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ABsTrRACT. The fluid thin film equation hy = —(h"hgea)s — a1 (K™ hz)e is
known to conserve mass f hdz, and in the case of a; < 0, to dissipate en-
tropy [ h3/2=" dzx (see [8]) and the L?-norm of the gradient [ h2 dz (see [3]).
For the special case of a1 = 0 a new dissipated quantity [ h® h2 dx was recently
discovered for positive classical solutions by Laugesen (see [15]). We extend it
in two ways. First, we prove that Laugesen’s functional dissipates strong non-

negative generalized solutions. Second, we prove the full a-energy [ (% R h2 —

ay ha+7n7'n.+2
(a+m—n+1)(at+m—n+2)
lutions in the case of the unstable porous media perturbation a; > 0 and the
critical exponent m = n + 2.

) dx dissipation for strong nonnegative generalized so-

1. Introduction. It is well known that analysis of the existence, uniqueness and
regularity of weak solutions for nonlinear evolution equations relies heavily on a
priori estimates. Often, the physical energy or entropy which originate from the
related model can provide non-increasing in time quantities. Unfortunately, it is far
from obvious how to construct new non-increasing Lyapunov type functionals. A
general algebraic approach to the construction of entropies in higher-order nonlinear
PDEs can be found in [14] and can be applied to analyse thin film equations with
stabilizing porus media type perturbations. In this paper, inspired by Laugesen’s
result [15] on dissipation, we prove that the energy functional introduced in [15]
dissipates strong nonnegative generalized solutions. However, our method of the
proof is only applicable to some subset of the Laugsen’s dissipation region [15] (see
the shaded area on Figure 1).
We study the longwave-unstable generalized thin film equation

he = —(h" haa ) — a1 (h™ ha)a, (1.1)

where h(x,t) gives the height of the evolving free-surface. The exponent n plays
a stabilizing role due to fourth-order forward diffusion term and the exponent m
plays a destabilizing role due to backward second-order diffusion term for the case
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when a; > 0. This class of equations originates from many physical /industrial ap-
plications involving air-fluid-solid interface. For example: the case n =1, m =1
describes a thin jet in a Hele-Shaw cell [10], the case n = 3, m = —1 describes
Van der Waals driven rupture of thin films [19], the case m = n = 3 describes shape
of fluid droplets hanging from a ceiling [11], and the case n =0, m =1 describes
solidification of a hyper-cooled melt (this is a modified Kuramoto-Sivashinsky equa-

tion) [4].
To prove that the nonnegativity property is preserved in nonlinear thin film
equation hy = —(h"™ hyyy)s for n > 1 (case a3 = 0) Bernis and Friedman [3] used

set of dissipated and conserved quantities: mass conservation [ hdx = M, surface
energy dissipation < [ h2dz < 0, and entropy dissipation & [ h* " dx < 0. The
new so-called S-entropy [ h?~"*8 dx was introduced by Bertozzi and Pugh [5] and
independently and simultaneously by Beretta, Bertsch, Dal Passo [1] to extend this
result to n > 0. They also successfully used this new entropy to obtain exponential
with respect to the L°°-norm convergence toward the mean value steady state solu-
tion. To analyse this convergence rate in H!'-norm for the special case n = 1, a; = 0
Carlen and Ulusoy [9] used the dissipated energy [ h* h2 dx constructed by Lauge-
sen [15] for classical positive solutions. Exponential asymptotic convergence toward
the mean value was also studied by Tudorascu in [18]. This list of connections
between new properties of solutions in thin film PDEs proved by means of newly
discovered dissipated quantities is far from complete.

In this paper we prove that there exists a subinterval I of —1 < o« < 1 (I depends
on n only) and a nonnegative strong generalized solution such that for any « € T
the full a-energy

(o) _ 11012 | hotm—n+2
80 (t) - /Q (§h hx - (oz+m(in+1)(oz+m—n+2)) dx

dissipates. For the unstable porus media perturbation case a; > 0 this dissipation
is proven under the assumptions that the total mass of the solution is less than or
equal to the critical one, m = n + 2 and domain €2 is unbounded or h is compactly
supported. For the stable case a; < 0 no such assumptions are needed.

We proceed as follows. First, we show the dissipation for the classical solutions
of the regularized problem and then we take this dissipation to the limit. We prove
dissipation of the full a-energy for positive classical solutions of the regularized
problem for any value of the coefficient a; and without any additional assumptions
about the total mass of the solution or its support. However our method of taking
the dissipation to the limit due to the Bernis-Friedman method of regularization
requires additional conditions for the case a; > 0.

2. Auxiliary results to generalized weak solutions. We consider nonnegative
weak solutions to the following initial-boundary problem:

ht + (hnhx;c;c + alhmhm)x =0in QT; (2.1)
d'h d'h __

P — = | =

(P) o () = 5= (at) for t > 0,0 =0,3, (2.2)
h(0,z) = ho(z) > 0, (2.3)

where h = h(t,z), Q = (—a,a), Qr = (0,T) x Q, n >0, m > 0, and a; € R'. We
define a generalized weak solution in the Bernis-Friedman sense (see, e. g. [1, 3]).
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Definition 2.1 (generalized weak solution). Let n > 0, m > 0, and a; € R*. A
generalized weak solution of problem (P) is a function h satisfying

he CYPY3@Qr) N L=(0,T; HY(Q)), (2.4)
hy € L(0,T; (H'(Q))), (2.5)
heCoi(P), h(hugs +arh™ "hy) € LA(P), (2.6)

where P = Q1 \ ({h =0} U {t = 0}) and h satisfies (2.1) in the following sense:

T
/ <ht('7 t)’ ¢> dt — / hn(hawu + alhm_nhx)ém dxdt =0 (27)
0 P
for all ¢ € CH(Qr) with ¢(—a,-) = ¢(a,-);
h(-,t) = h(-,0) = ho pointwise & strongly in L*(Q) as t — 0, (2.8)
d'h o'h

h(—a,t) = h(a,t) ¥t € [0,T] 6Jci(—a,t) 81(at) (2.9)

for i = 1,3 at all points of the lateral boundary where {h # 0}.

Because the second term of (2.7) has an integral over P rather than over Qr,
the generalized weak solution is "weaker” than a standard weak solution. Also note
that the first term of (2.7) uses hy € L2(0,T; (H*(€2))'); this is different from the
definition of weak solution first introduced by Bernis and Friedman [3]; there, the
first term was the integral of h¢;. The proof of the existence of generalized weak
solutions follows the ideas of [1, 3, 5, 6, 7, 17].

Let
LB—n+2 (1)
@, ) B=—n+2)(B-—n+1) , =2},
Go ()= zlnz—zif B—n=—1, (2.10)

—lnzif g —n=-2,
(G(B)(z))” = 27" and Go(z) := G(O) (2).

Theorem 2.2. Let a; € R, n > 0; m > n/2 for a; >0, and m > 0 for a; < 0.
(a) [Existence.] Let the nonnegative initial data hy € Hl(Q) satisfy

/QGO(hO(ac)) dx < o0, (2.11)

and either 1) ho(—a) = ho(a) = 0 or 2) ho(—a) = ho(a) # 0 and 8{;;5,"(—@) =
%(a) holds fori = 1,2,3. Then for some time Ti,. > 0 there exists a non-

negative generalized weak solution, h, on Qr, . in the sense of the definition 2.1.
Furthermore,

h € L0, Tioe; H*(Q)). (2.12)
Let
/{ hZ(x,T) — a1 Do(h(z,T))} dz, (2.13)
where Dy(z) := (mnﬂ—m Then the weak solution satisfies
1) [ [ 10+ k™ b )? dedt < €0(0) (2.14)

{h>0}



616 MARINA CHUGUNOVA AND ROMAN M. TARANETS

// R"RZ,, dzdt < const < oc. (2.15)

{h>0}
for all T < Tj,c. The time of existence, Tioc, is determined by a1, |, [ ho, ||hos|2,
and [ Go(ho). Moreover, Tj,. = +00 for a; < 0.
(b) [Regularity.] If the initial data from (a) also satisfies

/ G (ho(x)) do < oo
Q

for some —1/2 < B < 1, B # 0 then there exists 0 < T\?) < Tioe such that the

loc
nonnegatz've genemlized weak solution has the extra reqularity

W eL2(o 7'V H?(Q)) and hE €L2( 0,79 wh)). (2.16)

loc? loc

The time of existence, T}, is determined by a1, ||, [ ho, [[hos|2, and fG(B (ho)-

loc 7

Moreover, T8 — +o0 fora; <O0.

loc
There is nothing special about the time Tj,. in the Theorem 2.2. In the case
ap > 0and n/2 <m <n+2(orm=n+2and M < M,.), given a countable
collection of times in [0, Tjoc], one can construct a weak solution for which these
bounds will hold at those times. Also, we note that the analogue of Theorem
4.2 in [3] also holds: there exists a nonnegative weak solution with the integral
representation

T
/ (he(+1), 9) dt+//(nh"*1hmhm¢x + W ) dadt (2.17)
0

— al/ h™hy ¢, dxdt = 0.
Qr

3. Dissipation of energy for nonnegative weak solutions. The main result
of the present paper is the following

Theorem 3.1. Let a; € RY, 1/2 < n < 3; m = n/2 for ay > 0, and m > 0 for
a1 <0, and

£l (T /{ hoR2 (2, T) — ay Do(h(z, T))} da, (3.1)
where Do(z) = (a+mfiza«:17;(o:i:72nfn+2)7 and 880 (T) = &o(T). Then there exists a

non-empty subinterval I (see [15] for the explicit form of the I) of 0 < a < 1 for
%<n<3, andof%—n<a<0f0r% < n < 3 such that for any o € I the
nonnegative weak solution from Theorem 2.2 satisfies the following estimates:

(i) if a1 <0 then

e (1) < € (0); (3-2)
(i) if ap > 0 then
e (1) < &67(0) + Cy / / RS dedt form > 2 (3.3)

2a45m—3n+4

EENT) < E§(0) + T(CLM ™ =™ 4 gy Metdm=2n+2) (3-4)
form<n+2anda>2n—3m—1;

5 (T) < &67(0) + C3T Mo+3m=2n+2 (3.5)
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form<n+4+2and2n—-3m—-2<a<2n—3m—1;
el < &5 (0) + CoT MO8 form=n+2 and 0 < M < M,.  (3.6)
Here Cy = 0 if Q) is unbounded or h has compact support.

Remark 1 (extra regularity). In particular, the extra regularity
KT e L0, T HY(Q))
follows directly from Theorem 3.1. Hence, hes (-,T) € HY(Q) for almost all T €
[O,Tl(oi)] and therefore hQTﬁ(-,T) € C'2(Q) for almost all T € [O,Tl(fc)]. Assume
that Tj is chosen such that h*z" (-, Ty) € C¥/2(Q) and h(zo, Tp) = 0 at some zq € €.
Then there exists a constant L such that
at2

h—=" (x7T0) = |haT+2($aT0) - hQTﬁ (xO7TO)| S L|$ - IO|1/2-

Hence h(z,Tp) < La%ﬂ:c — :E0|%+2, ie. h(.,T) € C’%H(Q) for almost every T €
[O,T(B)].

loc

Remark 2 (rate of decrease). For a; < 0 and 1/2 < n < 3 we can generalize the
results from [9, Theorem 1.1] in the following way:

/ heh2(z,t) dx < C(1+1)"% for 254 < a <0,
Q

whence ||h — hllso < C(1 4 t)~4 for any nonnegative strong solution h. Here C' =
C(a1,a,n,h, Eéa) (0)), and h = |—§11‘Hh0||1 The proof is similar to [9].

3.1. Regularized problem. Given §,c > 0, a regularized parabolic problem, sim-
ilar to that of Bernis and Friedman [3], is considered:

ht + (fﬁe(h)(hzzz + ang(h)hz))a = 0; (37)
O'h O'h

Ps.. — = __ ) = .
(Pse) oo (—t) = 5 (a 1) for t > 0,0 =03, (3.8)
h(l‘, 0) = hO,e(z)a (39)

where
fse(z) = fo(2)+ 6 = _ +0, DY(z) == _ e (3.10)
S T P

Vze R, € >0, s >4 Thed > 0 in (3.10) makes the problem (3.7) regular
(i.e. uniformly parabolic). The parameter ¢ is an approximating parameter which
has the effect of increasing the degeneracy from f(h) ~ |h|" to fe(h) ~ h®. The
nonnegative initial data, hq, is approximated via

hoe € C’4+’Y(Q), hoe = ho + e for some 0 < 6§ < ﬁ,
D'ho,e (—a) = ho e

Ozt T Oxt

ho,e = ho strongly in H'(Q) ase — 0.

(a) for i =0, 3, (3.11)

The ¢ term in (3.11) “lifts” the initial data so that it will be positive. The function
ho .« is smoothing the initial data from H'(Q) to C*™7 ().

Sketch of Proof: By Eidelman [12, Theorem 6.3, p.302], the regularized problem
has the unique classical solution hs. € Cﬁ;V’HWZL(Q x [0, 75:]) for some time 75, > 0.
For any fixed values of § and &, by Eidelman [12, Theorem 9.3, p.316] if one can
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FIGURE 1. The dissipation region computed numerically by Mat-
lab: « versus n. The dashed line corresponds to a = 3/2 — n.

prove a uniform in time an a priori bound |hsc(x,t)] < A. < oo for some longer
time interval [0, Tioc.e] (Tioc,e > T5e) and for all € Q then Schauder-type interior
estimates [12, Corollary 2, p.213| imply that the solution hs. can be continued in
time to be in C’;lj%HVM(Q X [0, Tioc.c])-

Although the solution hg. is initially positive, there is no guarantee that it will
remain nonnegative. The goal is to take 6 — 0, ¢ — 0 in such a way that 1)
Tioc,e = Tioe > 0, 2) the solutions hse converge to a (nonnegative) limit, s, which
is a generalized weak solution, and 3) h inherits certain a priori bounds. This is
done by proving various a priori estimates for hs. that are uniform in § and ¢ and
hold on a time interval [0, Tjoc] that is independent of § and e. As a result, {hs.}

will be a uniformly bounded and equicontinuous (in the C’i,/f’l/ s

norm) family of
functions in Q x [0, T}oe]. Taking § — 0 will result in a family of functions {h.}
that are classical, positive, unique solutions to the regularized problem with § = 0.
Taking ¢ — 0 will then result in the desired generalized weak solution h. This last
step is where the possibility of non-unique weak solutions arise; see [1]| for simple
examples of how such constructions applied to hy = —(|A|"hyzs ). can result in two

different solutions arising from the same initial data.
3.2. Dissipation of energy for positive solutions.

Lemma 3.2. Let o belong to the full domain shown on Figure 1, and

£0)(T) = / (4R (2, T) — ar Do (h(z, T))} da, (3.12)
Q
where D”(z) := 2*D"(z). Then the unique positive classical solution he of the

problem (P ) satisfies
e(T) < e0) + [ [ 12 D2 o
QT
+sk1/9ha*5*4f§(h)h§ dz+52k2/0ha*25*4f§(h)hg dz, (3.13)
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where k; = k;(a,n, s) are constants, and p = p(a,a1) such that 1(0,a1) = 0 and
w(a,a1) <0 forap 0.

Note that, although we use the same convenient notations introduced in [15], the
proof of Lemma 3.2 has essential differences from the proof of Theorem 1 of [15].
Indeed, we introduce new ideas in order to estimate the lower-order term in the
equation (3.7). In particular, the new quantity N is introduced, the quantity R is
modified, and so are the terms involving the regularization parameter € in (3.19).

Proof of Lemma 3.2. To prove the bound (3.13), multiply (3.7) with § = 0 by
f%ho‘*lhi — h®hg, — a1 DL(h), integrate over (2, use integration by parts, apply the
periodic boundary conditions (3.8), to find

_gg‘*) / R fo(h)(hyzz + a1 DY (h)h,)? dx
~ o) /Q BO=2B3 £ () (hass + a1 D" ()hy) do

9 / Oy fo(B) (hawe + ar D (h)hy) da. (3.14)
Q
The equality (3.14) can be rewritten as

dtg( () = 7R2—2aRSf%(a—1)RL, (3.15)

where the quantities
R = (A fo(h))Y?(hyae + a1 D2 (R)hy)| = |(
S = ((h*72 fo(h) P hphag| = [(B*72 fo(R) * hahaa),
L= (A fo() R3] = |(h*~* fo(h) /2 R3),
N = ((h*72 f-(R)DZ (h)/?h2| = |(h* 2 f-(h) DX (h))"/*R2),

each represent half of an inner product in L?(2). We will need the following inte-
gration by parts formulas

SL=—1(a—3) / Bt fo(h)hS dr — < / he=2 fL(h)RS da
5 Q 5Ja

A fo ()Y *(hyas + a1 D2 (h)hy)),

— sl n =L = ces—n) [ BRI o, (3.0
Q

RL = —(a—l—n—Z)SL—E(s—n)/ RO™573 f2(h)hihyy do — 35S% 4+ ay N?
Q

(a+n—2)(a+n—3)L*—35* +a N? — (s — n)/ R 573 f2(h)hi hyy da
Q

o] =

+ és(s —n)(a+n—2) /Q RO f2(h)KS da

1
:5(a+n—2)(oz+n—3)L2—35’2+a1N2
1
+ gs(s —n)(2a+3n — s —5) /Q RO f2(h)RS da

+ %52(8 - n)2/ RO=2 =4 f3(W)RS da. (3.17)
Q
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Here we use the auxiliary equality f/(z) = nz "' fo(2) +e(s —n)z~+Y f2(2). Thus,
from (3.15) we have

d ZE () + ;a(a —1)(s — n)? /Q ho=25=4 £3(R) 1S dy + %a(a —1)N?

3a 9
+ 2 a-1)S

~R? - 2a RS — %(a— D(a+n—2)(a+n—3)L* +

1—%0((04 —1)(s—n)(s—2a—3n+5) /Q RS54 2(h)RS dx. (3.18)

Our next step is to express (3.18) as the negative of a sum of squares to obtain the
energy dissipation. To achieve this, we use (3.16) and (3.17) to deduce that for all
Kk eRL

1
de@() —(R+aS+kL)? +6(S+g(a+n—3)L)2+fyL2+,uN2

+eky / RO f2(R)RS da + 2Ky / RO=2 =4 f3(h)RE da,  (3.19)
Q Q

where

S

k= 22—5(sn)<5/i(as+3n5)+r(a1)(s2a3n+5)

+(atn—3)(5(5a-3) - 6@), ks = %(s — )2 (4/{ ala — 1)),

ﬁ:%(5a—3)—6f£, ,u=a1(2/€—%(06—1)),

7:142—gm(a—i-n—3)(5(2—n)+3(a+n—3))

25

_%(a—i—n—S)(S(a—l)(a—f—n_g)_(5a_3)(a+n_3))
' 2n—-1, 3 2n — 1

=r = gerlatn=3)(a———) - pralat+n=3)(a- ).

Now we have to choose the parameter x in such a way that § < 0 and v < 0. In this
case, the parameter > 0 for a; > 0, and p < 0 for a; < 0. According to [15], we
can find x such that 8 < 0, and v < 0 when 1/2 < n < 3, see also Figure 1 where
this region was computed numerically by Matlab (see [15] for the explicit form of
the domain).

3.3. Limit process in (3.13). Rewrite the integral [[eh2™5~*f2(hc)hS , dxdt in
Qr

a—s—4 Eha—i_é " n—416
eh2 574 f2( L dadt = h he , dadt.

Using the Young s inequality

the form

aP  b?

ab< —+ — & pab<d’ + (p—1)v9, =1, (3.20)
p q
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s—n 1
witha=2"» and b= (ﬁ) 7 we deduce

Q=

()
I\
Q
—
=3
\
—
~—
Q=
Q
|
-

Zats—n z¢ (p — ].) pa—s+n
S g— 2 S5 S s 1 7
(Z + E) < +e p 2 P €4 p
choosing p = 2= —>1(=0<a<s—n), we find
5 goten @ (3_”_0‘)%€+
(z57m4+¢€)2 T s—n « '

Similarly, we deal with the integral e? [, h&~257*f2(h)hS , dz. Due to Lemma A.3
and (2.15), [[ h2~*hS , dxdt is uniformly bounded then

Qr

} / (kreh®=* =4 f2(ho) + koo~ 24 F3(h))hE dxdt‘
<Cevn // h24RS  dadt < Ces=r,  (3.21)

where the positive constant C' is independent of . Letting ¢ — 0, from (3.21) we
obtain

(kreh™ s f2(he) + koe®h2 274 f2(he))RS , — 0 in L' (Qr) (3.22)

for0<a<s—n.
Now, we show (3.22) for the case of & < 0. Rewrite the integral

/ / ehe ™ f2(he)hS , dudt
Qr
in the form

s—2
eh@™s74f2(h L dxdt = £ he ho‘ 2h6 dzdt.
hs n

son 1
Using the inequality (3.20) with a =27 and b = (ﬁ) 7, we obtain

2 2
2572 —1)a gzs2 —1)a g=2 pG—=2)-2(s=n)
€ 5 — 2 g (p 2) 2(s—n) 2 = (p 2) qu Zp P )
(Z‘S 4 E) P 2T el D
choosing p = 2= < 2 and g = 7—=C 52 (= n>2—a+f)
&P = s—2+a—f q= 2(s—n)—s+2—a+p n « , We
find
7572 (5_24‘06—6)2(8—2(71— 1) —a+ [, s=2_D_atps j) Q+5En §+z 8 ﬂ—a7

E(zS*"Jrs)Q 2(s—mn) s—24+a—-0
where § € (—1/2,1) follows from (2.16). Similarly, we deal with the integral

2 [ he= 274 f3(h)hE , dx. Dueto h € L>(0,T; H*(Q)) and (2.16), [[ he2hS , dxdt
Qr
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is uniformly bounded then

‘ / / (k12he =" f2(he) + kaz2he =24 f2(he) )RS, dudt)

= / / WE2hS , dwdt < Ce™ / E2ht, dadt

n—2+a—_3

<Ce s, (3.23)

where the positive constant C' is independent of €. Letting ¢ — 0, we obtain (3.22)
for % —n < a<0and % <n < 3. In view of the Lebesgue’s theorem, we have

/ / h&? f(he) DY (he)h? , dwdt — / / ROt m=2 Rt dadt (3.24)
Qr Qr

if m>0and a>—1—m, due to h € L>(0,T; H'(2)) and (2.16).

Integrating (3.19) over the time interval, and letting € — 0, in view of (3.22) and
(3.24), we obtain (3.13) for some subinterval I for 0 < o < 1 and 3 < n < 3 or
for —1 < a < 0 and g < n < 3. Note that, the convergence on the left-hand side
follows from Fatou’s lemma and from the corresponding a priori estimate (see, for
example, [3, 5, 7, 17]). O

3.4. Proof of Theorem 3.1. Taking the limit £ — 0 we obtain

elN(T) 4+~ / / Rt =4S dadt < €5(0) + p / / RoTm=214 dadt. (3.25)

Now, we estimate [[ h*t™~2h2dzdt. Using the Holder inequality, we obtain

Qr
T 3 3
// h“+m_2hid$dt < / (/ ha+”_4hgd$> (/ ha+3m_2n+2d$> dt. (326)
Q
Qr 0 “
+W+ . _ 6(a+3m—2n+2) _ _ 6
Applying Lemma A.4 to v =h witha = ==———"—=—=,d=06,b= 705 <

a(=a>2n—-3m—1),i=0,and j =1, we deduce

a43m—2n+1 3(2a+5m—3n+4)
— a+n+T a+n+T7
/ha-i-Bm M2y < dy (/ vgd:c) (/ hdx) +
Q Q Q

a+3m—2n+1

a+3m—2n-+2 3(2a+5m—3n+4) atnt7
do (/ h dx) <elM™ afaFr ( ha+n74h2dx>
Q Q

coMOT3m=2n+2 - (3.97)

Substituting (3.27) in (3.26), we find

T a+m+5
/ / Rt 2Rt dpdt < o MSSEE / ( / h“*”*“hgdm) T
Q
2

T a
Foep M T / ( / hﬂ”*‘*hidz)ddt. (3.28)
0 Q
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If m < n+ 2 then, using Young’s inequality, from (3.28) we arrive at

// ha+m_2hid$dt < 6// ha+n_4hgd$dt
Qr Qr

2a+5m—3n+4

+ ()T (et M ™ wFz=m 4 cgMOT3m=2n42) (3 .99)
Substituting (3.29) in (3.25), and choosing e small enough, we obtain

2a045m—3n+4

e{(T) < €§9(0) + T(Cy M BT 4 copet3m=2t2) (3 30)

for « > 2n —3m — 1 and m < n + 2. Here Cy = 0 if Q is unbounded or h is
compactly supported. In particular, if 0 < a4+3m—2n+2<1,i.e. 2n—3m —2<
a < 2n—3m — 1 then, using the Holder inequality and applying Young’s inequality,
from (3.26) we obtain

// ho‘+m_2hid$dt < 6// ha+n_4hgd$dt
Qr Qr

+ C(e)|Q|2n73m717aTMa+3m72n+2 (331)

for 2n —3m — 2 < a < 2n — 3m — 1. Substituting (3.31) in (3.25), and choosing e
small enough, we obtain

el () < el (0) + CyT protIm-2nt2, (3.32)
If m = n + 2 then, using Young’s inequality, from (3.28) we deduce

// ho‘+m_2hid$dt < ey M? // ho‘+”_4hgdxdt
Qr Qr

+ € / / ROTARS dxdt + C(e)T MOTT8, (3.33)
Qr

Substituting (3.33) in (3.25), and choosing € enough small, we obtain
elN(T) < &M (0) + CoT MatHE (3.34)

fora>-n—7,m=n+2and M < M.. Here Cy = 0 if © is unbounded or A is
compactly supported.

Appendix A.

Lemma A.3. ([13, 2]) Let Q C RN, N < 6, be a bounded conver domain with

smooth boundary, and let n € (2 —4/1— NLJFS,?)) for N > 1, and % <n <3 for

N = 1. Then the following estimate holds for any positive functions v € H?(Q)
such that Vv -7 = 0 on 0Q and [, v"|VAv[* < co:

J R G L B P e e
Q Q {¥>0}
where ¢ € CQ(Q) is an arbitrary nonnegative function such that the tangential
component of Vo is equal to zero on 0N, and the constant ¢ > 0 is independent of

V.
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Lemma A.4. ([16]) If Q C RY is a bounded domain with piecewise-smooth bound-
ary, a > 1, b € (0,a), d > 1, and 0 < i < j, i,j € N, then there exist positive
constants di and ds (da = 0 if Q is unbounded) depending only on Q, d, j, b, and
N such that the following inequality is valid for every v(z) € W54(Q) N L°(Q):

[
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. ) _ + £
||Dlv||La(Q) S dy HD]vHid(Q) H”H}:b(eﬂ) + da [|v]| oy 0= n

Q==

L
N
¥
N

= | =
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