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PROPAGATION OF PERTURBATIONS IN THIN CAPILLARY FILM
EQUATIONS WITH NONLINEAR DIFFUSION AND CONVECTION
R. M. Taranets UDC 517.95

Abstract: We study the evolution of the support of an arbitrary strong generalized solution to the
Cauchy problem for the thin film equation with nonlinear diffusion and convection. We find an upper
bound exact (in a sense) for the propagation speed of the support of this solution.
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Introduction. In this article we study the behavior of the support of a strong generalized solution
to the following Cauchy problem:

up + div(u"VAu — u™Vu) = X - Vb(u), (t,z) € RT x RV, (1)
u(0,z) = up(x) € HY(RY), wp >0, suppug is a compact set, (2)
0/ (2)] < ¢zt VzeRY, b0)=0, A>0, c>0, (3)

where v = u(t,z), N < 3, n > 0, m € R', and Y € RY. The fourth-order degenerate parabolic
equation (1) is a typical representative of the broad class of nonlinear equations of the form:

up + div(f(u)VAu + VA(u)) = g(t, z,u, Vu). (4)

These equations appear in modeling of various processes of elasticity theory, fluid dynamics, and binary
alloy dynamics [1-6]. For example, equation (1) with b(u) = 0 describes the evolution of a liquid film
propagating over a rigid surface under the action of the surface tension forces, viscosity, and gravity
(for m = n). Observe that for m < 0 the second-order term in (1) corresponds to the Van der Waals
intermolecular forces and for m > 0 (m # n), to the internal diffusion forces. The fourth-order term
in (1) describes the influence of the surface tension capillary forces. The exponent n > 0 characterizes
the behavior of the interface with the rigid surface. For example, the case n = 3 corresponds to contact
without slip, while n € (0,3) corresponds to motion of a fluid with partial slip. The case n = m =1
describes the change of the size of the domain occupied by the fluid in a Hele-Shaw half-space cell in the
viscous regime [7]. The case n = 1 and m = 0 corresponds to the principal term as u — 0 in the Cahn—
Hilliard binary alloy equation with the logarithmic free energy. The convection term in (1) describes the
action of different potentials: for example, the gravity on an inclined plane (¥b(u) = (u™,0,...,0)), the
surface tension caused by changes of the temperature regimes (Yb(u) = (—u™~1,0,...,0)) [2,8,9], etc.

The mathematical study of fourth-order degenerate thin film type equations originated with [10]
where, in particular, a nonnegative weak generalized solution was constructed for the Neumann problem
with an arbitrary nonnegative initial function for the one-dimensional equation:

u + div(ju|"VAu) = 0. (5)

The solution by the authors is “weaker” than the usual generalized solution in the sense that the domain
of existence of the corresponding integrals in the integral identity is smaller than the whole domain in
which the problem is studied. Observe that the nonnegativity property of the solution is enjoyed by
the thin film type equations and is not valid for general high-order equations. Later, the nonnegative
generalized solutions were constructed for the boundary value problems for multidimensional equation (5),
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and a series of the qualitative properties depending on the parameters n and N of the so-constructed
solutions were described for instance:

the finite propagation speed property for N =1 and 0 <n < 2 [11,12], 2 < n < 3 [13,14], n > 4 [15]
and for N € {2,3} and 1/8 <n <2 [16], 2 <n < 3 [16,17];

the finite inverse speed property for N =1 and 1/2 < n < 3/2 [11];
the waiting time phenomenon for N =1 and 0 <n < 3 and for N € {2,3} and 1/8 <n < 2 [18].

In [15] it was demonstrated that weak solutions do not possess the uniqueness property. To specify the
uniqueness class, the strong generalized solution were introduced to be the weak solutions satisfying some
special integral estimate which is referred to as the entropy estimate in the literature. The conjecture
is still open whether this very class of strong solutions is the uniqueness class. One of the important
properties of an arbitrary strong solution is the finite propagation speed property.

In [6] nonnegative weak solutions were constructed for the Neumann problem for (4) with g = g(¢, z, u)
having at most linear growth in u, |A’(u)| < dof(u), and f(u) having power growth in a neighborhood of
u = 0. In the case of g = g(t,z,u) ~ [ul* Tu (A > 0), A'(u) = —|u|™, and f(u) = |u|” equation (4) was
studied in [19,20]. In [21], for the Cauchy problem for the multidimensional equation (1) with b(u) = 0,
the nonnegative generalized solutions were constructed with a weak initial trace (m > 0, n € (1/8,2)), the
conditions on the parameters n and m were found which guarantee the finite (m > 0 and n € (1/8,2))
and infinite (m < 0 and 0 < m —n + 2 < 1/2) speed of propagation, and also the exact asymptotic
expansion for the motion of the support of a solution was obtained.

In [2, 8, 9] stability of solutions of the traveling wave type was studied for the one-dimensional equa-
tion (1) for n = m = 3, x = 1, and b(u) = u® — v?. In [22] a nonnegative local generalized solu-
tion was constructed for the one-dimensional equation (1) without the diffusion term for n € (0,3),
A > max{3n/4 —1,1/8}, and b(u) in (3); moreover, under the additional condition A < 9/2, a nonneg-
ative global generalized solution to (1)—(3) was constructed. In the same article the finite propagation
speed property was proven and an upper bound for the speed was found at large and small times.
In [23], for the multidimensional equation (1) with m > 0, n € (1/8,2), and max{l,(3n —1)/4} <
A < (BN +8)/(4N) + min{n,5/4} if N < 3 and max{l,(3n — 1)/4} < A < 2 + min{n,5/4} if N = 3,
a nonnegative generalized solution to (1)—(3) was constructed which possesses the finite propagation
speed property.

In this article we find an upper bound for the speed of the support of a solution to (1)—(3). The
method for proving consists in studying the behavior of solutions to some special functional inequalities
and is a generalization of the method of a small parameter of [24]. In turn, this method bases on
application of the Saint-Venant principle. Detailed information on the Saint-Venant principle and its
application to studying partial differential equations can be found in the survey [25].

Notations. Given an (N x N)-matrix A and vectors a,b € RY define (a, A,b) := Zﬁ;zl a;Aijbi; xa
is the characteristic function of a set A; for an arbitrary measurable function v(t, z) we define the positivity
set P := P(v) = {v > 0} = {(t,z) € Dom(v) : v(t,z) > 0}; CX(Q) := {v € C¥(Q) : suppv C Q};
HE(Q) = WE(Q); c(up) and c¢;(ug) are positive constants depending on the given parameters of (1)-
(3) and the initial function ug(x); and d and d; are positive constants independent of the parameters
of (1)—(3). We will drop the differential signs whenever the domain of integration is clear from the context.

Throughout the article we refer to Lemmas A.1-A.4 whose statements are given in the appendix.

Definition of a strong solution. A solution to (1)—(3) is understood in the following sense:

DEFINITION 1. Let N < 3, m > —1, n > 0, and A\ > 0. A nonnegative function u(t,z) €
Lo (RY; HE(RY)) is called a solution to (1)—(3) if

loc loc

(i) xpu"2|Vul?, xpu" ![Vul?, u"|Vu|, v™!, and b(u) belong to L ([0,00); LL (RY)), where
P = P(u);
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(ii) for all ¢ € C3([0,00) x RY) the following holds:

//ug /uoC 0, z) //ngb ("2_ D) //un—z\wy?wvc
P

0 RN 0 RN

// =1y)? AC+n// YVu, D*¢, Vu)
+//u"VuVA(+m:_1//Um+1AC-

0 RN 0 RN
REMARK 1. A solution satisfying Definition 1 is called a weak generalized solution to (1)—(3). The
concept of weak solution to multidimensional thin film equations was proposed in [5, 6,26, 21].

We state the existence theorem of a strong solution to (1)—(3) which was proved in [23]:

Theorem 1. Suppose that N <3, m >0,1/8 <n <2,

max{1, (3n — 1)/4} < A < (6N + 8)/4N + min{n,5/4}, if N < 3;
max{1l, (3n — 1)/4} < A <2+ min{n,5/4}, if N = 3,

and ug(z) € HY(RN)N L™ "+2(RY) is a nonnegative function with supp ug C B(0, Rg), Ry < +oc0. Then
(1)—(3) has a solution u(t,x) in the sense of Definition 1 such that

(i) supp u(t,.) is compact for almost all t > 0 and there is an increasing function I'(t) € C[0, +00),
I'(0) = 0, such that suppu(t,.) C B(0, Ry + c(uo)I'(t)) Vt > 0;

(ii) for o € Ap » = ((1/2 — n)4, min{(n + 1)/3,2 — n}) satisfying the conditions

3(a+mn)—1 N+2 3(a+n)
—1 <
max{ 1 , }<)\_ N + 1

for N < 3;

3 -1 3 7
maxd 2@t =10y Bledn)+T g
4 4
(it is easy to verify that, under the conditions of the theorem, the set of such a’s is nonempty), we have

a+n+1

L2 ¢ Lﬁfc([o’oo);Ll(RN))7 u 1€ Lloc([ oo)-Wi(RN))7

uE € 12,(0,00); HX(RY)), € Liyo((0,00); H' (RY));

a+m+1

(iii) the following is valid for almost all 0 < t; < ty and an arbitrary nonnegative function ¢ €

02([t1,t2] X RN).'
a(al—i_l)/<4uo¢+l<t2’x) dr — a(al—’—l)//(c )tua-l-l

RN t1 RN
to
+C?)—1//C4{’vua+72n+1‘2+ ‘vua+2+1 ’4+ ’D2ua+;+1’2}
t1 RN
1 7
< 4 a+1 t d / / a+m+1/ 2 2 BA
<o [ (e e u VP + PlAc))
RN t1 {¢(£)>0}



to

to
s / / WV 4 ?ACR) — / / KB ()t (6)
t1 {¢(t)>0} t1 {¢(t)>0}

where () (z) := a1 Jo V' (7)7%dr and « is taken from (ii);
(iv) w(t,.) o ug(.) strongly in L2(RY).
—>

REMARK 2. In [23] existence of a time-local strong solution to (1)—(3) was proved under the condi-
tions N <3, m >0, n € (1/8,2) and

1< A<k+1+max{n+k,m} for N <3,
2
1 <A <min{(4n+7)/3,4} for N = 3; m:zﬁmin{(n—l—4)/3,3—n}.

The perturbation propagation speed in the Cauchy problem. Introduce the following nota-
tions:

Qs) = {x = (21,2") 1 21 > di(s +|2']), 0 < dy < 0}, Qr(s)=Q(s) x (0,T),
Kr(s,0) = Qr(s)\Qr(s+9), K(s,0)=Q(s)\Qs+9), K:= /uo(:r) dz,
RN

ho(s) = / W (z)de Vs R, 6> 0.
Q(s)

Without loss of generality we may assume that

SUPPUOQ{IM 2d2|$,|}:®, %:(Xlaoaol

where dy € [0,d;) is some fixed number. Hence,
ho(s) =0 Vs >0.

The following theorem contains some upper bound for the speed of the support of a solution to
(1)-(3):

Theorem 2. Let u(t,z) be an arbitrary strong solution to (1)—(3) of Theorem 1 with a compactly-
supported initial function ug(z) such that 0 < up(z) € H'(RN)N L™ "+2(RYN). Then the following upper
bounds hold for the front I'(t) = sup{|z| : € suppu(t,.)} of the support:

(i) if x1 € R1\{0} and b(u) satisfies (3) then

N(A—1)

¢1(ug) max{To(t),t' " m¥¥2 } Vt >0 for1 <X <m+1+2/N,

N(A—1)
I(t) < { c1(up) max{Ty(t),t' " #N¥1 } V¢ >0 for1 <A <n+1+4/N,

where T'y(t) = max{tl/(nN+4)’ tl/(mN+2)};
(ii) if x1 > 0, b(u) > du’, and A\ > max{n + 1,m + 1} then

A—n—1 A—m—1
['(t) < co(up) min{Ty(t), max{t**3-D-n ¢20-H-m }1 V¢t > 0,

where T'y(t) is defined in (i);
(iii) if x1 > 0, b(u) > du?, and A < min{n + 1,m + 1} then

I'(t) < cs(up) min{T'o(¢),1} V¥t > 0;



(iv) if x1 > 0, b(u) > du?, and A =n + 1 =m + 1 then
[(t) < ca(uo) min{Ty(¢),1 +log(l +¢)} Vi >0,

where the positive constants c;(up) depend only on m, n, A, N, |[uol|1(mn) (moreover, c3(ug) and c4(uo)
depend on |lug|| pe+1(r~y) and are independent of the norm of ug(z) in HYRN)N Lm="+2(RVN), although
the initial function belongs to this space.

REMARK 3. In the absence of the convection (x; = 0) and in the situation when x1 > 0, b(u) > du?,
andn+1<A<m+1(orm+1<X<n+1), the bound for the speed of motion of support coincides
with that in [21] and has the following form: I'(t) < c(ug)L'o(t) V¢ > 0, where the constant c(ug) depends
only on m, n, N, and |[uol|1(m~y and I'o(t) is defined in (i) of Theorem 2.

Auxiliary lemmas.

Lemma 1. Let u(t,z) be a strong solution to (1)—(3). Then the following are valid for arbitrary

a € Ap
Lgpl)(s +9) := sup / u (¢ //
te(o,T)Q(

+4) QT(s+6)
+eg! / / D25 2 [ Vu ™ L Va2
Qr(s+96)
<c(5 Rl AN | e )
Kr(s,6) Kr(s,6) Kr(s,6)
=RW(s,6) VseR', 6>0, T>0, x; € R (7)
w [ [ gl
te(O’T)Q(sM) QT 546) T (546/4,6/4)
. // D% 4 [V |4+Nu”3”“|2]
Qr(s+9)
oo [t ] )
K (s,0) K (s,0)
.= RP(5,6) VseR', 6>0, T>0, x1 >0, ds > 0. (8)

PROOF. Introduce the nonnegative cut-off functions ((7) and ¢(7) in the space C?(R!) with the

following properties:
0, ifr<o0, T ifr >4,
e ={ 7 s o={ |

1 ifr T 6 1f7'<3i2,
d2
0<ep(r) <1, ngO VTERl
T
moreover,
d 1 d 3d1 3d1
— > — >d .
dT(p(T)_O V1 e R, dTgo() 0o>0 VTE<16 4>



Define the family of basic cut-off functions:

Ps6(z) = ( d1C<x|> +‘/B1;dls> Vs e RY, § > 0.

By the above properties of ¢(7) and {(7), the functions of the above family satisfy the relations

0 Vz:ax §d1(5+5§(m))
3055( ):

0 < @u5(x) <1z eRY,
1 Vo:xp> d1(8+5(4(|x ‘)"‘%))7

The inequalities
Vousl < & <5
— 4 - 42
hold for all # such that dy(s + 0¢(|2'|/d)) < @1 < di(s + 0(¢(]2'|/d) + 15/16)); and for all = such that
di (s + 8(C(1a'1/6) + 3/16)) < 1 < dy (s + 6(C(|a/[/6) + 3/4)) we have

d
(#s.6(@))er = 5 > 0.

Moreover, the following inclusions are obvious:

Q(s+6) C{z = (z1,2") : 21 > d1(s + §(¢(|2']/8) + 15/16))} C Q(s + 15/166)
C {2 a1 > di(s +0((|2']/9))} C Q(s),
K(s,0) D {z: di(s +d¢(|2"]/9)) < 21 < du(s + d(¢(|2']/9) +15/16))},
K(s+0/4,6/4) C {z : di(s +6(C(|2'|/6) + 3/16)) < x1 < du(s + 0(¢(|2"|/0) +3/4))}.
In particular, these inclusions imply that supp ¢s s(x) € Q(s).

Putting
(*(z,1) = gt 5(x) exp(—tT ™) VT >0

in the local entropy estimate (6) and making simple transformations, we come to (7) and (8). O

Lemma 2. Let u(x,t) be an arbitrary strong solution to (1)—(3). Introduce the energy functions
which are connected with this solution:

[ o e s ffen

Qr(s) Q1 (s) Qr(s)

Then the following estimates for the decay rate are valid:

Er(s) < (uO)TS_N(O‘+m), Ip(s) < CQ(UO)TS_N(O‘+"),
(ug)Ts " NOAH, ifl < A<nt14 4
c3(ug)T's Ni= , 1< A<n+1+ 5,
Fr(s) <  NGa1) (10)
c3(ug)Ts” Nom=34D+2  jfl<A<m+1+ %,

for arbitrary s > 0 and T > 0, where c¢;(ug) = ¢;(m,n, A\, N, K) and K = |lug|| 11 g~)-

PROOF. Applying the interpolation inequality of Lemma A.1 in the domain K(s,d) to the function
vy = w2 for g =d =2, b=2/(a+m+1),i =0, and j = 1 and integrating the result with
respect to time from 0 to 7', we obtain

// atmtl < o s=N(etm)pratmtl o plp pr(1-pm)(atm+1) ( // |Vu a+m+1 ) , (11)

KT(S 6) KT('S&



N(a+m)
N(a+m)+2-

vy = et D/2 fora =d =2,b=2/(a+n+1),i =0, and j = 2 and integrating the result with respect
to time, we find that

where pu; = Similarly, applying the inequality of Lemma A.1 in K(s,d) to the function

// uetntl < 0667N(a+n)TKa+n+1 +C7T1u2K(1u2)(a+n+1)( // ‘D2ua+§+1 ‘2>“2, (12)
K (s,6) frls®)

%. Applying the inequality of Lemma A.1 in the domain K(s,0) to the function v;

for a = 2(a+ N)/(a+m+1),d=2,b=2/(a+m+1),i =0, and j = 1 and the function vy for
a=4(a+N)/(a+n+1),d=4,b=4/(a+n+1),i=0, and j = 1 and then integrating he result with
respect to time, we obtain

where ps =

N\ Mi+2
// WMgc85—N<a+A—1>TKa“+c9T1"”+26(K)< / WW'QZ) ’ 1
KT(S,(S) KT(576)
N(atA_1) N(a+A-1)

Inserting (11)—(13) in (7) and applying Young’s “c”-inequality, we find that
LP(+0) <o [[ IDWSE P o [vu™5 g vu 5y
KT('576)

N(a+n)+4

+C(€7K)T(5*(N(a+m)+2) + 5~ (N(atn)+4) 4 5~ NG—XtDH) Ve >0, s >0, § >0,

or

a+m+1
2

Lg})(s +d)<e // [|D2ua+gJrl 1> + |Vua+z+1 "+ |Vu

KT(S75)

1’

N(a+m)+2

+C(5,K)T(5—(N(oz+m)+2) 4 5~ (N(atn)+4) | § Nm=ATDT2) Ve >0, s >0, 6 >0,
where Lgfl)(s + 0) is defined in (7). Choosing

_ N(atn)+d  N(atm)+2
e € (0, min{Q*(N(a+n)+4)’ 2*(N(a+n)+4)’ 2" Nn—+D+4 2~ N(m->+1)+2 })

sufficiently small, by the standard iteration procedure we establish that

Lg})(SO +00) < e(K)TU;(6g) Vsp >0, dp>0,i=1,2, (14)
where
N 2 N 4 _ _N(atm)+2
Uy (8o) := 50*( (a+m)+ )_|_ 50*( (a+n)+ )_|_ 50 N(m,AHHQ’

_ N(a+n)+4
UQ((SO) — 50—(N(a+m)+2) + 5O—(N(oz+n)+4) + 50 N(n—)\+1)+4.

Let 6 — +o00 in (11)—(13) and use (14) for so = 0 and dyp = s > 0. We eventually obtain
Ir(s) < e(K)TUM (s), Er(s) < c(K)TU*(s), Fr(s) < ¢(K)TU*+2(s), 1=1,2,

for every s > 0. Hence, (10) follows. [



Lemma 3. Suppose that x1 > 0, b(u) > du’, and u(t, ) is an arbitrary strong solution to (1)—(3).
Then the following holds for arbitrary s > 0, 6 > 0, and T > 0:

sup / a+1 // a+1 Cd?)Xl //
te(0,T)

Q(s+4) QT (s+9) Qr(s+9)
eyt // 1D 2 Va4 (Va2
Qr(s+9)
< // atm+l 45— // a+n+1) — R )(5,5)_ (15)
Qr(s)

PROOF. Given sg > 0 and § > 0, we put s; = ;-1 + 0/4, i € N. Putting s = s; in (8) and summing
the resulting inequalities, we arrive at (15). O

Lemma 4. Suppose that x1 > 0, b(u) > du®, and Er(s) and Ir(s) are the function from (9)
connected with an arbitrary strong solution u(t, x) to (1)—(3). Then the following estimates for the decay
rate hold for arbitrary s > 0 and T > 0:

3(at+n+1) m+1

Ir(s) < c1oTTN(T)s™ ~w-1,  Bp(s) < ey TN (T)s 5o (16)

if A > max{n + 1,m + 1}, where ¢; = ¢;(m,n,\, N) and I'(T") is from Theorem 2;
IT(S) < 612(UO)8_£1, ET(S) < 613(UO)8_€2 if< min{n +1,m+ 1},
Ir(s) = Er(s) < cia(uo) T %d 5 ifA=n+1=m+1 (17)
for every s > 0, where
01 = mN/(mN +2(a+1)), 62=nN/(nN +4(a+1)),
ci(uo) = ci(m,n, A, N, |luol| patr(myy),  da > 1,

and
_ (a+1)(N(m—X+1)+2(a+1)) _12 a+l
g6 — max{s N ADNG D) | g Ne-AFD )

6(a+1)(N(n—=2A+1)+4(a+1)) a+1
—&2 _ max{s Nn—2+1)(N(m—-A+1)+2(a+1)) 8 N(m—A+1)}_

PROOF. Applying Young’s “c”-inequality with the exponents (a + A)/(a+m +1) > 1 (= X\ >
m+1), (a+A)/(A—m—1) and (oz+)\)/(oz+n+1) >1(=A>n+1), (a+A)/(A—n—1), we estimate
the integrals on the right-hand side of (15):

o5 // atm41 <ECX1 //

Qr(s) Qr(s)

atm+l a+ A (a+m+

+e(e)Txy Yt or—m-1 ek -2) mes{Q(s)ﬂsuppu(t, )} Vee (0,1);

7t [[ s < 20 //

Qr(s)

a+n+1 atn+tl 4

+c(e)Tx, > ToxtneT (U ) mes{Q(s) Nsuppu(t,.)} Ve e (0,1).




Inserting the above estimates in (15), choosing

. _atA (otmtl oA atntl
€€ (O,mln{ZAfmfl( A 2)’2>\7n—1( atx 4)})

and iterating the so-obtained inequality for s = s;, § = &;, 8; = s;_1 + 6;—1 — &;, and &; = 278, i = 1, o0,
sg > 0, §p > 0, we establish that

1 d
sup / () + - // wotl 4 & 3X1 //
te(0,T) T
Q(s0+0) Q(s0+d0) Q1 (s0+d0)
// [1D2u™F 2 4 [Tu ™ F 4 Va5

QT (s0+d0)
_atm+1 a+ A (a+m+1 _2) _atn+tl a4+ (a+n+1 _4)
< CT( A—m— 16>\ m—1 at+ + X]_ A—n—1 5()>\7n71 ot )

x(T(T) — so)¥  ¥do >0, s9>0, (18)

where A > max{n + 1, m + 1}. Apply Holder’s inequality with the exponents (o + \)/(a +m +1) > 1,
(a+A)/A=—m—1)and (a+AN)/(a+n+1) >1, (a+A)/(A—n—1) to the functions Er(s) and Ir(s).
Using (18) with sp = 0 and g = s > 0, we deduce

()T o

Qr(s) Qr(s)

a+ A a+m+1 a+m+1 a+m+1
( atA

X [Ts'Fxom1 DTN (T e = ITN(T)s > m 1 if A >m+1,

s ffo) ) o

Qr(s) Qr(s)

and

a+n+174) N atntl 3(a+n+1)

X [T TRt T —ODN (1)) 55 = oTTN(T)s™ *on-T if A > n + 1.

Thereby, (16) are established.
Now, validate (17). Applying Lemma A.2 in the domain Q7 (s + d) to the function vy := u
forp=2,r=2(a+A)/(a+m+1), g =2(a+1)/(a+m+1),and 1-b; = 2(a+1)/(N(m—A+1)+2(a+1)),

we obtain
1 1-b1
e = [[ s [f wese) (ff )

(at+m+1)/2

Qr(s+9) Qr(s+9) Qr(s+9)
ma+1 (1=b1) (15) by 5(2) ’
X sup ( / ua+1(t)> < bt YRy (s, 5))1+1, (19)
te(0,T)
Q(s+9)

where 1 =2(m — A+ 1)/(N(m —A+1)+2(a+1)) and A < m + 1. Similarly, applying Lemma A.2
in the domain Q7(s + &) to the function vy := u(®*™*tV/4 for p = 4, r = 4(a+ N)/(a +n+1), ¢ =
4la+1)/(a+n+1),and 1 —by =4(a+1)/(N(n — A+ 1)+ 4(a+ 1)), we infer

i [[ sl [ ) ff o)

Q1 (s+9) Qr(s+9) QT (s+9)
AL (1-by) (15)
X sup < / uaH(t)) o < o' bQ(Rrg)(s,(s))le’ (20)
te(0,T) '\ 5)



where ¢ =4(n—A+1)/(N(n—A+1)+4(a+1)) and A < n+ 1. Using the global entropy estimate ((6)
with ¢ = 1), from (19) and (20) we derive

1—by
N(m—A+1)
Er(s+9) cuo<// ) , b1 Nom—A+D)+2as1) <m+1;

QT s+5
1—bo
Nn—XA+1)
9) < otA by = A 1
Ir(s +9) Cuo(// ) 2T Nm At ) tdlary S STTE
Q7 (s+9)

where c(ug) = c(n,m, A, N, [luo|| po+1(mn)). Let Z7(s) := Er_lp_l”(s) —|—L_1F_b1 (s). Then the above inequalities
and estimate (15) imply that

Zr(s+0) < c(uo) (67 PZ5 " (s) + 6% Z1772(s)), 8= (1—b1)(1 — b).

“ 9

Hence, applying Young’s -inequality, we find that

1-by Jéj 1—bgy 38

Zp(s+06) <eZp(s)+clug)(e ot & b1 4e P24 P2) Vee(0,1).

Since the function Z7(s) decreases in s, we iterate this inequality for s = s; and § = §;, with so > 0,
6o >0,8 =8_1+6_1—0;, and §; = 27150, i=1,00. Choosing ¢ in the interval ((), min{?iﬂ/bl,Qfgﬁ/lm}),
we obtain
ﬁ _3
Zr(so + dp) < c(uo)(5 +80 ),
whence, putting so = 0 and dg = s > 0, we arrive at the estimate

_8 _38
Zr(s) <clug)(s b1 +s P2) Vs>0.

Recalling the definition of Z7(s), we obtain

1-bg 3(1 bl)

Er(s) < c(up) max{s P ;s } Vs>0,
RECI 8

I7(s) < c(up) max{s 1 ,s } Vs>0,

provided that A < min{n + 1,m + 1}, whence the sought estimates for the decay rate result.
In the case of A =n+1=m+ 1 it follows from (15) that

3
L[] s [ e

Q1 (s+9)

Cd?)Xl(S3 ‘ a+n+1 a+n+1
1+ 42 '

Qr(s+i0) Qr(s)

thereby for every i € N

Choosing dj such that d = (cd3X150 (1 + 50))1/60 > 1, we obtain
dIr(s +ido) < Ip(s) Vs >0, > 0;

consequently,
Ir(s+o0) < d‘so_"IT(s) Yo >0, s>0, d>1.

10



Putting s = 0 and 0 = s > 0 in the above estimate, we have
Ir(s) = Ep(s) < d®~*Ip(0) Vs> 0.

Applying the interpolation inequality from Lemma A.1 to the function v; for a = d = 2, b = 2(a +
1)/(a+m+1),i=0,j=1,and 61 = mN/(mN +2(a+1)) (vefora=d=4,b=4(a+1)/(a+n+1),
i=0,j=1,and 6 =nN/(nN + 4(a + 1))), integrating the result with respect to ¢ and using (6) with
¢ =1, we find that

IT(O) = ET(O) < C(UO)Tlfgi.

Thus, the proof of Lemma 4 is complete. [J

We have carried out all auxiliary arguments and are ready now to prove Theorem 2.

PrOOF OF THEOREM 2. (i) Let Ir(s), Er(s), and Fr(s) be defined in (9). Apply the interpolation
inequality of Lemma A.1 in the domain Q(s + &) to the functions v; := w(®*™+D/2 for ¢ = d = 2,
b=2a+1)/(a+m+1),i=0,j=1, and 8 = mN/(mN + 2(a+ 1)); vy := ul@tD/4 for g = d = 4,
b=4(a+1)/(a+n+1),i=0,j=1,and 0 = nN/(nN + 4(a+ 1)); v1 for a = 2(a+ ) /(e + m + 1),
d=2,b=2a+1)/(a+m+1),i=0,j=1,0;=NA\-1)(a+m+ 1D)[(a+ N (mN +2a+ 1)),
and A > 1; and vp for a = 4(a+ A)/(a+n+1),d=4,b=4a+1)/(a+n+1),i=0j =1,
0, = NOA—1)(a+n+1)[(a+N(nN +4(a+1))]7!, and A > 1. Integrate the resulting inequality with
respect to t. Using (7), we arrive at the relations

mN 2m

< 1*01 (1) 1+k1 — =
Er(s+0) <cT (Br'(s,9)) O mN +2(a+1)’ & mN +2(a+1)’ (21)
N 4dn
< 162 (pW) Ltks - n S LA
Ir(s +0) < IR (Ryp'(5,0)) 7, 2= o Aa+1) =N T Ao+ 1) (22)

Fr(s +0) < %2 (R (s,0)) 772, i=1,2,

where T > 0, R\ (s, 6) is defined in (7), and

NA-1) 20 —1) , 2(a+1)
= = fl<A< 14+ ——=
ST mN+2a+1) P mN+2a—+1) pl<Asmily —y—
NA-1) 4N—-1) , 4(a+1)
0, = = fl<A< 1+ —.
4 nN +4(a+1)’ ! nN +4(a+1) Hh<asnals N

Introduce the auxiliary functions connected with the energy functions (9):
Ap(s+6) = E§}+k2)(1+ki+2)(5 +6) < cT(lfel)(1+k2)(1+ki+2)(ngl)(s,5))61,

Br(s+6) == é1+k1)(1+ki+2)(8 +6) < T (1=02) (k1) (1+kit2) (RC(Z})(S,(S))&,

Cr(s +6) = F:(F1+k1)(1+kz)(s+5) < CT(1_9i+2)(1+k1)(1+k2)(Rgpl)(s’5))51,
Dr(s+0):=T"Ap(s +6) + Br(s+6) + THCr(s +96), i=1,2,
where
Bi= (14 k1)1 + k2)(1 + kit2),

hii=[(1=02)(1+ k1) — (1 = 01)(1 + k2)](1 + kiy2),
(1= 02)(1 + kiy2) — (1 — Oip2) (L + k2)|(1 + k1), i=1,2.

W
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Using the above inequalities and the inequality (a — b)**1 < a®1 — p**1 Vo > 0, a > b > 0, for the
function Dp(s) we obtain

Dr(s + 6) < P10k (RU (5 5))0n
< o5 2T (1-02) (k) (I kig2)—h(1+k1) (A D (s)) 101
_|_5_4/31T(1_92)(1+k1)(1+ki+2)(ADT(S))1+k2
6B (=02) (k) (ki) =) (A D (5))HRi42]
< c[5—261T(l—ez)(1+k1)(1+ki+z)—h(1+k1)D§;(s) + 5—451T(l—oz)(1+k1)(1+ki+2)D§2(s)

(= 02) (k) (Utki2) (k) phie ()] ADp(s), (23)

where ADr(s) = Dr(s) — Dr(s + ). Now, we choose the parameter § > 0. Let

(1=02)(A+kjya)—h k1
5(Tl)(s) — [T(l—eg)(1+k1)(1+ki+2)—h(1+k1)D§1 (8)] ﬁ — T 20+k)(THkig2) D;ﬁl (s)

)

_ k
5512) (S) = [T(1_02)(1+k1)(1+ki+2)D§—? (3)] ﬁ g j—ul(ngIfQ)D;w721 (8),

) (1—09)(14ky)— kit2
34D () = [T 0D HA (L sksa)kl1ok) plisa )] = TR DL (o),

$P = {s e RY 18 (s) > max{60)(s), 85 ()},
57 =R\ {57 u s},
Jr(s) := max{s\ (), 65 (), 65D (s)}, i=1,2.
Putting § = 61" (s) in (23), we obtain

3c
1+ 3c

Dr(s+ 55})(8)) < Dr(s) Vse S}l). (24)

Indeed, if 5%1)(5) > 526)(3) > 0 then

(5;1)(S))—4,8T(1762)(1+k1)(1+ki+2)D:kF2 (s) < (5;2)(S))—4BT(1762)(1+k1)(1+ki+2)D:kF2 (s) =1,

((5,%1) (S)) _BT(1792)(1+I€1)(1+k¢+2)*#(1+k1)D§i+2 (8)
< (55}’4-2) (S))_5T(1—02)(1+k1)(1+ki+2)—u(1+k1)D§j+2 (S) = 1.

If 55,})(3) > 5¥€)(s) = 0 then Dp(s) =0, 6(Tl)(s) = 0, and the assertion of the theorem is obvious. Similarly,
we consider the cases § = &E,fc )(s):

3c

k (k
Dp(s+ &Ep)(s)) < T 3CDT(3) Vs € Sy ), k=24. (25)
Combining (24) and (25), we obtain
3c

Dr(s+ Jr(s)) = {Dr(s +60)(s)),s € Sk =T,4} <

12



Taking the power k;/(20:1) of both sides of the above inequality and multiplying the result by
T[(1_92)(1+k1)(1+ki+2)—h(1+k1)}/(2ﬁ1),
we obtain the inequality for 55,} )(s), while taking the power k2/(401) (kit2/01) and multiplying the

result by T(1=02)(1+k1)(1+kit2)/(451) (T[(1*92)(1+k1)(1+ki+2)*ﬂ(1+k1)1/ﬁ1)’ we find the inequality for 5§?)(8)

(6¥+2)(s)). Combining the estimates obtained for 5¥€ )(s), k = 1,4, we arrive at the basic functional
relation for the function Jr(s):

Jr(s+ Jr(s)) < vJr(s) Vs €RT, 0 <+ =const <1. (26)

By Lemma A.3, it follows from (26) that

1
Jr(s) =0 Vs> so+ T ,),JT(SO)‘ (27)

Hence, we obtain an upper bound for the motion of the boundary of the support:

D(T) < 50+ 1 ivJT(s()) = ¢ min {max(Fy(s0)}} a0 >0 (28)

spERT

Let Fj(so) be the right-hand sides of the estimates for Fj(sg) (i = 1,9) obtained by means of the
estimates (10) for the decay rate. Using Lemma A.4, we minimize the functions F;j(sg) over so. Eventually,

we have _ ) _ .
min F(sg) = F1( ( )) = c(uo)s( ) min F5(sg) = F5( 5 )) = c(uo)s( )

opt opt? opt opt?

min Fy(so) = Fy (8(9)) = c(uo)s(g)

opt opt?
where 5
(() ( )Tl/(mN+2) A )t _ C(uo)Tl/(nN—M)’

) _
t =
o ( ) (m=A+1)+2]/(mN+2)  if1q <A< m+1+2/N,
P e(u )T[N n=AD)H/(AN+) - if ] < X < n+1+4/N.
Carrying out simple but bulky computations, we find easily that

gpl < ¢(up) max{sopt,sgil,sg?t ke{23,4,6,7,8}.

Thereby, assertion (i) is proven.

(ii) Using (8) and the scheme of (i), for the energy functions Ir(s) and Er(s) in (9) we obtain the
basic functional inequality of the form (26) with

1—09—h ~ k
Tr(s) i= max{ T30 (THEEH (s) 4 I () 75
1-6 ~ k
TR (TR L (5) + I (5)) W ),

where By := (1 +k1)(1 + k) and h := (1 — 62)(1 + k1) — (1 — 61)(1 + ko). By Lemma A.3, we arrive
at (27). This yields an upper bound for the motion of the boundary of the support:

I['(T) < ¢ min {maX{F (so)}} Vso>0. (29)

sopERT j=14

Using (16) and Lemma A.4, for I'(T") we infer

A—m—1

(L =T oon-m, I(T) < cs

A—n—1

— CT4()‘ 1) "

F(T) S cs opt
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A=n—=D[(1—01)(1 + k2) + k162]
S(ntat ) 120 +k)A—n—1)— Ney(h—n—1)’
(A—=m —1)[(1 — 02)(1 + k1) + ka61]
kg(m+a+1) +4(1—|—k‘1)()\—m— 1) —ng()\—m— 1)

D(T) < es@y=cT¥, =

opt—

INT) < csg:;)t:cT“?, po=

It is easy to show that
k 1 4
S((jp)t < max{st()p)t? 5(()p)t}v k= 2a 3.
This proves (ii).

(iii) Now, consider the case of x1 > 0 and A < min{n + 1, m + 1}. Introduce the following auxiliary
function for the energy functions I7(s) and Er(s) from (9):

Dr(s+96) = E:1F+£2 (s+9)+ I%Hl(s +0), with ¢; taken from (19) and (20).
From (19) and (20) we derive

Dr(s +8) < ¢(611700+) 4 51-b)(+0)) (BB (5, 5))%
< 0(5’“_2’63D§3 (s) + 5”1_453D§3 (s))ADr(s), with b; taken from (19) and (20),
where (3 := (14 £1)(1 + £), 6" = max{§(1-00)(+6) §(1-b2)(A+0)1 " and ]:?g?)(s,é) is taken from (15).
Arguing as in (i), establish an inequality like (26) for
I 14
JT(S) = cmax{ (E%:Mz (S) + I%+€1 (3)) 253£H1 , (Ezl:"e? (S) 4 Izlj-fl(s)) 4633n1 }

By Lemma A.3, (26) implies (27) and an analog of (29). Estimate the right-hand side of (29), using (17),
and then minimize the resulting estimates by Lemma A.4. Since the constants c12(ug) and ¢13(ug) in (17)
are independent of T, after simple transformations we arrive at the estimate

F(T) < clg(uo) YT > 0,
where 0 < c16(uo) = c16(m,n, A, N, [[uo| pet1(mny), which yields (iii).

(iv) In the case of x; > 0 and A = n +1 = m + 1 the energy functions Ir(s) and Er(s) from (9)
coincide; therefore, applying the interpolation inequality of Lemma A.1 in the domain Q(s + §) to the
function vy fora=d=2,b=2(a+1)/(a+m+1),:=0,j=1,and 0 = mN/(mN +2(a+1)) (vs for
a=d=4,b=4(a+1)/(a+n+1),i=0,5=1,and 03 =nN/(nN + 4(a + 1))), integrating the result
with respect to t, and using (15), we obtain

Ir(s+6) = Ep(s +6) < T % (R (s,6)) ™
< chfeiéfm(Hki)I%Jrki(s), 6§ =max{0" 2,074}, i =1,2,
where 60; and k; are taken from (21) and (22) and RE,?)(S, J), from (15). Putting
5 = br(s) = [(1+ &) 1T0 8 (5)] 00
in this inequality, we find that

Ir(s + 0r(s)) < 1i

IT(S) Vs > 0.

C

Hence, after simple transformations it follows that
57(s 4+ 67(s)) < vor(s) VseRT, 0 <y < 1.

14



By Lemma A.3, the above inequality implies that

1
or(s) =0 Vs> so+ T o7 (80)-
Hence, from (17), we see
F(T) < s+ C(UO)Tl_eid_noso no = L dy >1
- 4 ’ H2(1 + ki)’ '

Minimizing the right-hand side of this inequality over sy by means of Lemma A.4, we obtain

c(ug)TY=0% i c(ug)T % < ny't

I(T) < {C(l + lOg(C(UO)TloTl_ei)) if C(UO)TI_Gi > 770_1 } < c(uo)(1+1og(1+1T)) VI >0,

where c(ug) depends on [[ug|| fa+1(gyy. Thereby, Theorem 2 is proven completely.
A. Appendix.

Lemma A.1 [27]. If Q ¢ RY is a bounded domain with piecewise smooth boundary, a > 1, b €
(0,a), d > 1, and 0 < i < j, i,j € N, then there exist positive constants di and ds (dy = 0 if Q is
unbounded) depending only on Q, d, j, b, and N such that the following inequality is valid for every
v(z) € WI(Q) N LA(RQ):

1, i 1
. . ) lvg-L
D" fa(q) < d1||DJv||id(Q)||UH1Lbfg) + do[v[| oy, 0= 117 1 € 1i/4,1).
» "N d

Lemma A.2 [28]. Let Q(s) := {z = (z1,2') : 1 > d(s + |2']), 0 < d < o0}, Q(s) C RV, p > 1,
r>0,7r<p q>0,and 1 —b = pg(pg+ N(p—r))~!. Then the following are valid for all v(t,z) €

LP(0,T; W;loc(ﬂ(s))):

T T T

/ﬂ(/) |vrPSd1(o/ |wp)b(o/

0
where 0 < dy = di(N,p, q,r) is independent of T

(p—=r)(A=b)

1-b (p=)A-b)
\v|r> sup (/ |v|q> ! vT >0,
t€[0,T]
Q(s)

Q(s) Q(s)

Lemma A.3 [14]. Let f : [0,00) — [0,00) be a nonnegative nonincreasing function such that
f(s+f(s)) <vf(s) Vs > 50> 0,0 <y <1 Then

f(s)=0 Vs>so+ (1—7)"1f(s0)-

Lemma A.4. Let F'(s) =s+ds % a>0,andd > 0 (F(s) = s+bd; ", a1 >0,b>0, and d; > 1)
Vs > 0. Then
min F(s) = F(sept) = (1 +a™ ) sopt

(min F(s) = F(sept) = (a1logdy) (1 + log(aiblogd))),

where sopt = (ad) i (sopt = aj *logg, (a1blogdy)).
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