virtue of The-
orem 1.2, we can refine the estimate for the support of this solution:
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suppU(t,.) C B(0, Ry + c7(up)T'(t)) VO < t < Ty + T»; furthermore, the
following estimates analogous to estimates (5.1), (5.6), and (5.9) are true:

NU (@ ) Lo+1(y) < [[wollpatiy) VE < T1 + 1o, (5.13)

Ea(U(t,.) < Ai(Eq(ug), T1 +To) exp{Bi(T1 +T2)} Vit < Ty +Tp, (5.14)

where 4;(.,.), Bi(.) (i = 1,2) are defined by relations (5.5)—(5.9). We now
use the value U(T1+T5, ) as an initial function in the Neumann problem
in the domain (11475, T1 +To+T3) x Q3. Here T3 := min{Tl(O?;) (Ea(U(Th+
TQ)), ”U(T1 + TQ)HLaJrl(Qg), Qg), r-t (07](%50)) +17+ TQ}, Q3 := B(O, 4R2>,
and Ry := Ry + c¢7(ug)l(Th + T»). By virtue of Theorems 1.1, 1.2, we
obtain a solution Us(t, z) such that supp Us(t,.) € Q3 Vt € [Th +To, 11 +
T5+T3]. Therefore, extending this solution by zero outside €23, we obtain
the corresponding solution of the Cauchy problem in (0,71 +72+73) x RN
with a unique estimate of the support:

supp U (t, ) C B(0,Rp + C7(U0)F(t)) VOt <T + T+ T5.

We repeat this procedure k times and pass to the limit as £ — co. As a
oo

result, we obtain a solution U(t,x) for all t < T* = > T;. Let us show
i=1

that T* = oo. Assume that this is not true. Then, for an arbitrarily small

k
e > 0, we can choose a number k = k(e) such that Y. T; =T, T* —T' <

e, and the solution U(t,x) is constructed on the interval (0,7”). Then,
using U (T, z) as an initial function and following Theorems 1.1 and 1.2,
we construct a solution Ug11(t, x) of problem (N) in the domain (7",7"+
Tk+1) X Qp1q. Here Qpyq := B(O, 4Rk+1), Ri+1:=Ro +C7(U0)F(T’), and
o1 = min{ T (Ea(U(T)), |U(T")|| o (@), Vi), T (2225 ) +
T'}. Since the support of this solution is finite in Q41 for all ¢ € [T7, T+
Ti+1], we conclude that Uyyi1(t,x) is a solution of the corresponding
Cauchy problem that defines an extension of the solution U(¢,x) to the
interval (0,7 + Tk4+1). By virtue of the definition of Ty,q, it is easy
to see that T4 does not depend on k£ and € and depends only on T
furthermore, Tj11 = Tp41(T™*) — 0 only if T* — oo. Therefore, we can
extend our solution U (¢, x) to the interval (0,7* — e + Tj41(T™)), where
T* — e+ Tp1 (T*) > T, which contradicts the assumption. This means
that T* = co. Theorem 1.3 is proved.
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Appendix A

A.1. Construction of the Solutions us,

Theorem A.1l. Suppose that N € {1,2,3}, m > —1, n > 0, and,
furthermore, n < m if N =3 and m > 5. Then, for arbitrary § > 0 and
o > 0 and finite T > 0, there exists a pair of functions (u&,,750) that
is a solution of problem (Ns,) in the following sense:

a) (Usg, J 50) € L0, T; HY(Q)) N L2(0, T; H2(Q)) x LA(Qr);

b) the pair (usy, 7)50) satisfies the following integral identity:

—~~

St~

(et (1), SO gy o lt = / [ Taves / [ b usa) Vusot

with an arbitrary function ¢ € LQ(O,T; HY(Q));
—
(c) the vector-function J s, satisfies the equality
—
J o = m&a(uéa)[VAuéa - Ug};nvuda]

in the following weak sense:

// J&f 77 - / mdg u60)|vu50| vuéan

44 [ [ wso ) Fuso Paivit+ [ [ iy use) (Vuso, D1 Fuso)
Qr Qr
+/ m(gg(u(;g)Vu(;ngivﬁ+/ Hso(use)divif
Qr Qr
for all i € L>(0, T; W2, (2)): 777 = 0 on (0,T) x 0Q; here, Hsy(2):=

Ofrm_”mgg(T) dr;
(d) uso(t, ) :> u()(sg(.) in L*(Q);

()sz—lcmds 4, then uge(t,.) > 0in (0,T) x Q; if N =2 and
s>4 or N =3 and s > 8, then usy(t,.) > 0 in Q for almost all t > 0;
(f) for almost allt and s from (e), the following inequality is true:

/GO U5U dx—i—// ‘Au60'|2 + u&, n’V’u&,‘ ]

Q

< / Goluos (x))dz + / / T Wi (u50) 90 (50 Vit
Q Q¢
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z v

where Gy(z f go(T f de” ;

mcso'
1
4—
(gi Uso(t,.) 6 Cﬁ( ) for almost allt > 0 and any B € [0,%5Y),
<4
(h) for almost all 0 < t1 < t2 (t1 =0 if m —n+2 < 0) and any
(1,2) (¢ =2 if N = 1), the following estimate is true for the flow

=

q €
N
J§o

to
g 2
/ |7 50 (8) |yt <2 sup llmao(uso (0] o
; te(t1,t2) L2-4'(Q)
1

x [Ea(uss (t1)) — Ea(uss(t2)) + Lso(uss)]  (A.1)
where
Lo (uso) = j—écf (uso) + / {%méa (us0) |vu50|2 + 7 bga (Uso ) tso Vise |,
Q2

I(SU U(Sa . // X b&g Uso { AU(SU + \Pg(u&r)}vuﬁm

Ea(uso(t)) = 5 (uso (1)) + 5 lluso (8) | 72(0) -
Wo(z2) is defined by (1.14), and Eq(uss(t)) is defined by (1.20);

(2) for almost all0 < t; <tg (t1 =0 if m—n+2<0), the following
nequalities are true:

5Q(U5U(t2)) < SQ(U(SO-(tl)) —i—Zgg(u(sg), Z5U(U5U) from (A.l), (A.Q)

gQ(u(Sa(t2)) < gQ(u(Sa(tl)) +i50(u50)7 i&o(“&o) fTOm (h)a (A3)

(j) under conditions (e), for any a € (% —n,2—n)\{0,-1} and
T > 0, there ezist positive constants ¢ and Ca(S2) such that

) actntl
sup /G50 Use () d + ¢y //HD%G }+‘ us,* |’}

t€[0,T]
/ / atm=1 |57y, 12 / G (ugsy) di + Ca(Q) / / s
QT

+//Ybfsg(uaa)gfsi)(uda)vwa (A.4)
Qr
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(a) e 1 o ) a4+n+1l—s o
where Gs;) (2) i= sy + erammiemamn o 2T T Gt

xzotmtl o)) = (GR(2))) (939 (2)) = 5y, and Co(Q) = 0 if
the domain € is convez.

A.2. Proof of Corollary 1.1

We write the following two simple corollaries of the interpolation Lem-
mas B.4 and B.5:

01a (1—-61)a

3 b b
/v“ < c(/ |Vv|2> (/vb> + c(/vb> (A.5)
Q Q Q Q
2N (a—b 01a 1-601)a 2a+N(2—b
Where ‘91 = m and % + ( 1) = 2N+b((2—N)) > 1, b < a

(< 6 for N =3), and

(1—63)a

aévagc(!vm)%a(g/vb) ’ +C</vb>z "

Q

aN—b b(N—-1 0ra , (1—02)a _ 2a+(N—-1)(2—0b
where 0 = §2N+bg2 N; a> (N )’and%‘F = 2]\(f+b(2—(N))>1’

)
) )
M2 < q (< 4 for N = 3). Denote

_ /{|Vu(t, 2+ o0t ) e (A7)
Q

We successively estimate the right-hand sides of inequalities (1.18) and
(1.20). Since n < 2, the interval A, xN(0, +00) (A, is defined in (1.12))
is nonempty, and we can choose a strictly positive parameter o. Applying
inequality (A.6) to the function v = u for a = A+ @ and b = a + 1 and
integrating with respect to t, we get

T
//7-%’(

0 00

/ / T / [ES (D) + By (u(t) } dt

0 00

for mix{l 359} <A (<4-a,N = 3). Here, 5y = 2000,
_ Ao

so = 519, si > 1, and B (2) is defined in (1.18). Applying inequality
(A6) tov=wufor a =4\ —3(a+n)+1 and b = a + 1 and integrating
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with respect to ¢, we obtain (see (2.19))

// XU (u) AuVu 1<6)7// ‘D2ua+g+1 ‘2 +v By
Qr Qr
C// uH B+l o 7// }DQua+3+1 ‘2 +~ By
Qr

+e / (B (u() + B2y (u(t)}dt ¥y >0

for a 4+ 32 < A (< 2ot N — 3) Here, By is defined in (2.3),
42=3(a+n)+1 sy — 2(42=3(a+n)+1)+N(1—a)

T , 84 SN (a1 (2=N) , and s; > 1. Integrating
inequality (A.6) withv =u, a = A+m—n+1,b = a+1,and m—n+1 >0
with respect to ¢, we get

S3 =

T (1.14)
N - (1.6)
X ﬁ\IJ()(’U,) < C//u/\er n+1
0 00 009
/ (B, (u(t) + B, (u(t))} dt, By is defined in (A.7),

for max{n—m—i—o‘TH,n—m—i-a} <A(<n—m+3, N =3). Here,
S5 = Q(AHQHJGZEJ)I)((I;QJ&()NA)’ s¢ = Hg@i;lnﬂ, s; > 1, and Wy (z) is defined
n (1.20).

Adding inequalities (1.18) and (1.20) together and taking into account
the estimates obtained above and the fact that ug(xz) = 0, we obtain

Eo (u / (S (u(t)) + Bom (u(t)} dt YT < Thoe. (AS)

Here, 1 < Spin := min{s;} < Smax := max{s;} (i = 1,6) if max{1,
?“To‘,a—k%”,n—m%—o%l,n—m—i-a} < A (< min{4—a, w,n—m+3}
for N = 3), @ € A, AN(0,4+00), and m—n+1 > 0. In the case where N =
3 and min{4—a, w ,n—m+3} <A < atn+2 (a € A, xN(0, +00)),
an estimate of the form (A 8) is obtained if one estimates the right-hand
sides of (1.18) and (1.20) using inequalities (2.3) and (2.4) (see Sec. 2.2).



A. E. SHisHKOV, R. M. TARANETS 41

Combining all restrictions imposed on the parameters o and A > 0, we
establish that inequality (A.8) is true if

max{1,35% a+ 2 n—m+ 2 n—-m+a} <A(<a+n+2, N =3).

(A.9)
It is easy to verify that, for all m, n, and A, by virtue of (1.21) there
exists o from the interval A,, 5 N (0, 4+00) such that relation (A.9) is true.
Then, by virtue of Lemma B.9, relation (A.8) implies that u(t,z) =0
V0 <t < Tjoe (Thoc is defined in Theorem 1.1) if inequality (1.21) is true.

Appendix B

Generalized Lebesque Lemma. Suppose that a set E C RN is mea-
surable, g, = g in LI(E) with 1 < ¢ < oo, and f,, f : E — RY are
n—oo

measurable functions such that fn — f a.e. in F and |f,|P < |gn|? a.e.
in F with 1 < p < co. Then fn :> f in LP(E).

Lemma B.1. ([21]) Suppose that X, Y, and Z are Banach spaces, X €
Y CZ, and X and Z are reflexive. Then the imbedding {u € LP°(0, T}
X):Omwe LP(0,T;2),1 <p;j <oo,i=0,1} € LP°(0,T;Y) is compact.

Lemma B.2. ([24]). Suppose that X, Y, and Z are Banach spaces and
X €YCZ . Then the imbedding {u € L*°(0,T;X) : opu € LP(0,T;Z),
p>1} € C(0,T;Y) is compact.

Lemma B.3. ([15]). Suppose that Q@ C RY is a bounded domain with
piecewise-smooth boundary 02 and m, p > 1. Then there exists a con-
stant d > 0 that depends only on m, p, N and the structure of 92 and is
such that, for all v € L*(0,T; L™ () N LP(0,T; W, (%)), the following
mnequality is true:

Q|

v d(l—i—%) (esssu v() |l ey + |V >
Ielsiany < 41+ sy ) '(c55500 1Ol Lmiay + 190l
where q = pi(N]\J;m).

Lemma B.4. ([22]). If @ C RY is a bounded domain with smooth
boundary C*, a > 1, b > 0, a > %b > 0, and d > 1, then there
exist positive constants di and da (dy = 0 if the domain Q is unbounded)
that depend only on 2, d, b, and N and are such that, for any function
v(z) € WHQ) N LE(Y), the following inequality is true:

0 ~a
101l 2o 00y < d1 (V0] agay 10l pogey +2 0]l 1oy » 6 = 2725 € (0,1).
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Lemma B.5. ([22]). If Q C RY is a bounded domain with piecewise-
smooth boundary, a > 1, b € (0,a), d > 1, and 0 < i < j, i,j € N,
then there exist positive constants di and dg (do = 0 if the domain Q is
unbounded) that depend only on €2, d, j, b, and N and are such that,
for any function v(xz) € W7 ()N LY(Q), the following inequality is true:

1Dl oy < a1 D]y 015Gy + d2 [0l

€ [%,1).

Lemma B.6. ([13]). Suppose that N € {1,2,3}, 0 <n (<4 if N =3),
Be(2,3), and F is a bounded subset of L>°(0,T; H'(Q)) such that the
following conditions are satisfied:

(1) for any f € F, there exists a vector-function 7(f) such that

=

+

Sl
.2‘@.

where § =
+

S =
=z~
-

ﬁ
fe=—divJ(f) in L*(0,T; (W (2))") V4> sxpmte=ny:

{7}

(i3) {f°}ser is bounded in L?(0,T; H?(2)).
Then {fP} jeF is relatively compact in L(0,T; H*(Q2)).

rer is bounded in L?(0,T; L () v < WJ(\;V—%;

Lemma B.7. ([21]). Suppose that Q is a bounded domain in RZ‘ XRiV
and fn and fo are functions from L(Q),1<q<oo, such that | fn|l L4(g)<c
and f, — fo a.e. in Q. Then f, — fo in LI(Q).

m
Lemma B.8. ([17]). Let (81,...,8m) € R™",m > 1, § = [] B, and
Gi = Bﬁ = [I Bj. Suppose that nonnegative nondecreasing functions
b =Ly

Gi(s) satisfy the conditions

m ) Bi
Gi(3—5)<di<zci;0(f)> Vs<s1, >0, t=1m
i=1

with real numbers d; > 0, B; > 1, and a; > 0 for i = 1,m. Let G(s):=
E(dﬁl) (Gi(s ))’81. Then there ezists a positive constant d > 1 depending

=1
on m, «;, and [ and such that G; (30) = 0 for all i = 1,m where

—Bi
so<s1—d z (dﬂwd% (Gls1))" 1) 7.
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Lemma B.9. ([12]). Suppose that v(t) is a nonnegative summable func-
tion on [0, T] that, for almost allt € [0, T, satisfies the integral inequality

t

o(t) <+ m/h(f)g(v(f)) dr
0

where k > 0,m > 0, h(r) is summable on [0,T], and g(T) is a positive
function for 7 > 0. Then

v(t) <G G(k) +m [ h(r)dr
/

v
for almost all t € [0,T]. Here G(v) = [ %, v >y > 0.
vo
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