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¸×ãçÐÕâáïâÞßÞÛÞÓØçÕáÚÐïáâàãÚâãàÐáÞÒÜÕáâÝëåßÞÒÕàåÝÞáâÕÙãàÞÒÝÕÙßÕàÒëåØÝâÕÓàÐÛÞÒÒ×ÐÔÐçÕÞÔÒØÖÕÝØØ
âïÖÕÛÞÓÞÓØàÞáâÐâÐÒÞÚàãÓÝÕßÞÔÒØÖÝÞÙâÞçÚØ.ÀÐááÜÞâàÕÝçÐáâÝëÙáÛãçÐÙ,ÚÞÓÔÐÓØàÞáâÐâØçÕáÚØÙÜÞÜÕÝâÝÐßàÐÒ-
ÛÕÝÒÔÞÛìÞáØ,ßàÞåÞÔïéÕÙçÕàÕ×æÕÝâàâïÖÕáâØÓØàÞáâÐâÐ.¿àØ âÐÚÞÜßàÕÔßÞÛÞÖÕÝØØÞáïÜØàÐÒÝÞÜÕàÝëåÒàÐéÕ-
ÝØÙâÕÛÐÜÞÓãâÑëâì âÞÛìÚÞÞÑàÐ×ãîéØÕÚÞÝãáÐÈâÐãÔÕ.̧ááÛÕÔÞÒÐÝëÚàØâØçÕáÚØÕâÞçÚØíääÕÚâØÒÝÞÓÞßÞâÕÝæØÐÛÐ,
ÚÛÐááØäØæØàÞÒÐÝëÑØäãàÚÐæØÞÝÝëÕÔØÐÓàÐÜÜëÝÐßÛÞáÚÞáâØÚÞÝáâÐÝâßÕàÒëåØÝâÕÓàÐÛÞÒ,ãÚÐ×ÐÝâÞßÞÛÞÓØçÕáÚØÙ
âØßÝÕÞáÞÑëåØÝâÕÓàÐÛìÝëåÜÝÞÓÞÞÑàÐ×ØÙ.
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I. N. Gashenenko
Bifurcations of the integral manifolds in the problem on motion of a heavy gyrostat

Westudythetopologicalstructureofacommonlevelsurfacesof the � rst integralsin theproblemonmotionofaheavy
gyrostat about a � xedpoint. We considerthe specialcasewhenthe gyrostatic momentumis collinearwith the center-of-
massvector. With this suppositionthe axesof steadyrotationscanbedirectedonly alonggeneratricesof the Staudecone.
Weinvestigatethecritical pointsof the e� ectivepotential,classifythe bifurcationdiagramson the planeof constantsof the
� rst integralsandgivea completedescriptionof the topologyof nonsingularintegral manifoldsof this problem.
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34 ¸. ½.³ ÐèÕÝÕÝÚÞ

1. ²ÒÕÔÕÝØÕ

ÂÒÕàÔÞÕâÕÛÞá ßÞÛÞáâïÜØ,×ÐßÞÛÝÕÝÝëÜØØÔÕÐÛìÝÞÙÝÕáÖØÜÐÕÜÞÙÖØÔÚÞáâìî,ÝÐåÞÔïéÕÙ-
áï ÒÑÕ×ÒØåàÕÒÞÜÔÒØÖÕÝØØ,ØâÕÛÞ-ÝÞáØâÕÛì,ÒÚÞâÞàÞÜ×ÐÚàÕßÛÕÝÐÞáì ÒàÐéÕÝØïÓÕÞÜÕâàØçÕ-
áÚØØÔØÝÐÜØçÕáÚØáØÜÜÕâàØçÝÞÓÞàÞâÞàÐ,ïÒÛïîâáï ÝÐØÑÞÛÕÕØ×ÒÕáâÝëÜØ,ÝÞÝÕÕÔØÝáâÒÕÝÝëÜØ
ßàØÜÕàÐÜØÜÕåÐÝØçÕáÚÞÙáØáâÕÜë,ÝÐ×ëÒÐÕÜÞÙÓØàÞáâÐâÞÜ.²ÒÕÔÕÝÝÞÕÐÝÓÛØÙáÚØÜØÜÕåÐÝØÚÐÜØ
ßÞÝïâØÕÓØàÞáâÐâÐÝÕÞÔÝÞÚàÐâÝÞÞÑÞÑéÐÛÞáìØãâÞçÝïÛÞáì.ÄØ×ØçÕáÚØàÐ×ÛØçÝëÕÚÞÝáâàãÚæØØ
ÓØàÞáâÐâÞÒÞÑáãÖÔÐÛØáìÒàÐÑÞâÐåÃ. ÂÞÜáÞÝÐ(ÛÞàÔÐºÕÛìÒØÝÐ),Í.´Ö. ÀÐãáÐ,½.µ. ¶ãÚÞÒáÚÞ-
ÓÞ,Â. »ÕÒØ� ÇØÒØâÐØÃ. °ÜÐÛìÔØ,º. ¼ÐÓÝãáÐ,¿.². ÅÐàÛÐÜÞÒÐØÔà.ÄãÝÔÐÜÕÝâÐÛìÝÐïàÐÑÞâÐ
½.µ.¶ãÚÞÒáÚÞÓÞ[8], ÞßãÑÛØÚÞÒÐÝÝÐïÒ1885Ó., áëÓàÐÛÐÒÐÖÝãîàÞÛìÒäÞàÜØàÞÒÐÝØØßàÕÔáâÐÒ-
ÛÕÝØÙÞÑÞáÝÞÒÝëååÐàÐÚâÕàØáâØÚÐåÔÒØÖãéÕÓÞáïÓØàÞáâÐâÐ.·ÐÔÐçÐÞ ÔÒØÖÕÝØØâïÖÕÛÞÓÞÓØ-
àÞáâÐâÐÒÞÚàãÓÝÕßÞÔÒØÖÝÞÙâÞçÚØÒßÞÛÕáØÛëâïÖÕáâØïÒÛïÕâáïÔÞáâÐâÞçÝÞßàÞáâëÜÞÑÞÑéÕ-
ÝØÕÜÚÛÐááØçÕáÚÞÙ×ÐÔÐçØÍÙÛÕàÐ.¿ÞçâØÒáÕØ×ÒÕáâÝëÕàÕ×ãÛìâÐâëÔØÝÐÜØÚØâÒÕàÔÞÓÞâÕÛÐØá-
áÛÕÔÞÒÐâÕÛïÜãÔÐÒÐÛÞáìàÐáßàÞáâàÐÝØâìÝÐÞÑÞÑéÕÝÝãîßÞáâÐÝÞÒÚã, ÝÞ,ÚÐÚßàÐÒØÛÞ,ßàØíâÞÜ
ÒÒÞÔØÛØáìÝÕÚÞâÞàëÕÔÞßÞÛÝØâÕÛìÝëÕÞÓàÐÝØçÕÝØïÝÐßÐàÐÜÕâàëÝÕáÞÜëåâÕÛ.ÁßÕæØäØçÕáÚØÕ
áÒÞÙáâÒÐÔÒØÖÕÝØïâïÖÕÛÞÓÞÓØàÞáâÐâÐßÞ-ßàÕÖÝÕÜãÞáâÐîâáïÜÐÛÞØ×ãçÕÝÝëÜØ.

´ÒØÖÕÝØÕÓØàÞáâÐâÐÒÞÚàãÓÝÕßÞÔÒØÖÝÞÙâÞçÚØÞßØáëÒÐÕâáïÔØääÕàÕÝæØÐÛìÝëÜØãàÐÒÝÕ-
ÝØïÜØ

A _! = (A! + � ) � ! + r � 
 ; _
 = 
 � ! ; (1.1)

ÓÔÕA = diag(A1; A2; A3) � âÕÝ×ÞàØÝÕàæØØÓØàÞáâÐâÐ,! � ãÓÛÞÒÐïáÚÞàÞáâìâÕÛÐ-ÝÞáØâÕÛï
ÒßÞÔÒØÖÝëåÞáïå, 
 � ÞàâÒÕàâØÚÐÛØ,� � ßÞáâÞïÝÝëÙÓØàÞáâÐâØçÕáÚØÙÜÞÜÕÝâ, r � ÒÕÚâÞà,
ÝÐßàÐÒÛÕÝÝëÙØ×ÝÕßÞÔÒØÖÝÞÙâÞçÚØÚæÕÝâàãÜÐááÓØàÞáâÐâÐ.ÃàÐÒÝÕÝØï(1.1) ÔÞßãáÚÐîââàØ
ßÕàÒëåØÝâÕÓàÐÛÐ

H def= 1
2

hA! ; ! i � hr ; 
 i = h; G def= hA! + � ; 
 i = g; I def= h
 ; 
 i = 1: (1.2)

´ÐÛÕÕÒíâÞÙàÐÑÞâÕÑãÔÕÜØ×ãçÐâìÓØàÞáâÐâëáßÕæØÐÛìÝÞÓÞÒØÔÐ,åÐàÐÚâÕàØ×ãÕÜëÕçÐáâÝëÜ
ãáÛÞÒØÕÜ

� = { r ; { 2 R: (1.3)

ÍâÞ ãáÛÞÒØÕÞ×ÝÐçÐÕâ, çâÞÓØàÞáâÐâØçÕáÚØÙÜÞÜÕÝâ� ÝÐßàÐÒÛÕÝÒÔÞÛìÞáØ,ßàÞåÞÔïéÕÙçÕàÕ×
æÕÝâàâïÖÕáâØÓØàÞáâÐâÐ.·ÐÜÕâØÜ,çâÞãàÐÒÝÕÝØïÔÒØÖÕÝØï(1.1) ßàØãáÛÞÒØØ(1.3) ÔÞßãáÚÐîâ
ÞÑÞÑéÕÝØïÝÕÚÞâÞàëåÚÛÐááØçÕáÚØåàÕèÕÝØÙÔØÝÐÜØÚØâÒÕàÔÞÓÞâÕÛÐá ÝÕßÞÔÒØÖÝÞÙâÞçÚÞÙ[6].
² çÐáâÝÞáâØ,ÐÝÐÛÞÓØÝâÕÓàØàãÕÜÞÓÞáÛãçÐï»ÐÓàÐÝÖÐØ×ÒÕáâÕÝÔÛïãàÐÒÝÕÝØÙ(1.1), (1.3). ¿Õ-
àØÞÔØçÕáÚØÕàÕèÕÝØï².°. ÁâÕÚÛÞÒÐ,½. ºÞÒÐÛÕÒáÚÞÓÞØ´Ö. ³àØÞÛØâÐÚÖÕÑëÛØÞÑÞÑéÕÝëÝÐ
àÐááÜÐâàØÒÐÕÜëÙÚÛÐááÜÕåÐÝØçÕáÚØåáØáâÕÜ.

±Õ×ÞÓàÐÝØçÕÝØïÞÑéÝÞáâØßÞÛÞÖØÜ{ > 0: ÂÐÚÚÐÚãàÐÒÝÕÝØï(1.1) ØÝÒÐàØÐÝâÝëÞâÝÞ-
áØâÕÛìÝÞÛØÝÕÙÝÞÓÞßàÕÞÑàÐ×ÞÒÐÝØï(! ; { ; t) ! (� ! ; � { ; � t); âÞáÛãçÐÙ{ < 0 âàÐÕÚâÞàÝÞ
íÚÒØÒÐÛÕÝâÕÝàÐááÜÐâàØÒÐÕÜÞÜãáÛãçÐî { > 0: ¿ÕàÕÝãÜÕàãÕÜÓÛÐÒÝëÕÞáØØÝÕàæØØâÐÚ,çâÞÑë
ÒëßÞÛÝïÛØáìáÛÕÔãîéØÕÝÕàÐÒÕÝáâÒÐ

A1 > A2 > A3 > 0; r 1 > 0; r 2 > 0; r 3 > 0: (1.4)

ÁÕÜìáÒÞÑÞÔÝëåßÐàÐÜÕâàÞÒ(A i ; r i ; { ); ÚÞâÞàëÕåÐàÐÚâÕàØ×ãîâàÐáßàÕÔÕÛÕÝØÕÜÐááÓØàÞáâÐâÐØ
áâÐæØÞÝÐàÝëÕÒÝãâàÕÝÝØÕÔÒØÖÕÝØïÝÕáÞÜëåâÕÛ,ÒåÞÔïâÒãàÐÒÝÕÝØï(1.1), ÝÞáâÐÝÔÐàâÝëÜÒÒÕ-
ÔÕÝØÕÜÑÕ×àÐ×ÜÕàÝëåßÕàÕÜÕÝÝëåÜÞÖÝÞßÞÝØ×ØâìçØáÛÞÚÞÝáâàãÚâØÒÝëåßÐàÐÜÕâàÞÒÔÞßïâØ.

ÂàÐÕÚâÞàØØÔØÝÐÜØçÕáÚÞÙáØáâÕÜë(1.1) ßàÞéÕØ×ãçÐâìÝÕÒÞÒáÕÜäÐ×ÞÒÞÜßàÞáâàÐÝáâÒÕ
R3(! ) � R3(
 ), Ð ÝÐäØÚáØàÞÒÐÝÝëåØ×ÞØÝâÕÓàÐÛìÝëåßÞÒÕàåÝÞáâïå� ÓÛÐÔÚØåÚÞÜßÐÚâÝëå
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ßÞÔÜÝÞÓÞÞÑàÐ×ØïåäÐ×ÞÒÞÓÞßàÞáâàÐÝáâÒÐ,ÚÞâÞàëÕØÝÒÐàØÐÝâÝëÞâÝÞáØâÕÛìÝÞäÐ×ÞÒÞÓÞßÞ-
âÞÚÐ,ØÜÕîâáãéÕáâÒÕÝÝÞÜÕÝìèãî àÐ×ÜÕàÝÞáâìØßàÞáâãî âÞßÞÛÞÓØçÕáÚãîáâàãÚâãàã. ¾ÑéÐï
ßàÞÓàÐÜÜÐâÞßÞÛÞÓØçÕáÚÞÓÞØ×ãçÕÝØïØÝâÕÓàÐÛìÝëåÜÝÞÓÞÞÑàÐ×ØÙÜÕåÐÝØçÕáÚØåáØáâÕÜá áØÜ-
ÜÕâàØÕÙÑëÛÐÝÐÜÕçÕÝÐÁ. ÁÜÕÙÛÞÜÒàÐÑÞâÕ[16]. ² áÞÞâÒÕâáâÒØØá íâÞÙßàÞÓàÐÜÜÞÙØ×ãçÕ-
ÝØÕâàÐÕÚâÞàÝÞÙáâàãÚâãàëØáåÞÔÝÞÙÜÕåÐÝØçÕáÚÞÙáØáâÕÜëáÒÞÔØâáï,ÒÞ-ßÕàÒëå,ÚÞßØáÐÝØî
ÑØäãàÚÐæØÞÝÝëåÔØÐÓàÐÜÜØâÞßÞÛÞÓØØáÞÒÜÕáâÝëåßÞÒÕàåÝÞáâÕÙãàÞÒÝÕÙßÕàÒëåØÝâÕÓàÐÛÞÒ,
ÒÞ-ÒâÞàëå,ÚØááÛÕÔÞÒÐÝØîßÞÒÕÔÕÝØïßàØÒÕÔÕÝÝÞÙÔØÝÐÜØçÕáÚÞÙáØáâÕÜëÝÐÚÐÖÔÞÙáÒï×ÝÞÙ
ÚÞÜßÞÝÕÝâÕÚÐÖÔÞÓÞÞâÔÕÛìÝÞÓÞØÝâÕÓàÐÛìÝÞÓÞÜÝÞÓÞÞÑàÐ×Øï.¼ÕâÞÔÁÜÕÙÛÐÝÐèÕÛßàØÜÕÝÕÝØÕ
ÒÚÛÐááØçÕáÚØåØáÞÒàÕÜÕÝÝëå×ÐÔÐçÐåÜÕåÐÝØÚØ[23, 9, 17, 25, 24, 22], ÞáÝÞÒÝëÕàÕ×ãÛìâÐâëØ
ÒÞ×ÜÞÖÝëÕÝÐßàÐÒÛÕÝØïØåàÐ×ÒØâØïÞÑáãÖÔÐîâáïÒÜÞÝÞÓàÐäØïå[2, 12, 3]. °ÚâãÐÛìÝëÕ×ÐÔÐçØ
ÔØÝÐÜØÚØâÒÕàÔÞÓÞâÕÛÐ,ÜÝÞÓØÕØ×ÚÞâÞàëåØ×ÛÞÖÕÝëÒ[12, 4], ÞâÚàëÒÐîâÝÞÒëÕßÕàáßÕÚâØ-
ÒëÔÛïßàØÛÞÖÕÝØïâÞßÞÛÞÓØçÕáÚØåÜÕâÞÔÞÒ.¾áÝÞÒÝÞÙæÕÛìîÔÐÝÝÞÙàÐÑÞâëïÒÛïÕâáïØ×ãçÕ-
ÝØÕâÞßÞÛÞÓØØâØßØçÝëåØÝâÕÓàÐÛìÝëåÜÝÞÓÞÞÑàÐ×ØÙ,ÒÞ×ÝØÚÐîéØåÒ×ÐÔÐçÕÞÔÒØÖÕÝØØÒÞÚàãÓ
ÝÕßÞÔÒØÖÝÞÙâÞçÚØâïÖÕÛÞÓÞÓØàÞáâÐâÐ,àÐáßàÕÔÕÛÕÝØÕÜÐááÚÞâÞàÞÓÞßÞÔçØÝÕÝÞãáÛÞÒØî(1.3).

¸âÐÚ, ÒØááÛÕÔÞÒÐÝØØØÚÛÐááØäØÚÐæØØäÐ×ÞÒëåâàÐÕÚâÞàØÙÔØÝÐÜØçÕáÚÞÙáØáâÕÜë(1.1)
×ÝÐçØâÕÛìÝëÙØÝâÕàÕáßàÕÔáâÐÒÛïîââàÕåÜÕàÝëÕÚÞÜßÐÚâÝëÕØÝâÕÓàÐÛìÝëÕÜÝÞÓÞÞÑàÐ×Øï

Q3
h; g = f H = h; G = g; I = 1g � R3(! ) � R3(
 );

ÚÞâÞàëÕ,ÒáÞÞâÒÕâáâÒØØá ÞÑéÕÙâÕÞàØÕÙ[16], áâÐÝÔÐàâÝëÜÞÑàÐ×ÞÜÝÐÔáâàÐØÒÐîâáïÝÐÔÞÑÛÐ-
áâïÜØ ÒÞ×ÜÞÖÝÞáâØ ÔÒØÖÕÝØï

Uh; g = f Ug(
 ) 6 hg � S2:

ÍâØ ÞÑÛÐáâØïÒÛïîâáï ÜÝÞÓÞÞÑàÐ×ØïÜØãàÞÒÝÕÙ×ÐÔÐÝÝÞÙÝÐáäÕàÕ¿ãÐááÞÝÐ

S2 = fj 
 j = 1g � R3(
 )

äãÝÚæØØ¼ÞàáÐ

Ug(
 ) def=
(g � h� ; 
 i )2

2hA
 ; 
 i
� hr ; 
 i ;

ÝÐ×ëÒÐÕÜÞÙíääÕÚâØÒÝëÜßÞâÕÝæØÐÛÞÜ[19, ý 3.3].ÂÞßÞÛÞÓØïÜÝÞÓÞÞÑàÐ×ØÙQ3
h;g ØØåßÕàÕ-

áâàÞÙÚØßàØØ×ÜÕÝÕÝØØ×ÝÐçÕÝØïíÝÕàÓØØh ßÞÛÝÞáâìîÞßàÕÔÕÛïîâáïíääÕÚâØÒÝëÜßÞâÕÝæØÐ-
ÛÞÜUg(
 ).

ÁÛÞÙÝÐÔßàÞØ×ÒÞÛìÝÞÙâÞçÚÞÙ(
 1; 
 2; 
 3) 2 S2 ÓÞÜÕÞÜÞàäÕÝÛØÑÞÞÚàãÖÝÞáâØ(ÕáÛØ

 2 Uh;gn@Uh;g), ÛØÑÞâÞçÚÕ(ÕáÛØ
 2 @Uh;g), ÛØÑÞßãáâ(ÕáÛØ
 62Uh;g). ÁÛÕÔÞÒÐâÕÛìÝÞ,âÞ-
ßÞÛÞÓØïQ3

h;g ÜÞÖÕâÑëâì ÞßØáÐÝÐáÛÕÔãîéØÜÞÑàÐ×ÞÜ.µáÛØßàÞÕÚæØïUh;g áÞÒßÐÔÐÕâáÞÒáÕÙ
áäÕàÞÙ¿ãÐááÞÝÐ,âÞQ3

h;g ßàÕÔáâÐÒÛïÕâáÞÑÞÙS1-àÐááÛÞÕÝØÕÝÐÔáäÕàÞÙ,âÞßÞÛÞÓØçÕáÚØíÚÒØ-
ÒÐÛÕÝâÝÞÕàÐááÛÞÕÝØîÕÔØÝØçÝëåÚÐáÐâÕÛìÝëåÒÕÚâÞàÞÒ.µáÛØUh;g ÝÕáÞÒßÐÔÐÕâáÞÒáÕÙáäÕ-
àÞÙ,âÞÕáâìØÜÕÕâÔëàÚØ,âÞQ3

h;g ÜÞÖÝÞßÞÛãçØâìØ×ßàïÜÞÓÞßàÞØ×ÒÕÔÕÝØïUh;g � S1, ÕáÛØÝÐÔ
ÚÐÖÔÞÙÓàÐÝØçÝÞÙâÞçÚÞÙßàÞÕÚæØØUh;g áÛÞÙS1 áÖÐâìÒâÞçÚãS0. ÂÐÚØÜÞÑàÐ×ÞÜ,áßàÐÒÕÔÛØ-
ÒëáÛÕÔãîéØÕãâÒÕàÖÔÕÝØï[3]:

ÂÕÞàÕÜÐ1.

� µáÛØh ÜÕÝìèÕÜØÝØÜÐÛìÝÞÓÞ×ÝÐçÕÝØïäãÝÚæØØUg(
 ), âÞ Q3
h;g � ßãáâÞ.

� µáÛØh ÑÞÛìèÕÜÐÚáØÜÐÛìÝÞÓÞ×ÝÐçÕÝØïäãÝÚæØØUg(
 ), âÞ Q3
h;g ÓÞÜÕÞÜÞàäÝÞßàÞ-

ÕÚâØÒÝÞÜãßàÞáâ àÐÝáâÒãRP 3.
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� µáÛØh ÝÕïÒÛïÕâáï ÚàØâØçÕáÚØÜ ×ÝÐçÕÝØÕÜäãÝÚæØØUg(
 ), âÞ Q3
h;g ïÒÛïÕâáï

ÓÛÐÔÚØÜ â àÕåÜÕàÝëÜÞàØÕÝâØàãÕÜëÜÜÝÞÓÞÞÑàÐ×ØÕÜ.² íâÞÜ áÛãçÐÕÜÝÞÖÕáâÒÞ
Uh;g ÝÐáäÕàÕ¿ãÐááÞÝÐÕáâì ÞÑêÕÔØÝÕÝØÕD 2

i 1
[ ::: [ D 2

i m
ÝÕßÕàÕáÕÚÐîéØåáïÔÒãÜÕà-

Ýëå ßÞÔÜÝÞÓÞÞÑàÐ×ØÙáÚàÐÕÜ, ÓÔÕD 2
k � 2-ÔØáÚá k ÔëàÚÐÜØ,ÐÜÝÞÓÞÞÑàÐ×ØÕQ3

h;g

ÓÞÜÕÞÜÞàäÝÞÝÕáÒï×ÝÞÜãÞÑêÕÔØÝÕÝØîN 3
i 1

[ ::: [ N 3
i m

â àÕåÜÕàÝëåÜÝÞÓÞÞÑàÐ×ØÙ,

ÓÔÕN 3
0

def= S3 � â àÕåÜÕàÝÐïáäÕàÐ,Ð N 3
k (ßàØ k > 1) � íâÞ áÒï×ÝÐïáãÜÜÐk íÚ×ÕÜ-

ßÛïàÞÒS1 � S2.

¾ÑàÐ×ÞÜÜÝÞÖÕáâÒÐÚàØâØçÕáÚØåâÞçÕÚíääÕÚâØÒÝÞÓÞßÞâÕÝæØÐÛÐïÒÛïÕâáïÑØäãàÚÐæØÞÝ-
ÝÐïÔØÐÓàÐÜÜÐ� ÒßÛÞáÚÞáâØR2(h; g): ºàØâØçÕáÚØÕâÞçÚØÓÛÐÔÚÞÙäãÝÚæØØUg(
 ); ÚÐÚØ×ÒÕáâ-
ÝÞ,ÝÐåÞÔïâáïÒÞÒ×ÐØÜÝÞÞÔÝÞ×ÝÐçÝÞÜáÞÞâÒÕâáâÒØØá àÐÒÝÞÜÕàÝëÜØÒàÐéÕÝØïÜØâïÖÕÛÞÓÞÓØ-
àÞáâÐâÐÒÞÚàãÓÒÕàâØÚÐÛØ.ÁÛÕÔÞÒÐâÕÛìÝÞ,ßàÞÒÕÔÕÝÝëÕÒàÐÑÞâÐå[26, 18, 7, 1, 10]ØááÛÕÔÞÒÐÝØï
àÐÒÝÞÜÕàÝëåÒàÐéÕÝØÙïÒÛïîâáï âÕÞàÕâØçÕáÚØÜäãÝÔÐÜÕÝâÞÜÔÛïÔÐÛìÝÕÙèÕÓÞßàØÜÕÝÕÝØïâÞ-
ßÞÛÞÓØçÕáÚØåÜÕâÞÔÞÒÚàÐááÜÐâàØÒÐÕÜÞÙ×ÐÔÐçÕÜÕåÐÝØÚØ.

² íâÞÙàÐÑÞâÕßàÞÐÝÐÛØ×ØàÞÒÐÝëØÞßØáÐÝëàÐÒÝÞÜÕàÝëÕÒàÐéÕÝØïâïÖÕÛÞÓÞÓØàÞáâÐâÐ,
ßÞÔçØÝÕÝÝÞÓÞãáÛÞÒØïÜ(1.3), (1.4). ºÛÐááØçÕáÚØÕàÕ×ãÛìâÐâë¾. ÈâÐãÔÕ[26], ÚÞâÞàëÕÜÞÖ-
ÝÞØÝâÕàßàÕâØàÞÒÐâìÚÐÚÝÐåÞÖÔÕÝØÕÓÕÞÜÕâàØçÕáÚÞÓÞÜÕáâÐÚàØâØçÕáÚØåâÞçÕÚäãÝÚæØØUg(
 )
ÔÛïÒáÕåÔÞßãáâØÜëå×ÝÐçÕÝØÙg; àÐáßàÞáâàÐÝÕÝëÝÐ×ÐÔÐçãÞÓØàÞáâÐâÕ.Á íâÞÙæÕÛìîÝÐÙÔÕÝë
ÒÞ×ÜÞÖÝëÕßÞÛÞÖÕÝØïÞáÕÙàÐÒÝÞÜÕàÝëåÒàÐéÕÝØÙÓØàÞáâÐâÐÒßÞÔÒØÖÝÞÜÑÐ×ØáÕØßÞÚÐ×Ð-
ÝÞ,çâÞíâØÞáØïÒÛïîâáï ÞÑàÐ×ãîéØÜØÚÞÝãáÐÒâÞàÞÓÞßÞàïÔÚÐ.·ÐâÕÜÞßàÕÔÕÛÕÝëÔÞßãáâØÜëÕ
ÔãÓØáäÕàØçÕáÚÞÙÚàØÒÞÙ,ßÞÛãçÕÝÝÞÙßÕàÕáÕçÕÝØÕÜÚÞÝãáÐá ÕÔØÝØçÝÞÙáäÕàÞÙ.́ÐÛÕÕ,á ßÞÜÞ-
éìî ÝÐÙÔÕÝÝëåÚàØâØçÕáÚØåâÞçÕÚíääÕÚâØÒÝÞÓÞßÞâÕÝæØÐÛÐUg(
 ) ßÞáâàÞÕÝëÑØäãàÚÐæØÞÝ-
ÝëÕÔØÐÓàÐÜÜë:ßÛÞáÚÞáâìR2(h; g) èÕáâìî ÚàØÒëÜØàÐ×ÔÕÛÕÝÐÝÐÝÕáÚÞÛìÚÞ(ÝÕÜÕÝÕÕÔÕáïâØ)
áÒï×ÝëåßÞÔÞÑÛÐáâÕÙ,ÔÛïÚÐÖÔÞÙØ×ÚÞâÞàëåãÚÐ×ÐÝâÞßÞÛÞÓØçÕáÚØÙâØßÜÝÞÓÞÞÑàÐ×ØïQ3

h;g .
² íâÞÙçÐáâØàÐÑÞâë(ßß. 1-3) ØááÛÕÔÞÒÐÝÐâÞÛìÚÞÞÑéÐï ÚÐçÕáâÒÕÝÝÐïáâàãÚâãàÐÑØäãàÚÐæØ-
ÞÝÝÞÓÞÜÝÞÖÕáâÒÐØãÚÐ×ÐÝÐÜÕâÞÔØÚÐÚÛÐááØäØÚÐæØØÜÝÞÓÞÞÑàÐ×ØÙQ3

h;g , ÑÕ×ßàÕâÕÝ×ØÙÝÐÒáî
ßÞÛÝÞâãØááÛÕÔÞÒÐÝØï.

´ÕâÐÛìÝÞÕÞßØáÐÝØÕÒáÕåÒÞ×ÜÞÖÝëåâØßÞÒØÝâÕÓàÐÛìÝëåÜÝÞÓÞÞÑàÐ×ØÙ×ÐÔÐçØÞ ÔÒØÖÕ-
ÝØØÓØàÞáâÐâÐæÕÛÕáÞÞÑàÐ×ÝÞÝÐçÐâìá àÐááÜÞâàÕÝØïàÐ×ÛØçÝëåçÐáâÝëåáÛãçÐÕÒ,âÐÚÚÐÚÔÐÖÕ
ÔÛïÑÞÛÕÕßàÞáâëåãàÐÒÝÕÝØÙÍÙÛÕàÐ� ¿ãÐááÞÝÐÝÕÞáÞÑëÕÜÝÞÓÞÞÑàÐ×ØïQ3

h;g ØØåßÕàÕáâàÞÙ-
ÚØßÞÛÝÞáâìîØ×ãçÕÝëØÚÛÐááØäØæØàÞÒÐÝëÛØèì ßàØÝÕÚÞâÞàëåÞÓàÐÝØçÕÝØïåÝÐßÐàÐÜÕâàë
(ÝÐßàØÜÕà,ÚÞÓÔÐæÕÝâàÜÐááâÒÕàÔÞÓÞâÕÛÐßàØÝÐÔÛÕÖØâÓÛÐÒÝÞÙÞáØ[9] ØÛØÝÐåÞÔØâáïÒÞÔÝÞÙ
Ø×ÓÛÐÒÝëåßÛÞáÚÞáâÕÙØÝÕàæØØ[5]). ¾ÑÞÑéÕÝØîàÕ×ãÛìâÐâÞÒÁ.±. ºÐâÞÚ[9] ßÞáÒïéÕÝÐÒâÞàÐï
çÐáâìíâÞÙàÐÑÞâë(ßß.4-6): ÚÛÐááØäØæØàÞÒÐÝÞâàÕåßÐàÐÜÕâàØçÕáÚÞÕáÕÜÕÙáâÒÞÑØäãàÚÐæØÞÝ-
ÝëåÔØÐÓàÐÜÜØßÞÛÝÞáâìîØ×ãçÕÝÐâÞßÞÛÞÓØïÝÕÞáÞÑëåÜÝÞÓÞÞÑàÐ×ØÙQ3

h;g ÒáÛãçÐÕ,ÚÞÓÔÐæÕÝâà
ÜÐááÝÕáØÜÜÕâàØçÝÞÓÞÓØàÞáâÐâÐÝÐåÞÔØâáïÝÐÓÛÐÒÝÞÙÞáØØÝÕàæØØ.² çÐáâÝÞáâØ,ßÞÚÐ×ÐÝÞ,çâÞ
ÔÐÖÕßàØÜÐÛÞÙÒÕÛØçØÝÕÓØàÞáâÐâØçÕáÚÞÓÞÜÞÜÕÝâÐ(1.3) ØÜÕÕâáïÝÕÜÕÝÕÕ55 ÚÐçÕáâÒÕÝÝÞàÐ×-
ÛØçÝëåâØßÞÒÝÕÒëàÞÖÔÕÝÝëåÑØäãàÚÐæØÞÝÝëåÔØÐÓàÐÜÜ� � R2(h; g):

2. ºÞÝãá ÈâÐãÔÕ

µáÛØãÓÛÞÒÐïáÚÞàÞáâìßÞáâÞïÝÝÐßÞÞâÝÞèÕÝØîÚâÕÛã-ÝÞáØâÕÛî(! = const), âÞÞÝÐßÞáâÞ-
ïÝÝÐØÒßàÞáâàÐÝáâÒÕ:ÓØàÞáâÐâàÐÒÝÞÜÕàÝÞÒàÐéÐÕâáïÒÞÚàãÓÝÕßÞÔÒØÖÝÞÙÞáØ,ÒÔÞÛìÚÞâÞàÞÙ
ÝÐßàÐÒÛÕÝÒÕÚâÞà! . ¸× ßÕàÒÞÓÞãàÐÒÝÕÝØï(1.1) ØãáÛÞÒØï(1.3) áÛÕÔãÕâÞâÜÕçÕÝÝÞÕÒàÐÑÞâÕ[7]
àÐÒÕÝáâÒÞ

hA! � ! ; r i = 0; (2.1)
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ÚÞâÞàÞÕßÞÚÐ×ëÒÐÕâ, çâÞâàØÝÕØ×ÜÕÝÝëåÒâÕÛÕÒÕÚâÞàÐA! ; ! ; r ÛÕÖÐâÒÞÔÝÞÙßÛÞáÚÞáâØ.¿àØ
äØÚáØàÞÒÐÝÝëå×ÝÐçÕÝØïåßÐàÐÜÕâàÞÒA i ; r i ãàÐÒÝÕÝØÕ(2.1) ÞßàÕÔÕÛïÕâÚÞÝãá ÈâÐã ÔÕ[26],
ÝÕØ×ÜÕÝÝÞáÒï×ÐÝÝëÙáâÕÛÞÜ.ÍâÞâ ÚÞÝãáÒâÞàÞÓÞßÞàïÔÚÐ×ÐÔÐÝÒßÞÔÒØÖÝÞÜÑÐ×ØáÕØïÒÛïÕâáï
ÓÕÞÜÕâàØçÕáÚØÜÜÕáâÞÜÞáÕÙàÐÒÝÞÜÕàÝëåÒàÐéÕÝØÙ.² ÞÑéÕÜáÛãçÐÕ,ÚÞÓÔÐãáÛÞÒØÕ(1.3) ÝÕÒë-
ßÞÛÝïÕâáï,ÞáØàÐÒÝÞÜÕàÝëåÒàÐéÕÝØÙßàØÝÐÔÛÕÖÐâáÛÞÖÝÞÙÚÞÝØçÕáÚÞÙßÞÒÕàåÝÞáâØçÕâÒÕà-
âÞÓÞßÞàïÔÚÐ.ÃàÐÒÝÕÝØÕíâÞÙßÞÒÕàåÝÞáâØÑëÛÞßÞÛãçÕÝÞ¿.². ÅÐàÛÐÜÞÒëÜ[18] ØØááÛÕÔÞÒÐÝÞ
°.¼. ºÞÒÐÛÕÒëÜ[10]. ¸×ãçÕÝØî áÒÞÙáâÒÚÞÝãáÐàÐÒÝÞÜÕàÝëåÒàÐéÕÝØÙâïÖÕÛÞÓÞÓØàÞáâÐâÐØ
ÒëÔÕÛÕÝØîÝÐÝÕÜÞÑÛÐáâÕÙãáâÞÙçØÒÞáâØßÞáÒïéÕÝëâÐÚÖÕàÐÑÞâë[1, 11].

Á ßÞÜÞéìî ßÕàÒëåØÝâÕÓàÐÛÞÒ(1.2) ÜÞÖÝÞßÞÚÐ×Ðâì,çâÞÕÔØÝØçÝëÙÒÕÚâÞà
 áÞåàÐÝï-
ÕâáÒÞÕÝÐßàÐÒÛÕÝØÕÝÕâÞÛìÚÞÒßàÞáâàÐÝáâÒÕ,ÝÞØÒßÞÔÒØÖÝÞÜÑÐ×ØáÕ.ÁÛÕÔÞÒÐâÕÛìÝÞ,Þáìî
àÐÒÝÞÜÕàÝÞÓÞÒàÐéÕÝØïâÕÛÐÒßàÞáâàÐÝáâÒÕÜÞÖÕâáÛãÖØâìâÞÛìÚÞÒÕàâØÚÐÛì

! = �j ! j
 : (2.2)

¿ÞÔáâÐÒØÜ(2.2) ÒàÐÒÕÝáâÒÞ(2.1). ÃàÐÒÝÕÝØÕ

(A2 � A3)
 2
 3r1 + (A3 � A1)
 3
 1r2 + (A1 � A2)
 1
 2r3 = 0 (2.3)

ÞßàÕÔÕÛïÕâÝÐÕÔØÝØçÝÞÙáäÕàÕ¿ãÐááÞÝÐÛØÝØîßÕàÕáÕçÕÝØïÚÞÝãáÐÞáÕÙàÐÒÝÞÜÕàÝëåÒàÐéÕ-
ÝØÙá íâÞÙáäÕàÞÙ.¾áïÜØàÐÒÝÞÜÕàÝëåÒàÐéÕÝØÙÜÞÓãâÑëâì ÛØèì âÕØ×ÞÑàÐ×ãîéØåÚÞÝãáÐ
ÈâÐãÔÕ,ÔÛïÚÞâÞàëåÒÕÚâÞàÝÞÕãàÐÒÝÕÝØÕ

(A
 � 
 )j! j2 � (� � 
 )j! j + r � 
 = 0; (2.4)

ßÞÛãçÕÝÝÞÕßÞÔáâÐÝÞÒÚÞÙ(2.2) ÒßÕàÒÞÕãàÐÒÝÕÝØÕ(1.1), ßÞ×ÒÞÛïÕâÞßàÕÔÕÛØâìÔÕÙáâÒØâÕÛìÝãî
ÒÕÛØçØÝãj! j. ²áÕ âÐÚØÕÞÑàÐ×ãîéØÕÚÞÝãáÐ(2.1), ÐâÐÚÖÕáÞÞâÒÕâáâÒãîéØÕØÜâÞçÚØáäÕàØ-
çÕáÚÞÙÚàØÒÞÙ(2.3) ¾. ÈâÐãÔÕÝÐ×ëÒÐÛÔÞßãáâØÜëÜØ[26]. ¸× ãàÐÒÝÕÝØï(2.4) áÛÕÔãÕâ, çâÞ

Ð Ñ

Ò Ó

ÀØá.1. ´ÞßãáâØÜëÕÔãÓØÚàØÒÞÙÈâÐãÔÕÝÐáäÕàÕS2 = fj 
 j = 1g.
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ÔÞßãáâØÜëÕâÞçÚØáäÕàØçÕáÚÞÙÚàØÒÞÙãÔÞÒÛÕâÒÞàïîâÝÕàÐÒÕÝáâÒÐÜ

(r2
 3 � r3
 2)
�
{ 2(r2
 3 � r3
 2) + 4(A3 � A2)
 2
 3

�
> 0;

(r3
 1 � r1
 3)
�
{ 2(r3
 1 � r1
 3) + 4(A1 � A3)
 3
 1

�
> 0;

(r1
 2 � r2
 1)
�
{ 2(r1
 2 � r2
 1) + 4(A2 � A1)
 1
 2

�
> 0:

(2.5)

´Ûï ßÐàÐÜÕâàÞÒ,ãÔÞÒÛÕâÒÞàïîéØåãáÛÞÒØïÜ(1.3), (1.4) ØÝÕàÐÒÕÝáâÒÐÜ

(A1 � A2)(A2 � A3)(A3 � A1) 6= 0; r 1r2r3 6= 0; (2.6)

ÒáÕÒÞ×ÜÞÖÝëÕÒÐàØÐÝâëàÐáßÞÛÞÖÕÝØïÔÞßãáâØÜëåÔãÓÚàØÒÞÙÈâÐãÔÕÝÐÕÔØÝØçÝÞÙáäÕ-
àÕØ×ÞÑàÐÖÕÝëÝÐàØá.1,Ð � Ó; ÒßàÐÒÞÙçÐáâØÚÐÖÔÞÓÞàØáãÝÚÐÔÛïÝÐÓÛïÔÝÞáâØßÞÚÐ×ÐÝë
Òáï áäÕàØçÕáÚÐïÚàØÒÐï(2.3), ÓÛÐÒÝëÕÞáØØÝÕàæØØØßãÝÚâØàÞÜÞâÜÕçÕÝÐÞáì, ÝÕáãéÐïæÕÝâà
ÜÐááÓØàÞáâÐâÐ.³àÐÝØçÝëÕâÞçÚØÔÞßãáâØÜëåÔãÓáÞÞâÒÕâáâÒãîâÚàÐâÝëÜÚÞàÝïÜãàÐÒÝÕÝØÙ(2.4)
Ø,ÒçÐáâÝÞáâØ,âÞçÚØ
 = � r=jr j ÒáÕÓÔÐïÒÛïîâáï ÓàÐÝØçÝëÜØ.ºÐÚ áÛÕÔãÕâØ×íâØåàØáãÝÚÞÒ,
ÞÔÝÐØÛØÔÒÕÔãÓØÜÞÓãâßàØÝÐÔÛÕÖÐâìÚÐÖÔÞÙßÞÛÞáâØÚÞÝãáÐÈâÐãÔÕ,âÞÕáâìçØáÛÞÔÞßãáâØÜëå
ÔãÓ×ÐÒØáØâÞâßÐàÐÜÕâàÞÒÓØàÞáâÐâÐ.ÀØá.1,Ð áÞÞâÒÕâáâÒãÕâÔÞáâÐâÞçÝÞÑÞÛìèØÜ×ÝÐçÕÝØïÜ{ ;
àØá.1,Ó� ÜÐÛëÜ×ÝÐçÕÝØïÜ{ : ² âÕåáÛãçÐïå,ÚÞÓÔÐæÕÝâàâïÖÕáâØâÕÛÐÝÐåÞÔØâáïÒÞÔÝÞÙ
Ø×ÓÛÐÒÝëåßÛÞáÚÞáâÕÙØÝÕàæØØØÛØÝÐÞÔÝÞÙØ×ÓÛÐÒÝëåÞáÕÙØÝÕàæØØ,ØÛØÚÞÓÔÐíÛÛØßáÞØÔ
ØÝÕàæØØïÒÛïÕâáïíÛÛØßáÞØÔÞÜÒàÐéÕÝØï,ÚÞÝãá(2.1) ÛØÑÞÒëàÞÖÔÐÕâáïÒßÐàãßÕàÕáÕÚÐîéØå-
áï ßÛÞáÚÞáâÕÙ,ÛØÑÞßÕàÕáâÐÕâáãéÕáâÒÞÒÐâì.

´ÞßãáâØÜëÕÔãÓØÝÐàØá.1 ßÕàÕáÕÚÐîââàØÓÛÐÒÝëÕÞáØØÝÕàæØØ.ÁÛÕÔÞÒÐâÕÛìÝÞ,ÓØàÞáâÐâ
ÜÞÖÕâàÐÒÝÞÜÕàÝÞÒàÐéÐâìáïÒÞÚàãÓâàÕåÓÛÐÒÝëåÞáÕÙØÝÕàæØØ,ÒÞâÛØçØÕÞââÒÕàÔÞÓÞâÕÛÐ,
ÚÞâÞàÞÕÜÞÖÕâÒàÐéÐâìáïâÞÛìÚÞÒÞÚàãÓÓÛÐÒÝÞÙÞáØ,ßàÞåÞÔïéÕÙçÕàÕ×æÕÝâàÜÐáá.²àÐéÕÝØÕ
ÒÞÚàãÓÚÐÖÔÞÙØ×ÞÑàÐ×ãîéØåÚÞÝãáÐ(2.1) ÒÞ×ÜÞÖÝÞ,ÚÐÚßàÐÒØÛÞ,á ÝÕáÚÞÛìÚØÜØ×ÝÐçÕÝØï-
ÜØãÓÛÞÒÞÙáÚÞàÞáâØ.¿àØÝÕÞÓàÐÝØçÕÝÝÞÜÒÞ×àÐáâÐÝØØj! j ßàÞáâàÐÝáâÒÕÝÝëÕÚàØÒëÕ,áÞÞâÒÕâ-
áâÒãîéØÕÜÝÞÖÕáâÒãàÐÒÝÞÜÕàÝëåÒàÐéÕÝØÙÝÐÚÞÝãáÕ(2.1),ßàØÑÛØÖÐîâáïÚÐáØÜßâÞâØçÕáÚØÜ
ÛØÝØïÜ.² R3(! ) ÐáØÜßâÞâÐÜØïÒÛïîâáï ßàïÜëÕ

l1 = f ! : ! 2 = r2{ (A1 � A2)� 1; ! 3 = r3{ (A1 � A3)� 1g;

l2 = f ! : ! 1 = r1{ (A2 � A1)� 1; ! 3 = r3{ (A2 � A3)� 1g;

l3 = f ! : ! 1 = r1{ (A3 � A1)� 1; ! 2 = r2{ (A3 � A2)� 1g:

(2.7)

´ÐÛìÝÕÙèÕÕØááÛÕÔÞÒÐÝØÕàÐÒÝÞÜÕàÝëåÒàÐéÕÝØÙßàÞÒÕÔÕÜá ßÞÜÞéìî ÝÞÒëåßÕàÕÜÕÝÝëå.

3. ¿ÐàÐÜÕâàØ×ÐæØïàÐÒÝÞÜÕàÝëåÒàÐéÕÝØÙ

²ÞáßÞÛì×ãÕÜáïßÐàÐÜÕâàØ×ÐæØÕÙÒàÐéÕÝØÙ,ãáßÕèÝÞßàØÜÕÝïÕÜÞÙÒ ×ÐÔÐçÐåÔØÝÐÜØÚØ
âÒÕàÔÞÓÞâÕÛÐ(áÜ.,ÝÐßàØÜÕà,àÐÑÞâë[11, 14]).ÁÞÞâÒÕâáâÒãîéØÕàÐÒÝÞÜÕàÝëÜÒàÐéÕÝØïÜÚÞÜ-
ßÞÝÕÝâëÒÕÚâÞàÞÒ
 ; ! ÞßàÕÔÕÛØÜáÛÕÔãîéØÜØäÞàÜãÛÐÜØ


 i =
(� { + 1)r i

(� � A i )� 2
; ! i = �
 i ; i = 1; 2; 3; (3.1)

ßàØíâÞÜ×ÐÒØáØÜÞáâì� (� ) ÒÕÛØçØÝëãÓÛÞÒÞÙáÚÞàÞáâØÒàÐéÕÝØïÞâßÐàÐÜÕâàÐ� ×ÐÔÐÔØÜãàÐÒ-
ÝÕÝØÕÜ

� 4 � (� { + 1)2S0 = 0; ÓÔÕS0
def=

3X

i =1

r 2
i

(A i � � )2
: (3.2)
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¿ÐàÐÜÕâà� , Ø×ÜÕÝïïáìÒØÝâÕàÒÐÛÕ(�1 ; 1 ), Ò×ÐØÜÝÞÞÔÝÞ×ÝÐçÝÞßàÞÑÕÓÐÕâÒáÕÞÑàÐ×ãîéØÕ
ÞáØÚÞÝãáÐÈâÐãÔÕ,×ÐØáÚÛîçÕÝØÕÜÞáØ,ÝÕáãéÕÙæÕÝâàÜÐááÓØàÞáâÐâÐ.ÃàÐÒÝÕÝØÕ(3.2) ÞßàÕ-
ÔÕÛïÕâÝÐßÛÞáÚÞáâØR2(� ; � ) ÓÛÐÔÚãîÚàØÒãî,ÚÞâÞàÐïßàÕÞÑàÐ×ÞÒÐÝØÕÜ(3.1) ÞâÞÑàÐÖÐÕâáïÝÐ
ÔÞßãáâØÜëÕÔãÓØáäÕàØçÕáÚÞÙÚàØÒÞÙ(2.3).

·ÐÜÕÝÐßÕàÕÜÕÝÝëå(3.1) ßÞ×ÒÞÛïÕâ×ÐßØáÐâì(2.5) ÒÒØÔÕáÛÕÔãîéØåÝÕàÐÒÕÝáâÒ

r 2
2r 2

3(A3 � A2)2(� { + 1)2(� { + 2)2

� 6(� � A2)2(� � A3)2
> 0;

r 2
3r 2

1(A1 � A3)2(� { + 1)2(� { + 2)2

� 6(� � A3)2(� � A1)2
> 0;

r 2
1r 2

2(A2 � A1)2(� { + 1)2(� { + 2)2

� 6(� � A1)2(� � A2)2
> 0:

(3.3)

Á ØåßÞÜÞéìî ÜÞÖÝÞßÞÚÐ×Ðâì,çâÞ×ÝÐçÕÝØï� = � 2{ � 1 Ø � = �1 ÒáÕÓÔÐáÞÞâÒÕâáâÒãîâ
ÓàÐÝØçÝëÜâÞçÚÐÜÔÞßãáâØÜëåÔãÓÚàØÒÞÙÈâÐãÔÕ.

´ØáÚàØÜØÝÐÝâãàÐÒÝÕÝØï(3.2) ÞâÝÞáØâÕÛìÝÞßÕàÕÜÕÝÝÞÙ� ØÜÕÕâÒØÔ

d def= 16S3
0({ 4S0 � 16):

´Ûï äØÚáØàÞÒÐÝÝëå×ÝÐçÕÝØÙ� ; ãÔÞÒÛÕâÒÞàïîéØåÝÕàÐÒÕÝáâÒãS0 < 16{ � 4; ãàÐÒÝÕÝØÕ(3.2)
ØÜÕÕâÔÒÐÔÕÙáâÒØâÕÛìÝëåÚÞàÝï:

�1 < 2
{ (1 �

p
2) < � 2 < 0 < � 1 < 2

{ (1 +
p

2) < 1 : (3.4)

¿àØ � ! �1 ÞÑÐÚÞàÝï� 1;2 áâàÕÜïâáïÚÝãÛî.
µáÛØ×ÝÐçÕÝØÕ� 6= A i áÞÞâÒÕâáâÒãÕâÝÕàÐÒÕÝáâÒãS0 > 16{ � 4; âÞãàÐÒÝÕÝØÕ(3.2) ØÜÕÕâ

çÕâëàÕÔÕÙáâÒØâÕÛìÝëåÚÞàÝï:

�1 < � 4 < � 2
{ < � 3 < � 1

{ < � 2 < 2
{ (1 �

p
2) < 0 < 2

{ (1 +
p

2) < � 1 < 1 : (3.5)

´Ûï � = A i ÔÕÙáâÒØâÕÛìÝëÕÚÞàÝØØÜÕîâÒØÔ� 1;4 = �1 ; � 2;3 = � { � 1. ÁÛÕÔáâÒØÕÜíâÞÓÞ
ïÒÛïÕâáïåÐàÐÚâÕàÝÞÕáÒÞÙáâÒÞàÐááÜÐâàØÒÐÕÜÞÙ×ÐÔÐçØ,ÚÞâÞàÞÕÒßÕàÒëÕÑëÛÞÞâÜÕçÕÝÞÒàÐ-
ÑÞâÕ[7]: ÕáÛØÓØàÞáâÐâàÐÒÝÞÜÕàÝÞÒàÐéÐÕâáïÒÞÚàãÓÓÛÐÒÝÞÙÞáØØÝÕàæØØ,âÞj! j = { � 1: ¿ÛÞá-
ÚÐïÚàØÒÐï,×ÐÔÐÝÝÐïãàÐÒÝÕÝØÕÜ(3.2), ØÜÕÕâáÐÜÞßÕàÕáÕçÕÝØïÒâÞçÚÐå(� ; � ) = (A i ; � { � 1);
ãÓÛÞÒëÕÚÞíääØæØÕÝâëÚÐáÐâÕÛìÝëåÒíâØåâÞçÚÐåàÐÒÝëd�=d� = � { � 3r � 1

i :
¿àØÝãÛÕÒÞÜ×ÝÐçÕÝØØÔØáÚàØÜØÝÐÝâÐd ãàÐÒÝÕÝØe(3.2) ÔÞßãáÚÐÕâÚàÐâÝëÙÚÞàÕÝì:

� 4 = � 3 = � 2
{ < � 2 = 2

{ (1 �
p

2) < 0 < � 1 = 2
{ (1 +

p
2): (3.6)

·ÐäØÚáØàãÕÜ×ÝÐçÕÝØÕ� 6= � { � 1: ÂÞÓÔÐ(3.2), àÐááÜÐâàØÒÐÕÜÞÕÚÐÚãàÐÒÝÕÝØÕÞâÝÞáØâÕÛìÝÞ� ;
ØÜÕÕâÝÕÜÕÝÕÕÔÒãå,ÝÞÝÕÑÞÛÕÕèÕáâØÔÕÙáâÒØâÕÛìÝëåÚÞàÝÕÙ:ßÞÞÔÝÞÜãÚÞàÝî ÒØÝâÕàÒÐÛÐå
(�1 ; A3); (A1; 1 ) ; ÒØÝâÕàÒÐÛÐå(A3; A2); (A2; A1) ÞÝÞØÜÕÕâÛØÑÞÔÒÐ,ÛØÑÞÝØÞÔÝÞÓÞÚÞàÝï.

½ÐÙÔÕÜßÐàÐÜÕâà� Ø×ãàÐÒÝÕÝØï(3.2) ØßÞÔáâÐÒØÜÕÓÞÒáÞÞâÝÞèÕÝØï(3.1). ÂÞÓÔÐßÐàÐ-
ÜÕâàØçÕáÚØÕ×ÐÒØáØÜÞáâØÚÞÜßÞÝÕÝâÒÕÚâÞàÞÒ
 ; ! ; áÞÞâÒÕâáâÒãîéØåàÐÒÝÞÜÕàÝëÜÒàÐéÕÝØïÜ
âÕÛÐ-ÝÞáØâÕÛï,ØÜÕîâáÛÕÔãîéØÙÒØÔ


 i =

(
r i (� � A i )� 1S� 1=2

0 ; ÕáÛØS0 < 16{ � 4;

� r i (� � A i )� 1S� 1=2
0 ; ÕáÛØS0 > 16{ � 4;

(3.7)

½µ»¸½µ¹½°Ï ´¸½°¼¸º°, 2005, Â. 1, ð1, á. 33� 52



40 ¸. ½.³ ÐèÕÝÕÝÚÞ

! i =

8
><

>:

r i (� � A i )� 1({ =2 �
q

{ 2=4 + S� 1=2
0 ); ÕáÛØS0 < 16{ � 4;

r i (� � A i )� 1({ =2 �
q

{ 2=4 � S� 1=2
0 ); ÕáÛØS0 > 16{ � 4:

(3.8)

·ÐÔÐÔØÜßÐàÐÜÕâàëÓØàÞáâÐâÐA i ; r i ; { : µáÛØÒëßÞÛÝÕÝëãáÛÞÒØï(2.6) (â.Õ.íÛÛØßáÞØÔ
ØÝÕàæØØÓØàÞáâÐâÐÔÛïÕÓÞÝÕßÞÔÒØÖÝÞÙâÞçÚØïÒÛïÕâáïâàÕåÞáÝëÜØæÕÝâàÜÐáá×ÐÝØÜÐÕâ� ÞÑ-
éÕÕßÞÛÞÖÕÝØÕ� ), âÞÒáÕÒÞ×ÜÞÖÝëÕàÐáßÞÛÞÖÕÝØïÚàØÒëåÝÐßÛÞáÚÞáâØR2(� ; � ) ßÞÚÐ×ÐÝëÝÐ
àØá.2. ³ÞàØ×ÞÝâÐÛìÝëÕßàïÜëÕÝÐíâÞÜàØáãÝÚÕáÞÞâÒÕâáâÒãîâ×ÝÐçÕÝØïÜ

� 2
{ ; � 1

{ ; 2
{ (1 �

p
2); 0; 2

{ (1 +
p

2);

ÚÞâÞàëÕàÐ×ÔÕÛïîâ� i Ò(3.4),(3.5). ºàØÒëÕÝÐàØá.1, 2 ßÞÛãçÕÝëÔÛïÞÔÝØåØâÕåÖÕ×ÝÐçÕÝØÙ
ßÐàÐÜÕâàÞÒÓØàÞáâÐâÐ.

s

m m

s s

m m

s

Ð Ñ Ò Ó

ÀØá.2. ºàØÒëÕÝÐßÛÞáÚÞáâØR2(� ; � ). ÁÛãçÐÙ� = { r :

ÀÐ×ÔÕÛïîéØÕ×ÝÐçÕÝØïßÐàÐÜÕâàÞÒA i ; r i ; { , ßàØÚÞâÞàëåßàÞØáåÞÔØâØ×ÜÕÝÕÝØÕâØßÐÚàØ-
ÒÞÙ� (� ); ÝÐÙÔÕÜØ×ãáÛÞÒØÙáÞÒÜÕáâÝÞáâØàÕèÕÝØÙÔÒãåãàÐÒÝÕÝØÙ

S0 � 16{ � 4 = 0; S
0

0
def=

3X

i =1

2r 2
i

(� � A i )3
= 0: (3.9)

¿àØ ÜÐÛëå×ÝÐçÕÝØïå{ ßàØÑÛØÖÕÝÝëÕ×ÝÐçÕÝØïßÐàÐÜÕâàÞÒ,áÞÞâÒÕâáâÒãîéØÕàÕèÕÝØïÜáØ-
áâÕÜë(3.9), ãÔÞÒÛÕâÒÞàïîâãàÐÒÝÕÝØî

{ 4

"
r 2

1 + r 2
2

(A1 � A2)2
+

r 2
2 + r 2

3

(A2 � A3)2
+

r 2
3 + r 2

1

(A3 � A1)2

#

= 16
3

: (3.10)

´ØääÕàÕÝæØàÞÒÐÝØÕÜãàÐÒÝÕÝØï(3.2) ÝÐÙÔÕÜÒëàÐÖÕÝØÕ

d�
d�

=
(� { + 1)�S

0

0

2(� { + 2)S0
;

ÚÞâÞàÞÕßÞ×ÒÞÛïÕâØááÛÕÔÞÒÐâìÝÐßàÐÒÛÕÝØïÚÐáÐâÕÛìÝëåÒâÞçÚÐåÚàØÒÞÙ� (� ):
µáÛØãáÛÞÒØÕ(1.3) ÝÕÒëßÞÛÝïÕâáï,âÞÚàØÒÐï� (� ) ÜÞÖÕâØÜÕâìÓÞàÐ×ÔÞÑÞÛÕÕáÛÞÖÝëÙ

ÒØÔ.̧ááÛÕÔÞÒÐÝØîÞÑéÕÓÞáÛãçÐïßÞáÒïéÕÝÐàÐÑÞâÐ[11], ÒÚÞâÞàÞÙÐÒâÞàÐÜãÔÐÛÞáìØ×ãçØâì
ÞáÝÞÒÝëÕáÒÞÙáâÒÐíâÞÙÚàØÒÞÙ.¿ÞÛÝÐïÚÛÐááØäØÚÐæØïÒÞ×ÜÞÖÝëåÒØÔÞÒÚàØÒÞÙ� (� ) ßÞÚÐ,Ú
áÞÖÐÛÕÝØî,ÞâáãâáâÒãÕâ.
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A A A2 13 s

m

s

m

A A A2 13 s

m m

s

Ð Ñ Ò Ó

ÀØá.3. ºàØÒëÕÝÐßÛÞáÚÞáâØR2(� ; � ). ¾ÑéØÙáÛãçÐÙ.

¿àØÜÕàëàÐáßÞÛÞÖÕÝØïÒÕâÒÕÙíâÞÙ ßÛÞáÚÞÙÚàØÒÞÙßÞÚÐ×ÐÝëÝÐàØá.3. ¿àÞáâÕÙèØÙ
ÒØÔ� (� ) Ø×ÞÑàÐÖÕÝÝÐàØá.3, Ð. µáÛØßÐàÐÜÕâàëâÒÕàÔÞÓÞâÕÛÐãÔÞÒÛÕâÒÞàïîâÝÕàÐÒÕÝ-
áâÒÐÜ(2.6) Ø ÓØàÞáâÐâØçÕáÚØÙÜÞÜÕÝâÞâáãâáâÒãÕâ(� = 0); âÞÒÞ×ÜÞÖÕÝâÞÛìÚÞíâÞâ ÒÐàØ-
ÐÝâ. ¿àØ ÝÕÚÞâÞàëåÞÓàÐÝØçÕÝØïåÝÐßÐàÐÜÕâàëâÐÚÞÙÒØÔÚàØÒÞÙ� (� ) ÒÞ×ÜÞÖÕÝØÔÛïÓØ-
àÞáâÐâÐ(� 6= 0); ßÞÔàÞÑÝÕÕáÜ. Ò[11]. ÀØá.3, Ñ áÞÞâÒÕâáâÒãÕâáÛÕÔãîéØÜ×ÝÐçÕÝØïÜ:A =
= (1:3; 1; 0:85), r = (

p
0:2;

p
0:3;

p
0:5), � = (� 0:13; 0:35; 0:5): ÀØá.3, ÒßÞÛãçÕÝÔÛï×ÝÐçÕÝØÙ

A = (2; 1:8; 1:7); r = (
p

0:3;
p

0:5;
p

0:2), � = (0:27; 0:58; 0:4): ÀØá.3, ÓáÞÞâÒÕâáâÒãÕââÕÜÖÕ
×ÝÐçÕÝØïÜßÐàÐÜÕâàÞÒA i ; r i Ø � = (0:14; � 0:34; � 0:27): ¿ÞÚÐ×ÐÝÝÐïÝÐßÞáÛÕÔÝÕÜàØáãÝÚÕ×Ð-
ÜÚÝãâÐïÒëßãÚÛÐïÛØÝØï(ÞÒÐÛ)áãéÕáâÒÕÝÝÞãáÛÞÖÝïÕâØ×ãçÕÝØÕÞÑéÕÓÞáÛãçÐï.² R3(! ) íâÞÙ
ÚàØÒÞÙáÞÞâÒÕâáâÒãÕâØ×ÞÛØàÞÒÐÝÝÐï(ÝÕßÕàÕáÕÚÐîéÐïÞáØØÝÕàæØØ)çÐáâìáÛÞÖÝÞÙÚÞÝØçÕáÚÞÙ
ßÞÒÕàåÝÞáâØçÕâÒÕàâÞÓÞßÞàïÔÚÐ.½ÐßÛÞáÚÞáâØR2(h; g) íâÞÜãÖÕÞÒÐÛãáÞÞâÒÕâáâÒãÕâ×ÐÜÝãâÐï
ÚÞÜßÞÝÕÝâÐÜÝÞÖÕáâÒÐ� , ÚÞâÞàãîßÞçâØÝÕÒÞ×ÜÞÖÝÞÞÑÝÐàãÖØâìíÚáßÕàØÜÕÝâÐÛìÝëÜßãâÕÜ,
âÐÚÚÐÚÞÝÐáãéÕáâÒãÕâßàØÖÕáâÚØåßÐàÐÜÕâàØçÕáÚØåÞÓàÐÝØçÕÝØïåØÝÕãåÞÔØâÝÐÑÕáÚÞÝÕç-
ÝÞáâì,ÚÐÚÔàãÓØÕÒÕâÒØÑØäãàÚÐæØÞÝÝÞÙÔØÐÓàÐÜÜë.

ÂÐÚØÜÞÑàÐ×ÞÜ,ßàØãáÛÞÒØØ(1.3) ×ÐÒØáØÜÞáâì� (� ); ×ÐÔÐÝÝÐïãàÐÒÝÕÝØÕÜ(3.2), ïÒÛïÕâáï
ÔÞáâÐâÞçÝÞßàÞáâÞÙßÞáàÐÒÝÕÝØîá ÞÑéØÜáÛãçÐÕÜ.¿àØÒÕÔÕÝÝëÕàÕ×ãÛìâÐâëßÞ×ÒÞÛïîâßÞÛã-
çØâìÒáî ÝÕÞÑåÞÔØÜãîØÝäÞàÜÐæØîÞáâàãÚâãàÕÔÞßãáâØÜëåÔãÓáäÕàØçÕáÚÞÙÚàØÒÞÙ(2.3) ØÞÑ
ÞÑàÐ×ãîéØåÚÞÝãáÐÈâÐãÔÕ.¿ÐàÐÜÕâàë� ; � ÜÞÖÝÞíääÕÚâØÒÝÞØáßÞÛì×ÞÒÐâìÔÛïÑÞÛÕÕÔÕ-
âÐÛìÝÞÓÞØ×ãçÕÝØïÜÝÞÖÕáâÒÐÚàØâØçÕáÚØåâÞçÕÚäãÝÚæØØUg(
 ) ØßÞáâàÞÕÝØïÑØäãàÚÐæØÞÝÝëå
ÔØÐÓàÐÜÜ� � R2(h; g):

4. ±ØäãàÚÐæØÞÝÝëÕÔØÐÓàÐÜÜë

¿ÞÔáâÐÒØÜÚÞÜßÞÝÕÝâëßÞáâÞïÝÝëåÒÕÚâÞàÞÒ
 ; ! , ×ÐÔÐÝÝëÕäÞàÜãÛÐÜØ(3.1), ÒØÝâÕÓàÐ-
Ûë H; G. ¿ÞáÛÕíÛÕÜÕÝâÐàÝëåßàÕÞÑàÐ×ÞÒÐÝØÙÝÐÙÔÕÜßÐàÐÜÕâàØçÕáÚØÕãàÐÒÝÕÝØïÑØäãàÚÐæØ-
ÞÝÝëåÚàØÒëåÝÐßÛÞáÚÞáâØR2(h; g):

h = 1
2

� � 2 +
(� { + 1)(� { + 3)

2� 2
U0;

g = � � +
(� { + 1)

� 3
U0; ÓÔÕU0

def=
3X

i =1

r 2
i

(A i � � )
:

(4.1)

² íâØåáÞÞâÝÞèÕÝØïå� 2 (�1 ; A3) [ (A3; A2) [ (A2; A1) [ (A1; 1 ); Ð ×ÐÒØáØÜÞáâì� (� )
ßÞ-ßàÕÖÝÕÜãÞßàÕÔÕÛÕÝÐãàÐÒÝÕÝØÕÜ(3.2). ½ÕßÞáàÕÔáâÒÕÝÝëÜÔØääÕàÕÝæØàÞÒÐÝØÕÜ ãàÐÒÝÕ-
ÝØÙ(4.1) ÝÐÙÔÕÜàÐÒÕÝáâÒÞ

2� 2
�

dg
d�

� � dh
d�

�
= � 4 � (� { + 1)2S0;
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Ø×ÚÞâÞàÞÓÞ,ãçØâëÒÐï(3.2), ßÞÛãçØÜáÞÞâÝÞèÕÝØÕ

dh
dg

= �: (4.2)

ÂÐÚØÜÞÑàÐ×ÞÜ,×ÝÐçÕÝØÕ� ÞßàÕÔÕÛïÕâÝÐßàÐÒÛÕÝØÕÝÐÚÛÞÝÐÚÐáÐâÕÛìÝÞÙÒáÞÞâÒÕâáâÒãîéÕÙ
âÞçÚÕÑØäãàÚÐæØÞÝÝÞÙÚàØÒÞÙ.² çÐáâÝÞáâØ,Ø×(4.2), (3.2)áÛÕÔãÕâ, çâÞÝÐÛîÑÞÙÑØäãàÚÐæØÞÝÝÞÙ
ÔØÐÓàÐÜÜÕáãéÕáâÒãîâÝÕÜÕÝÕÕÔÒãå,ÝÞÝÕÑÞÛÕÕèÕáâØàÐ×ÛØçÝëåâÞçÕÚá àÐÒÝëÜØãÓÛÞÒëÜØ
ÚÞíääØæØÕÝâÐÜØÚÐáÐâÕÛìÝëåÒíâØåâÞçÚÐå.

½ãÛÕÒÞÕ×ÝÐçÕÝØÕãÓÛÞÒÞÙáÚÞàÞáâØáÞÞâÒÕâáâÒãÕââÞçÚÐÜ

P0 = (jr j; � { jr j); P1 = (�j r j; { jr j)

ÑØäãàÚÐæØÞÝÝëåÚàØÒëå(4.1). ¿àÞÒÕÔÕÜßàïÜãî

l0 = f h; g : h{ + g = 0g � R2(h; g)

çÕàÕ×âÞçÚØP0; P1: ÃáÛÞÒØÕßÕàÕáÕçÕÝØïßàïÜÞÙl0 áÚàØÒëÜØ(4.1) ßàØÒÞÔØâÚßàÞáâÞÜãàÐÒÕÝ-
áâÒã(� { + 2)� = 0: ÂÐÚØÜÞÑàÐ×ÞÜ,ßàïÜÐï l0 ßÕàÕáÕÚÐÕâÑØäãàÚÐæØÞÝÝãîÔØÐÓàÐÜÜãâÞÛìÚÞÒ
âÕåâÞçÚÐå,ÓÔÕ� = 0 ØÛØ� = � 2{ � 1: ÁÞÞâÒÕâáâÒãîéÕÕãáÛÞÒØïÜ(3.9) ÒÕâÒÛÕÝØÕÚàØÒëå(4.1)
âÐÚÖÕßàÞØáåÞÔØâÝÐßàïÜÞÙl0:

µáÛØ×ÝÐçÕÝØïr i 6= 0, âÞÛîÑÐï âÞçÚÐ(� ; � ) = (A i ; � { � 1) áÐÜÞßÕàÕáÕçÕÝØïÚàØÒÞÙ(3.2)
ßÞÔáâÐÝÞÒÚÞÙÒãàÐÒÝÕÝØï(4.1) ßàÕÞÑàÐ×ãÕâáïÒÔÒÕàÐ×ÛØçÝëÕâÞçÚØÑØäãàÚÐæØÞÝÝÞÙÔØÐÓàÐÜ-

Üë. ºÞÞàÔØÝÐâëíâØåâÞçÕÚâÐÚÞÒë:(h; g) = ( 1
2

A i { � 2 � r i ; � A i { � 1 � { r i ): ÂØßØçÝëÕÑØäãàÚÐ-

g

hiii

iv

iii

ii ii

iii

iii

i

g

h

iv

iii

ii
ii

iii

iii

i

iiii

g

h

iv

i
ii

ii

iii

iiiiii

ii

g

hi ii

iv

i

ii
iii

iii
i

i

Ð Ñ Ò Ó

ÀØá.4. ±ØäãàÚÐæØÞÝÝëÕÔØÐÓàÐÜÜëÝÐßÛÞáÚÞáâØR2(h; g).

æØÞÝÝëÕÔØÐÓàÐÜÜëÝÐßÛÞáÚÞáâØR2(h; g) ßÞÚÐ×ÐÝëáåÕÜÐâØçÝÞÝÐàØá.4: Ð) { = 1:5; Ñ) { =
= 1:1; Ó){ = 0:5; íâØ ÔØÐÓàÐÜÜëßÞáâàÞÕÝëÔÛï×ÝÐçÕÝØÙßÐàÐÜÕâàÞÒA = (2; 1:5; 1); r =
= (

p
0:5;

p
0:3;

p
0:2); Ò){ = 0:5; ÔØÐÓàÐÜÜÐßÞáâàÞÕÝÐÔÛï×ÝÐçÕÝØÙA = (2; 1:8; 1:7); r =

= (
p

0:3;
p

0:5;
p

0:2): ´ØÐÓàÐÜÜëÝÐàØá.4 áÞÞâÒÕâáâÒãîâÚàØÒëÜÝÐàØá.2 ØÔÞßãáâØÜëÜÔãÓÐÜ
áäÕàØçÕáÚØåÚàØÒëå,Ø×ÞÑàÐÖÕÝÝëÜÝÐàØá.1.

ÀÐÒÝÞÜÕàÝëÕÒàÐéÕÝØïÓØàÞáâÐâÐßÞØÝÕàæØØ,ØåãáâÞÙçØÒÞáâìØÑØäãàÚÐæØØØ×ãçÕÝëÔÞ-
áâÐâÞçÝÞßÞÔàÞÑÝÞ(áÜ.àÐÑÞâã[15], ÓÔÕâÐÚÖÕØÜÕîâáïááëÛÚØÝÐØááÛÕÔÞÒÐÝØïÔàãÓØåÐÒâÞàÞÒ).
²ßàÞçÕÜ,íâÐâÕÜÐâØÚÐÝÕâÕàïÕâáÒÞÕÙÐÚâãÐÛìÝÞáâØ[21]. ¿àØ j� j=jr j ! 1 ÚàØÒëÕÝÐàØá.4, Ð
ßàØÑÛØÖÐîâáïÚÑØäãàÚÐæØÞÝÝÞÙÔØÐÓàÐÜÜÕÓØàÞáâÐâÐ,ÔÒØÖãéÕÓÞáïßÞØÝÕàæØØ(áÜ.àØá.5 Ò
àÐÑÞâÕ[25]). ² íâÞÜßàÕÔÕÛìÝÞÜáÛãçÐÕÔØÐÓàÐÜÜÐáØÜÜÕâàØçÝÐÞâÝÞáØâÕÛìÝÞßàïÜÞÙg = 0;
âÞçÚØP0; P1 ØÜÕîâÚÞÞàÔØÝÐâë(0; �j � j) 2 R2(h; g); ÔÒÕáØÜÜÕâàØçÝëÕÒÕâÒØßÕàÕáÕÚÐîâáïÒ
âÞçÚÕ(hA � 1� ; � i =2; 0) 2 R2(h; g): Á ÔàãÓÞÙáâÞàÞÝë,ÔØÐÓàÐÜÜÐÝÐàØá.4, ÓáãéÕáâÒãÕâÛØèì
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ßàØÜÐÛëå×ÝÐçÕÝØïåßÐàÐÜÕâàÐ{ ; ßàØ{ ! 0 ÞâÜÕçÕÝÝëÕâÞçÚØßÕàÕáÕçÕÝØïÒÕâÒÕÙãåÞÔïâÝÐ
ÑÕáÚÞÝÕçÝÞáâì.¿àÕÔÕÛìÝÐïÔØÐÓàÐÜÜÐáÞÞâÒÕâáâÒãÕââÒÕàÔÞÜãâÕÛãÑÕ×ÒÝãâàÕÝÝØåÔÒØÖÕÝØÙ
ÝÕáÞÜëåâÕÛ(� = 0):

±ØäãàÚÐæØÞÝÝëÕÚàØÒëÕ(4.1) ÔÕÛïâßÛÞáÚÞáâìR2(h; g) ÝÐßÞÔÞÑÛÐáâØá àÐ×ÛØçÝëÜØâØ-
ßÐÜØÝÕÞáÞÑëåÜÝÞÓÞÞÑàÐ×ØÙQ3

h;g (áÜ.àØá.4). °ÝÐÛØ×ÞáÞÑëåâÞçÕÚíääÕÚâØÒÝÞÓÞßÞâÕÝæØÐÛÐ
Ug(
 ) ÝÐáäÕàÕ¿ãÐááÞÝÐßÞ×ÒÞÛïÕâÞßØáÐâìâÞßÞÛÞÓØîQ3

h;g ßÞáâÐÝÔÐàâÝÞÙáåÕÜÕ.¾áÝÞÒÝëÕ
âØßëQ3

h;g ; ÚÐÚØÔÛï� = 0; ÓÞÜÕÞÜÞàäÝëáÛÕÔãîéØÜâàÕåÜÕàÝëÜÚÞÜßÐÚâÝëÜÞàØÕÝâØàãÕÜëÜ
ÜÝÞÓÞÞÑàÐ×ØïÜ:i ) S3; ii ) S3 [ S3; iii ) S1 � S2; iv ) RP3.

¾áÞÑëÕâÞçÚØßÛÞáÚØåÚàØÒëå(4.1) ÝÐÙÔÕÜØ×ãáÛÞÒØÙdh=d� = dg=d� = 0. ´ÞßÞÛÝØâÕÛì-
ÝÞÕãàÐÒÝÕÝØÕ

2(� { + 2)2S2
0 +

�
(� { + 1)2� S0 � (2� { + 3)U0

�
S

0

0 = 0;

àÐááÜÐâàØÒÐÕÜÞÕáÞÒÜÕáâÝÞá(3.2), (4.1),ßÞ×ÒÞÛïÕâØ×ãçØâìÞáÞÑëÕâÞçÚØÑØäãàÚÐæØÞÝÝëåÚàØ-
ÒëåØÝÐÙâØ×ÝÐçÕÝØïßÐàÐÜÕâàÞÒÓØàÞáâÐâÐ,ßàØÚÞâÞàëåÜÕÝïÕâáïáâàãÚâãàÐÑØäãàÚÐæØÞÝÝëå
ÔØÐÓàÐÜÜ.

5. ÆÕÝâàÜÐááßàØÝÐÔÛÕÖØâÓÛÐÒÝÞÙÞáØØÝÕàæØØ

¿ãáâì ÒÕÚâÞàr ÚÞÛÛØÝÕÐàÕÝÒÕÚâÞàãÓØàÞáâÐâØçÕáÚÞÓÞÜÞÜÕÝâÐ� Ø,ÚàÞÜÕâÞÓÞ,ÝÐßàÐÒÛÕÝ
ÒÔÞÛìÞÔÝÞÙØ×ÓÛÐÒÝëåÞáÕÙØÝÕàæØØ.²ÜÕáâÞÝÕàÐÒÕÝáâÒ(1.4) ÒíâÞÜáÛãçÐÕßÞÛÞÖØÜ

A1 > 0; A2 > A3 > 0; r 1 > 0; r 2 = r3 = 0: (5.1)

¿àØãáÛÞÒØïå(1.3),(5.1)àÐÒÝÞÜÕàÝëÜÒàÐéÕÝØïÜÝÕáØÜÜÕâàØçÝÞÓÞÓØàÞáâÐâÐÒÞÚàãÓÒÕàâØÚÐÛØ
áÞÞâÒÕâáâÒãîâçÕâëàÕáÕÜÕÙáâÒÐáâÐæØÞÝÐàÝëåàÕèÕÝØÙãàÐÒÝÕÝØÙ(1.1),×ÐÒØáïéØÕÞâßÐàÐÜÕâ-
àÐ� 2 R:

1) 
 1 = 1; ! 1 = � ; 
 2 = 
 3 = ! 2 = ! 3 = 0;

2) 
 1 = � 1; ! 1 = � ; 
 2 = 
 3 = ! 2 = ! 3 = 0;

3) 
 1 =
(� { + 1)r 1

(A2 � A1)� 2
; 
 2

2 = 1 �
(� { + 1)2r 2

1

(A2 � A1)2� 4
; 
 3 = 0; ! i = � 
 i ;

4) 
 1 =
(� { + 1)r 1

(A3 � A1)� 2
; 
 2

3 = 1 �
(� { + 1)2r 2

1

(A3 � A1)2� 4
; 
 2 = 0; ! i = � 
 i :

¿ÞÔáâÐÒØÜáâÐæØÞÝÐàÝëÕàÕèÕÝØï1)� 4) ÒØÝâÕÓàÐÛë(1.2).±ØäãàÚÐæØÞÝÝÞÕÜÝÞÖÕáâÒÞáÞáâÞØâ
Ø×ÔãÓçÕâëàÕåßÛÞáÚØåÚàØÒëå,ÞßØáëÒÐÕÜëåáÛÕÔãîéØÜØãàÐÒÝÕÝØïÜØ:

h =
(g � { r 1)2

2A1
� r1; (5.2)

h = 1
2

A2� 2 +
(� { + 1)(� { + 3)

2� 2
� 2; g = A2� +

(� { + 1)

� 3
� 2; � 2 � 2; (5.3)

h = 1
2

A3� 2 +
(� { + 1)(� { + 3)

2� 2
� 3; g = A3� +

(� { + 1)

� 3
� 3; � 2 � 3; (5.4)

ÓÔÕ
� i = r 2

1(A1 � A i )� 1; � i = f � : � 4 � (� { + 1)2r � 2
1 � 2

i > 0g � R; i = 2; 3:
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ÃàÐÒÝÕÝØï(5.2) ÞßØáëÒÐîâÝÐßÛÞáÚÞáâØR2(h; g) ÔÒÕßÐàÐÑÞÛë,ßÕàÕáÕÚÐîéØÕáïÒâÞçÚÕ

P2 =

 
A1

2{ 2
+

{ 2r 2
1

2A1
; �

A1
{

!

: (5.5)

ÍâØ ÔÒÕßÐàÐÑÞÛëæÕÛØÚÞÜßàØÝÐÔÛÕÖÐâÑØäãàÚÐæØÞÝÝÞÜãÜÝÞÖÕáâÒã� .
¸ááÛÕÔãÕÜÚàØÒãî,×ÐÔÐÝÝãîãàÐÒÝÕÝØÕÜ(5.3). ÇØáÛÞáÒï×ÝëåÚÞÜßÞÝÕÝâÜÝÞÖÕáâÒÐ

� 2 � R Ø×ÜÕÝïÕâáïÝÐÔØáÚàØÜØÝÐÝâÝÞÙÚàØÒÞÙ

{ 4r 2
1 � 16(A1 � A2)2 = 0; (5.6)

×ÐÔÐÝÝÞÙÒßàÞáâàÐÝáâÒÕÚÞÝáâàãÚâØÒÝëåßÐàÐÜÕâàÞÒÓØàÞáâÐâÐ.² ×ÐÒØáØÜÞáâØÞâ×ÝÐçÕÝØÙßÐ-
àÐÜÕâàÞÒÜÝÞÖÕáâÒÞ� 2 ÜÞÖÕâáÞáâÞïâìØ×ÔÒãå(ßàØ { 4r 2

1 < 16(A1 � A2)2) ØÛØâàÕå(ßàØ
{ 4r 2

1 > 16(A1 � A2)2) áÕÓÜÕÝâÞÒÔÕÙáâÒØâÕÛìÝÞÙÞáØ.² ÞáÞÑëåâÞçÚÐå(âÞçÚÐåÒÞ×ÒàÐâÐ)ÑØ-
äãàÚÐæØÞÝÝÞÙÚàØÒÞÙ(5.3) ßÕàÕÜÕÝÝÐï� 2 � 2 ãÔÞÒÛÕâÒÞàïÕâÔÞßÞÛÝØâÕÛìÝÞÜããàÐÒÝÕÝØî

A2� 4 � (2� { + 3)� 2 = 0: (5.7)

ÇØáÛÞÚÞàÝÕÙãàÐÒÝÕÝØï(5.7), ÝÐåÞÔïéØåáïÒÝãâàØàÐ×ÛØçÝëåáÒï×ÝëåÚÞÜßÞÝÕÝâÜÝÞÖÕ-
áâÒÐ� 2; ×ÐÒØáØâÞâÒëÑàÐÝÝëå×ÝÐçÕÝØÙßÐàÐÜÕâàÞÒÓØàÞáâÐâÐ.ÀÐ×ÔÕÛïîéØÕ×ÝÐçÕÝØïíâØå
ßÐàÐÜÕâàÞÒïÒÛïîâáï àÕèÕÝØïÜØãàÐÒÝÕÝØÙ

A2r 2
1{ 4 � 2(4A2 � A1)(A2 � A1)r1{ 2 + (A2 � A1)(4A2 � 3A1)2 = 0: (5.8)

ºàÞÜÕâÞÓÞ,ÝÐÑØäãàÚÐæØÞÝÝëåÔØÐÓàÐÜÜÐåáãéÕáâÒãîââÞçÚØÒÕâÒÛÕÝØï,ÒÚÞâÞàëåÔãÓØÚàØ-
ÒÞÙ(5.3) � ßàØáÞÕÔØÝïîâáï� ÚßÐàÐÑÞÛÐÜ(5.2). ² íâÞÜáÛãçÐÕßÕàÕÜÕÝÝÐï� ßàØÝÐÔÛÕÖØâÓàÐÝØ-
æÕÜÝÞÖÕáâÒÐ� 2: ¿àØ äØÚáØàÞÒÐÝÝëåßÐàÐÜÕâàÐåÔØÐÓàÐÜÜÐÜÞÖÕâáÞÔÕàÖÐâìÛØÑÞÔÒÕ,ÛØÑÞ
çÕâëàÕâÞçÚØÒÕâÒÛÕÝØïàÐááÜÐâàØÒÐÕÜÞÓÞÒØÔÐ.¸å ÚÞÞàÔØÝÐâë(h; g) ÝÐÙÔÕÜØ×áØáâÕÜëÐÛÓÕ-
ÑàÐØçÕáÚØåãàÐÒÝÕÝØÙ

(
(A1 � A2)g2 + (A1 � 2A2)"r 1{ g � A2r 2

1{ 2 � "r 1A2
1 = 0;

2(h � "r 1)A1 � (g + "{ r 1)2 = 0; ÓÔÕ" = � 1:
(5.9)

¿ÞÔáâÐÝÞÒÚÞÙ(5.5) ÒãàÐÒÝÕÝØï(5.9) ßÞÛãçØÜãáÛÞÒØï,ßàØÒëßÞÛÝÕÝØØÚÞâÞàëåâÞçÚØÒÕâÒÛÕ-
ÝØïÑØäãàÚÐæØÞÝÝëåÚàØÒëåáÞÒßÐÔÐîâá âÞçÚÞÙßÕàÕáÕçÕÝØïßÐàÐÑÞÛ(5.2):

A2r 2
1{ 4 � 2(A2 � A1)A1r1{ 2 + (A2 � A1)A2

1 = 0: (5.10)

¸× äØ×ØçÕáÚØåÞÓàÐÝØçÕÝØÙÝÐßÐàÐÜÕâàëÓØàÞáâÐâÐÝÐåÞÔØÜ,çâÞãàÐÒÝÕÝØï(5.10) ØÜÕîâÔÞßã-
áâØÜëÕàÕèÕÝØïÛØèì ßàØÒëßÞÛÝÕÝØØÝÕàÐÒÕÝáâÒÐA 1 > A2:

µáÛØA1 > A2, âÞÚàØÒÐï(5.3) ÜÞÖÕâßÕàÕáÕÚÐâìßÐàÐÑÞÛë(5.2). ² âÞçÚÐåßÕàÕáÕçÕÝØï
×ÝÐçÕÝØïßÐàÐÜÕâàÐ� ãÔÞÒÛÕâÒÞàïîâãàÐÒÝÕÝØïÜ

(A2 � A1)A2� 4 � 2(A2 � A1)r1� 2 + r 2
1 = 0: (5.11)

¿àØ A1 6= A2 > A3 ßÞÛãçÐÕÜëÕØ×âÕÞàÕÜëÀÐãáÐÔÞáâÐâÞçÝëÕãáÛÞÒØïãáâÞÙçØÒÞáâØÔÒØÖÕ-
ÝØÙ3) ßÞÞâÝÞèÕÝØîÚßÕàÕÜÕÝÝëÜ! i ; 
 i ØÜÕîâÒØÔ

� 4 � (� { + 1)2r � 2
1 � 2

2 > 0; (A1 � A2)[A2� 4 � (2� { + 3)� 2] < 0: (5.12)
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´ãÓØÚàØÒÞÙ(5.3), ãÔÞÒÛÕâÒÞàïîéØÕÝÕàÐÒÕÝáâÒÐÜ(5.12), ÒáÕÓÔÐáÞÞâÒÕâáâÒãîâÜØÝØÜãÜÐÜ
äãÝÚæØØUg(
 ):

±ØäãàÚÐæØÞÝÝÐïÚàØÒÐï,×ÐÔÐÝÝÐïãàÐÒÝÕÝØÕÜ(5.4), ØÜÕÕâÐÝÐÛÞÓØçÝãîáâàãÚâãàã. ÁÞÞâ-
ÒÕâáâÒãîéØÕäÞàÜãÛëÜÞÓãâÑëâì ßÞÛãçÕÝëØ×(5.6)� (5.11) ×ÐÜÕÝÞÙØÝÔÕÚáÐ2 ÝÐ3.

²áÕ ßÕàÕçØáÛÕÝÝëÕáÒÞÙáâÒÐÚàØÒëå(5.2)-(5.4) ßÞ×ÒÞÛïîâÚÛÐááØäØæØàÞÒÐâìÑØäãàÚÐæØ-
ÞÝÝëÕÔØÐÓàÐÜÜëØßÞÛÝÞáâìîØááÛÕÔÞÒÐâì(ßÞßàÕÔÛÞÖÕÝÝÞÙÒàÐÑÞâÐå[16, 9] ÜÕâÞÔØÚÕ)âÞ-
ßÞÛÞÓØîØÝâÕÓàÐÛìÝëåÜÝÞÓÞÞÑàÐ×ØÙÓØàÞáâÐâÐ,ßÐàÐÜÕâàëÚÞâÞàÞÓÞãÔÞÒÛÕâÒÞàïîâãáÛÞÒØ-
ïÜ (1.3), (5.1). ºàÞÜÕâÞÓÞ,ßÞÛãçÕÝÝëÕàÕ×ãÛìâÐâëßÞ×ÒÞÛïîâÔÕÛÐâìÒëÒÞÔëÞÑãáâÞÙçØÒÞáâØ
ÝÕÚÞâÞàëåÚÛÐááÞÒàÐÒÝÞÜÕàÝëåÒàÐéÕÝØÙâïÖÕÛÞÓÞÓØàÞáâÐâÐÒÞÚàãÓÒÕàâØÚÐÛØ.

6. ºÛÐááØäØÚÐæØïÑØäãàÚÐæØÞÝÝëåÔØÐÓàÐÜÜ

²ÒÕÔÕÜÝÞÒëÕßÐàÐÜÕâàëÓØàÞáâÐâÐßÞáÛÕÔãîéØÜäÞàÜãÛÐÜ:

� = A2=A1; � = A3=A1; e{ = {
p

r1=A1:

ÃàÐÒÝÕÝØï(5.2)� (5.4) ×ÐÔÐîââàÕåßÐàÐÜÕâàØçÕáÚÞÕ áÕÜÕÙáâÒÞÑØäãàÚÐæØÞÝÝëåÔØÐÓàÐÜÜ
� � R2(h; g): ´ÞßãáâØÜëÕ×ÝÐçÕÝØïÒÕÛØçØÝ�; � ; e{ ; ÞâÚÞâÞàëå×ÐÒØáØââÞßÞÛÞÓØçÕáÚÐïáâàãÚ-
âãàÐÑØäãàÚÐæØÞÝÝÞÙÔØÐÓàÐÜÜë,ßàØÝÐÔÛÕÖÐâÝÕÚÞâÞàÞÙÞÑÛÐáâØD ÒßàÞáâàÐÝáâÒÕßÐàÐÜÕâ-
àÞÒÓØàÞáâÐâÐ:

(�; � ; e{ ) 2 D � D 0; ÓÔÕD 0 = f �; � ; e{ : � > 0; � > 0; e{ > 0g:

½ÐßàØÜÕà,ÕáÛØÓØàÞáâÐâáÞáâÞØâØ×ÞÔÝØåâÒÕàÔëåâÕÛ,âÞÜÞÜÕÝâëØÝÕàæØØâÐÚÞÓÞÓØàÞáâÐâÐ
ãÔÞÒÛÕâÒÞàïîâØ×ÒÕáâÝëÜÝÕàÐÒÕÝáâÒÐÜâàÕãÓÞÛìÝØÚÐ.ÁÛÕÔÞÒÐâÕÛìÝÞ,ÒíâÞÜáÛãçÐÕ

D = f �; � ; e{ : � + � > 1; � + 1 > � > 0; � + 1 > � > 0; e{ > 0g: (6.1)

Á ÔàãÓÞÙáâÞàÞÝë,ÕáÛØâÕÛÞ-ÝÞáØâÕÛìØÜÕÕâßÞÛÞáâØ,×ÐßÞÛÝÕÝÝëÕØÔÕÐÛìÝÞÙÝÕáÖØÜÐÕÜÞÙ
ÖØÔÚÞáâìî,âÞÒÞÑéÕÜáÛãçÐÕÜÞÜÕÝâëØÝÕàæØØâÐÚÞÓÞÓØàÞáâÐâÐÜÞÓãâØÝÕãÔÞÒÛÕâÒÞàïâì
ÝÕàÐÒÕÝáâÒÐÜâàÕãÓÞÛìÝØÚÐ.ÍâÞ ØÝâÕàÕáÝÞÕáÒÞÙáâÒÞÒßÕàÒëÕÑëÛÞÞâÜÕçÕÝÞµ.¸. ÅÐàÛÐÜÞ-
ÒÞÙ[20]. ¾ÝÐàÐááÜÞâàÕÛÐÞÔØÝØ×ßàØÜÕàÞÒ½.µ. ¶ãÚÞÒáÚÞÓÞ[8], ÚÞÓÔÐâÒÕàÔÞÕâÕÛÞØÜÕÕâ
íÛÛØßáÞØÔÐÛìÝãîßÞÛÞáâìá ÖØÔÚØÜ×ÐßÞÛÝÕÝØÕÜ,ØßÞÚÐ×ÐÛÐ,çâÞÜÞÜÕÝâëØÝÕàæØØáØáâÕÜë
� âÕÛÞ-ÖØÔÚÞáâì� ãÔÞÒÛÕâÒÞàïîâÝÕàÐÒÕÝáâÒãA1+ A2 < A3; ÕáÛØÞâÝÞèÕÝØÕÜÐááëâÕÛÐÚÜÐááÕ
ÖØÔÚÞáâØÔÞáâÐâÞçÝÞÜÐÛÞ.² íâÞÜáÛãçÐÕÞÑÛÐáâìD ÔÞßãáâØÜëå×ÝÐçÕÝØÙßÐàÐÜÕâàÞÒ�; � ; e{
ÞâÛØçÝÐÞâ(6.1).

·ÐäØÚáØàãÕÜ×ÝÐçÕÝØÕe{ : ¾ÑÞ×ÝÐçØÜçÕàÕ×D �

� áÕçÕÝØÕÜÝÞÖÕáâÒÐD ßÛÞáÚÞáâìîe{ =
= const: ² ÚÐÖÔÞÜâÐÚÞÜáÕçÕÝØØD �

� � R2(�; � ) áãéÕáâÒãîâÔÒãÜÕàÝëÕÞÑÛÐáâØ,áÞÞâÒÕâ-
áâÒãîéØÕàÐ×ÛØçÝëÜâØßÐÜÑØäãàÚÐæØÞÝÝëåÔØÐÓàÐÜÜ.² áÛãçÐÕe{ = 0 ÐÝÐÛÞÓØçÝëÕÞÑÛÐáâØ
ÝÐßÛÞáÚÞáâØR2(�; � ) ÑëÛØßÞáâàÞÕÝëÁ.±. ºÐâÞÚ[9]. Á ßÞÜÞéìî ãàÐÒÝÕÝØÙ(5.6),(5.8),(5.10)
ÝÐÙÔÕÜßÞÛãßàïÜëÕ,àÐ×ÔÕÛïîéØÕD �

� � R2(�; � ) :

`1 = f �; � : � = 1 + e{ 2

4
; � > 0g; `2 = f �; � : � = 1 � e{ 2

4
> 0; � > 0g;

`3 = f �; � : � = 1 + 2e{ 2

(1 + e{ 2)2
; � > 0g; `4 = f �; � : � = 1 � 2e{ 2

(1 � e{ 2)2
> 0; � > 0g;

`5 = f �; � : � = � � ; f 1(� � ) = 0; � > 0g; `6� 8 = f �; � : � = � � ; f 2(� � ) = 0; � > 0g;

`9 = f �; � : � = 1; � > 0g; `10 = f �; � : � = � > 0g;
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ÓÔÕÞÑÞ×ÝÐçÕÝë
f 1 = 16� 3 � 8(5 � e{ 2)� 2 + (e{ 4 � 10e{ 2 + 33)� + 2e{ 2 � 9;

f 2 = 16� 3 � 8(5 + e{ 2)� 2 + (e{ 4 + 10e{ 2 + 33)� � 2e{ 2 � 9:

ÁØÜÜÕâàØçÝëÕßÞÛãßàïÜëÕ̀1; ::: ; `10 ßÞáâàÞØÜÔÛïÑØäãàÚÐæØÞÝÝÞÙÚàØÒÞÙ,×ÐÔÐÝÝÞÙãàÐÒÝÕ-
ÝØÕÜ(5.4):

`1 = f �; � : � = 1 + e{ 2

4
; � > 0g; `2 = f �; � : � = 1 � e{ 2

4
> 0; � > 0g;

`3 = f �; � : � = 1 + 2e{ 2

(1 + e{ 2)2
; � > 0g; `4 = f �; � : � = 1 � 2e{ 2

(1 � e{ 2)2
> 0; � > 0g;

`5 = f �; � : � = � � ; f 1(� � ) = 0; � > 0g; `6� 8 = f �; � : � = � � ; f 2(� � ) = 0; � > 0g;

`9 = f �; � : � = 1; � > 0g; `10 = `10 = f �; � : � = � > 0g:

ÂÐÑÛØæÐ1. ÀÐ×ÔÕÛïîéØÕ×ÝÐçÕÝØïßÐàÐÜÕâàÐe{

i ki ki � ãáÛÞÒØïÔÛï̀ i ; ` i

1 1 � 1=
p

2 0.2928932 `2 = `8; `2 = `8

2 (10
p

5 � 22)1=2=2 0.3002831 `7 = `8; `7 = `8

3
p

2 � 1 0.4142136 `2 = `4; `2 = `4

4 (� 1 +
p

2)1=2 0.6435943 `4 = `6; `4 = `6

5 1=
p

2 0.7071068 `4 = `4 = ?
6 1 1.0 `2 = `3; `2 = `3

7 (1 +
p

2)1=2 1.5537740 `3 = `5; `3 = `5

8 1 + 1=
p

2 1.7071068 `2 = `6; `2 = `6

9 121=4 1.8612097 `5 = `6; `5 = `6

10 2 2.0 `2 = `2 = ?
11 3=

p
2 2.1213203 `5 = `5 = ?

ÂÞßÞÛÞÓØçÕáÚØÕßÕàÕáâàÞÙÚØÔØÐÓàÐÜÜ� ßàÞØáåÞÔïâØÜÕÝÝÞâÞÓÔÐ,ÚÞÓÔÐ

(�; � ) 2 L �

� � R2(�; � ); ÓÔÕL �

� = [ 10
i=1 (` i [ ` i ):

² çÐáâÝÞáâØ,ÝÐßÞÛãßàïÜëå̀ 1� 2 ÜÕÝïÕâáïçØáÛÞÓÛÐÔÚØåÔãÓÚàØÒÞÙ(5.3), ßàØÝÐÔÛÕÖÐéØå�;
ÝÐ`3� 4 Ø×ÜÕÝïÕâáïÒ×ÐØÜÝÞÕàÐáßÞÛÞÖÕÝØÕÒÕâÒÕÙßÛÞáÚØåÚàØÒëå,ÞßØáëÒÐÕÜëåãàÐÒÝÕÝØï-
ÜØ(5.2),(5.3); ÝÐ `5� 8 Ø×ÜÕÝïÕâáïçØáÛÞâÞçÕÚÒÞ×ÒàÐâÐÚàØÒÞÙ(5.3). ÇØáÛÞØàÐáßÞÛÞÖÕÝØÕ
ßÞÛãßàïÜëå` i ; ` i ÝÐßÛÞáÚÞáâØR2(�; � ) ×ÐÒØáïâÞâ×ÐäØÚáØàÞÒÐÝÝÞÓÞ×ÝÐçÕÝØïßÐàÐÜÕâàÐe{ .
Á Ø×ÜÕÝÕÝØÕÜe{ àØáãÝÞÚ,Ø×ÞÑàÐÖÐîéØÙàÐ×ÑØÕÝØÕßÛÞáÚÞáâØR2(�; � ) ÝÐÞÑÛÐáâØá àÐ×ÛØç-
ÝëÜØâØßÐÜØÔØÐÓàÐÜÜ� , ÑãÔÕâÝÕßàÕàëÒÝÞÔÕäÞàÜØàÞÒÐâìáïÔÞâÕåßÞà,ßÞÚÐe{ ÝÕÔÞáâØÓÝÕâ
ÝÕÚÞâÞàÞÓÞÚàØâØçÕáÚÞÓÞ×ÝÐçÕÝØïki : ºàØâØçÕáÚØÕ×ÝÐçÕÝØïki ßÐàÐÜÕâàÐe{ ØÒÞ×ÜÞÖÝëÕßÕàÕ-
áâàÞÙÚØÜÝÞÖÕáâÒÐL �

� � R2(�; � ) ßÞÚÐ×ÐÝëÒâÐÑÛ.1. ÁÞÞâÒÕâáâÒØÕÜÕÖÔãàÕÓãÛïàÝëÜØ×ÝÐçÕ-
ÝØïÜØßÐàÐÜÕâàÐe{ ØâØßÐÜØÑØäãàÚÐæØÞÝÝëåÔØÐÓàÐÜÜÝÐàØá.5 ãÚÐ×ÐÝÞÒâÐÑÛ.2. ´Ûï ÚÐÖÔÞÓÞ
ØÝâÕàÒÐÛÐ(ki ; ki +1 ) áÞáâÐÒÛÕÝÐÒßÞàïÔÚÕÒÞ×àÐáâÐÝØïßÐàÐÜÕâàÐ� 0 2 (0; 1 ) ßÞáÛÕÔÞÒÐâÕÛì-
ÝÞáâìàÐ×ÔÕÛïîéØåßÞÛãßàïÜëå` j (� 0) Ø×ÜÝÞÖÕáâÒÐL �

� : ´Ûï ÛîÑÞÙáÒï×ÝÞÙÚÞÜßÞÝÕÝâëØ×
D �

� n L �

� áÞåàÐÝïÕâáïçØáÛÞÚÞÜßÞÝÕÝâ� 2; çØáÛÞâÞçÕÚÒÕâÒÛÕÝØïÚàØÒÞÙ(5.3) ØÒ×ÐØÜÝÞÕàÐá-
ßÞÛÞÖÕÝØÕÚàØÒëå(5.2),(5.3),ßàØÝÐÔÛÕÖÐéØåÑØäãàÚÐæØÞÝÝÞÜãÜÝÞÖÕáâÒã. ·ÐÜÕÝÐ̀ j ÝÐ` j Ò
âÐÑÛ.2 ßÞ×ÒÞÛïÕâÐÝÐÛÞÓØçÝëÜÞÑàÐ×ÞÜÚÛÐááØäØæØàÞÒÐâìÚàØÒëÕ(5.2),(5.4).
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¿ãáâì (�; � ; e{ ) 2 D ; âÞÓÔÐßàÞØ×ÒÞÛìÝÞÙäØÚáØàÞÒÐÝÝÞÙâÞçÚÕ(�; � ) 2 D �

� n L �

� áÞÞâÒÕâ-
áâÒãÕâÑØäãàÚÐæØÞÝÝÐïÔØÐÓàÐÜÜÐ� ; ßÞÛãçÕÝÝÐïáÞÒÜÕéÕÝØÕÜÔÒãåâØßÞÒÔØÐÓàÐÜÜ,Ø×ÞÑàÐ-
ÖÕÝÝëåÝÐàØá.5. Á ãçÕâÞÜáØÜÜÕâàØØÜÝÞÖÕáâÒÐ� ÞâÝÞáØâÕÛìÝÞßàÕÞÑàÐ×ÞÒÐÝØï(�; � ) !
(� ; � ) ÜÞÖÝÞÝÕßÞáàÕÔáâÒÕÝÝÞØ×âÐÑÛ.2 ßÞÛãçØâì100 ÝÕÒëàÞÖÔÕÝÝëåÔØÐÓàÐÜÜàÐ×ÛØçÝÞÙ
âÞßÞÛÞÓØçÕáÚÞÙáâàãÚâãàë:ÔÛïÛîÑÞÓÞÜÐÛÞÓÞ×ÝÐçÕÝØïe{ 2 (0; k1) áãéÕáâÒãîâ55 ÞáÝÞÒÝëå
âØßÞÒÔØÐÓàÐÜÜ,ÒáÕÞÝØáÞåàÐÝïîâáï ßàØÞÓàÐÝØçÕÝØïå(6.1); ÔÛïÛîÑÞÓÞÑÞÛìèÞÓÞ×ÝÐçÕÝØï
e{ 2 (k11; 1 ) áãéÕáâÒãîâ15 ÞáÝÞÒÝëåâØßÞÒÔØÐÓàÐÜÜØâÞÛìÚÞ9 Ø×ÝØåáÞåàÐÝïîâáï ßàØÞÓàÐ-
ÝØçÕÝØïå(6.1). ² ØâÞÓÞÒÞÙâÐÑÛ.3 ØáßÞÛì×ÞÒÐÝëáÛÕÔãîéØÕÞÑÞ×ÝÐçÕÝØï:ai � àÐáßÞÛÞÖÕÝØÕ
ÚàØÒëå(5.2),(5.3)áÞÞâÒÕâáâÒãÕâàØá.5 áÝÞÜÕàÞÜi ; bj � àÐáßÞÛÞÖÕÝØÕÚàØÒëå(5.2),(5.4)ßÞÚÐ-
×ÐÝÞÝÐàØá.5 á ÝÞÜÕàÞÜj ; ×ÝÐÚ� + � áÞÞâÒÕâáâÒãÕâáãéÕáâÒÞÒÐÝØîÔØÐÓàÐÜÜë� = ai [ bj ÔÛï
(�; � ; e{ ) 2 D ; ×ÝÐÚ� � � áÞÞâÒÕâáâÒãÕâáãéÕáâÒÞÒÐÝØî� = ai [ bj âÞÛìÚÞÔÛï(�; � ; e{ ) 2 D 0 nD;
ÝÕÒÞ×ÜÞÖÝÞáâìáÞÒÜÕéÕÝØïÔØÐÓàÐÜÜai ; bj ÞâÜÕçÕÝÐ×ÝÐÚÞÜ� � � ; ßãáâëÕÚÛÕâÚØáÞÞâÒÕâáâÒãîâ
ÔØÐÓàÐÜÜÐÜØ×áØÜÜÕâàØçÝÞÙçÐáâØD 0; ÓÔÕ� > � .

ÂÐÑÛØæÐ2. ºÛÐááØäØÚÐæØïÑØäãàÚÐæØÞÝÝëåÚàØÒëå

e{ 2 ÚàØâØçÕáÚØÕãàÞÒÝØ ÔØÐÓàÐÜÜëai ÝÐàØá.5

(0; k1) f `6; `7; `2; `8; `4; `3; `5; `9; `1g 3 5 2 9 11 16 10 8 7 1
(k1; k2) f `6; `7; `8; `2; `4; `3; `5; `9; `1g 3 5 2 5 11 16 10 8 7 1
(k2; k3) f `6; `2; `4; `3; `5; `9; `1g 3 5 11 16 10 8 7 1
(k3; k4) f `6; `4; `2; `3; `5; `9; `1g 3 5 6 16 10 8 7 1
(k4; k5) f `4; `6; `2; `3; `5; `9; `1g 3 4 6 16 10 8 7 1
(k5; k6) f `6; `2; `3; `5; `9; `1g 4 6 16 10 8 7 1
(k6; k7) f `6; `2; `3; `5; `9; `1g 4 6 14 10 8 7 1
(k7; k8) f `6; `2; `5; `3; `9; `1g 4 6 14 12 8 7 1
(k8; k9) f `2; `6; `5; `3; `9; `1g 4 15 14 12 8 7 1
(k9; k10) f `2; `5; `6; `3; `9; `1g 4 15 13 12 8 7 1
(k10; k11) f `5; `6; `3; `9; `1g 15 13 12 8 7 1
(k11; 1 ) f `6; `3; `9; `1g 13 12 8 7 1

² íâÞÙÚÛÐááØäØÚÐæØØÝÕÑëÛØãçâÕÝëÒÞ×ÜÞÖÝëÕßÕàÕáÕçÕÝØïÚàØÒëå(5.3), (5.4), ÚÞâÞ-
àëÕâÐÚÖÕÒÛØïîâÝÐâÞßÞÛÞÓØîÑØäãàÚÐæØÞÝÝÞÓÞÜÝÞÖÕáâÒÐ.½ÐßàØÜÕà,ÚàØÒëÕ(5.3), (5.4) ßÕ-
àÕáÕÚÐîâáïÒâÞÜáÛãçÐÕ,ÚÞÓÔÐÝÐÔØÐÓàÐÜÜÕáãéÕáâÒãîââÞçÚØÒÞ×ÒàÐâÐØàÐ×ÝÞáâìA 2 � A3

ÔÞáâÐâÞçÝÞÜÐÛÐ.ÁÞÞâÒÕâáâÒãîéØÕßÐàÐÜÕâàØçÕáÚØÕÞÓàÐÝØçÕÝØïÑëÛØÒëßØáÐÝëØßàÞÐÝÐÛØ-
×ØàÞÒÐÝë.½ÕÑãÔÕÜßàØÒÞÔØâì×ÔÕáìíâØÓàÞÜÞ×ÔÚØÕÒëàÐÖÕÝØï.·ÐÜÕâØÜ,çâÞÔÛïâÒÕàÔÞÓÞâÕÛÐ
(e{ = 0) áãéÕáâÒãîâáÕÜì(!)âØßÞÒÝÕÒëàÞÖÔÕÝÝëåÑØäãàÚÐæØÞÝÝëåÔØÐÓàÐÜÜ[9] ØâÞÛìÚÞçÕ-
âëàÕÔØÐÓàÐÜÜëÒÞ×ÜÞÖÝëÒâÞÜáÛãçÐÕ,ÚÞÓÔÐæÕÝâàÜÐááâÕÛÐÝÐåÞÔØâáïÒÑÛØ×ØÓÛÐÒÝÞÙÞáØ
ØÝÕàæØØ[13].

7. ¸ÝâÕÓàÐÛìÝëÕÜÝÞÓÞÞÑàÐ×ØïQ 3
h;g

±ØäãàÚÐæØÞÝÝÐïÔØÐÓàÐÜÜÐ� àÐ×ÑØÒÐÕâßÛÞáÚÞáâìR2(h; g) ÝÐÞâÚàëâëÕÔÒãÜÕàÝëÕÞÑÛÐ-
áâØ.½ÕÚÞâÞàëÕØ×íâØåÞÑÛÐáâÕÙÞÓàÐÝØçÕÝë,ÔàãÓØÕ� ãåÞÔïâÝÐÑÕáÚÞÝÕçÝÞáâì.²ÝãâàØÚÐÖÔÞÙ
ÞÑÛÐáâØâÞßÞÛÞÓØçÕáÚÐïáâàãÚâãàÐÜÝÞÓÞÞÑàÐ×ØÙUh;g ; Q3

h;g ÞáâÐÕâáïÝÕØ×ÜÕÝÝÞÙ.

ÁÛÕÔãïÏ.².Â ÐâÐàØÝÞÒã[17], ÒÒÕÔÕÜàÞÔÜÝÞÓÞÞÑàÐ×ØÙUh;g ; Q3
h;g : ÕáÛØUh;g ÜÞÖÝÞßÞÛãçØâì

Ø×áäÕàëãÔÐÛÕÝØÕÜl ÔØáÚÞÒD 2, âÞÑãÔÕÜáçØâÐâì,çâÞáÒï×ÝëÕÜÝÞÓÞÞÑàÐ×ØïUh;g ; Q3
h;g ØÜÕîâ
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ÂÐÑÛØæÐ3. ±ØäãàÚÐæØÞÝÝëÕÔØÐÓàÐÜÜë� = ai [ bj ÔÛïáÛãçÐï� > �

a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12 a13 a14 a15 a16

b1 +
b2 + + � + � + + + + + � � � � +
b3 + + + � + + + + + + + � � � � +
b4 + � � � + + + � + � � � + � +
b5 + + � + + + + + + + � � � � +
b6 + � + + + � + � � � + � +
b7 + +
b8 + + +
b9 + � � + + + + + � � � � +
b10 + + + + � � �
b11 + � � + + + + � � � � +
b12 � � � � + + � � � � �
b13 � � � � � + + � � � � � � �
b14 + � � � + + � + � � � + �
b15 � � � � � + + � � � � � � � �
b16 + + + + � � � � +

àÞÔl. µáÛØØÝâÕÓàÐÛìÝÞÕÜÝÞÓÞÞÑàÐ×ØÕÝÕáÒï×ÝÞ,âÞßàØáÒÞØÜÕÜãÜÝÞÓÞ×ÝÐçÝëÙàÞÔl 1l2:::, ÓÔÕ
l i � àÞÔÕÓÞÞâÔÕÛìÝÞÙáÒï×ÝÞÙÚÞÜßÞÝÕÝâë.² ßàÕÔÕÛÐåÞÔÝÞÙáÒï×ÝÞÙÞÑÛÐáâØØ×R2(h; g) n �
ÜÝÞÓÞ×ÝÐçÝëÙàÞÔl1l2::: ßÞáâÞïÝÕÝ.Á Ø×ÜÕÝÕÝØÕÜßÐàÐÜÕâàÞÒ�; � ; e{ ÜÝÞÓÞ×ÝÐçÝëÙàÞÔÜÝÞ-
ÓÞÞÑàÐ×ØÙUh;g ; Q3

h;g áÞåàÐÝïÕâáïÒßàÞæÕááÕâàÐÝáäÞàÜÐæØØÑØäãàÚÐæØÞÝÝÞÙÔØÐÓàÐÜÜëÔÞâÕå
ßÞà,ßÞÚÐáÞÞâÒÕâáâÒãîéÐïÞÑÛÐáâìÝÕáâïÝÕâáïÒÚàØÒãîØÛØâÞçÚã.

Á ßÞÜÞéìî ÚàØâØçÕáÚØåâÞçÕÚíääÕÚâØÒÝÞÓÞßÞâÕÝæØÐÛÐØÝÞÓÔÐãÔÐÕâáïØááÛÕÔÞÒÐâì
ãáâÞÙçØÒÞáâìàÐÒÝÞÜÕàÝëåÒàÐéÕÝØÙ.µáÛØäãÝÚæØïUg(
 ) ØÜÕÕâÜØÝØÜãÜ,âÞàÐÒÝÞÜÕàÝÞÕ
ÒàÐéÕÝØÕÒíâÞÙâÞçÚÕãáâÞÙçØÒÞ;ÕáÛØäãÝÚæØïUg(
 ) ØÜÕÕâáÕÔÛÞ,âÞàÐÒÝÞÜÕàÝÞÕÒàÐéÕÝØÕ
ÒíâÞÙâÞçÚÕÝÕãáâÞÙçØÒÞ;ÔÛïâÞçÚØ,ÓÔÕUg(
 ) ØÜÕÕâÜÐÚáØÜãÜ,ÝÕßÞáàÕÔáâÒÕÝÝëåÒëÒÞÔÞÒÞÑ
ãáâÞÙçØÒÞáâØáÔÕÛÐâìÝÕÛì×ï.³ÛÐÔÚØÕÚàØÒëÕ,áÞÞâÒÕâáâÒãîéØÕÜØÝØÜãÜÐÜ,ÜÐÚáØÜãÜÐÜØáÕÔ-
ÛÐÜíääÕÚâØÒÝÞÓÞßÞâÕÝæØÐÛÐ,ÜÞÓãâÑëâì ÒëÔÕÛÕÝëÔÞáâÐâÞçÝÞßàÞáâÞÝÐÛîÑÞÙÑØäãàÚÐæØ-
ÞÝÝÞÙÔØÐÓàÐÜÜÕ.¿àØ íâÞÜáÛÕÔãÕâØÜÕâìÒÒØÔã, çâÞÝÐÚÐÖÔÞÜäØÚáØàÞÒÐÝÝÞÜãàÞÒÝÕØÝâÕ-
ÓàÐÛÐG àÐ×ÝÞáâìçØáÛÐÜØÝØÜÐÚáÝëåØçØáÛÐáÕÔÛÞÒëåâÞçÕÚßàØÒÕÔÕÝÝÞÓÞßÞâÕÝæØÐÛÐUg(
 )
àÐÒÝÐíÙÛÕàÞÒÞÙåÐàÐÚâÕàØáâØÚÕáäÕàë(âÞÕáâìÔÒãÜ).½ÕÜÕÝÕÕÒÐÖÝëÜïÒÛïÕâáïáÛÕÔãîéÕÕ
ãâÒÕàÖÔÕÝØÕ.

ÂÕÞàÕÜÐ2. ¿ãáâì àÐáßàÕÔÕÛÕÝØÕÜÐááÝÕáØÜÜÕâàØçÝÞÓÞÓØàÞáâÐâÐ ãÔÞÒÛÕâÒÞàïÕâ
ãáÛÞÒØïÜr = (1; 0; 0), � = { r ; âÞÓÔÐßàØÛîÑÞÜ äØÚáØàÞÒÐÝÝÞÜ×ÝÐçÕÝØØØÝâÕÓàÐÛÐ G
íääÕÚâØÒÝëÙßÞâÕÝæØÐÛUg(
 ) ØÜÕÕâÝÕÜÕÝÕÕÔÒãå,ÝÞÝÕÑÞÛÕÕn ÚàØâØçÕáÚØåâÞçÕÚ
ÝÐáäÕàÕ¿ãÐááÞÝÐ,ÓÔÕ

� n = 6; ÕáÛØA2 > A3 > A1;

� n = 12; ÕáÛØA2 > A1 > A3 ØÛØA2 + A3 > A1 > A2 > A3;

� n = 18; ÕáÛØA1 > A2 + A3 > A2 > A3:

´ÒÕÔØÐÓàÐÜÜëØ×âÐÑÛØæë3 ßàÕÔáâÐÒÛÕÝëÝÐàØá.6. ´Ûï áÒï×ÝëåÞÑÛÐáâÕÙØ×R2(h; g) n �
âÞßÞÛÞÓØïØÝâÕÓàÐÛìÝëåÜÝÞÓÞÞÑàÐ×ØÙáÞÞâÒÕâáâÒãÕââÐÑÛ.4. ½ÐàØá.6, ÑÜÞÖÝÞâÐÚßàÞÒÕáâØ
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ÀØá.5. ±ØäãàÚÐæØÞÝÝëÕÚàØÒëÕ(5.2),(5.3)ÝÐßÛÞáÚÞáâØR2(h; g).

ÒÕàâØÚÐÛìÝãîßàïÜãî g = const; çâÞÑëÞÝÐßÕàÕáÕÚÛÐáÒï×ÝëÕÞÑÛÐáâØØ×R2(h; g)n� ÒáÛÕÔãî-
éÕÙßÞáÛÕÔÞÒÐâÕÛìÝÞáâØf ii, i, v, i, v, i, ivg: ² íâÞÜáÛãçÐÕ12 ÚàØâØçÕáÚØåâÞçÕÚäãÝÚæØØUg(
 )
áãéÕáâÒãÕâÝÐáäÕàÕ¿ãÐááÞÝÐ:ÔÒÐÜØÝØÜãÜÐ,ßïâì ÜÐÚáØÜãÜÞÒØßïâì áÕÔÕÛ.ÁÛÞÕÝØÕÝÐáäÕàÕ
¿ãÐááÞÝÐ,ÞßàÕÔÕÛïÕÜÞÕäãÝÚæØÕÙ¼ÞàáÐUg(
 ); ßÞÚÐ×ÐÝÞÝÐàØá.7, Ð. ¼ÞÛÕÚãÛÐÄÞÜÕÝÚÞ[3],
ÞßØáëÒÐîéÐïâÞßÞÛÞÓØîíâÞÓÞáÛÞÕÝØï,Ø×ÞÑàÐÖÕÝÐÝÐàØá.7, Ñ. ² ÚÐÖÔÞÙâÐÚÞÙÜÞÛÕÚãÛÕÐâÞ-
Üë áÞÞâÒÕâáâÒãîâÞÚàÕáâÝÞáâïÜÚàØâØçÕáÚØåáÛÞÕÒ:ÝÐàØá.7, Ñ ÜØÝØÜÐÚáÝëÕÚàØâØçÕáÚØÕ×ÝÐ-
çÕÝØïäãÝÚæØØÞâÜÕçÕÝëÐâÞÜÐÜØA, áÕÔÛÞÒëÕÚàØâØçÕáÚØÕ×ÝÐçÕÝØïäãÝÚæØØÞÑÞ×ÝÐçÕÝëâÞ-
ßÞÛÞÓØçÕáÚØÝÕíÚÒØÒÐÛÕÝâÝëÜØÐâÞÜÐÜØB ; D 1. ·ÐÜÕâØÜ,çâÞÒÚÛÐááØçÕáÚÞÙ×ÐÔÐçÕÞÔÒØÖÕÝØØ
ÝÕáØÜÜÕâàØçÝÞÓÞâÕÛÐÒÞÚàãÓÝÕßÞÔÒØÖÝÞÙâÞçÚØÝÕÑëÛÞÞÑÝÐàãÖÕÝÞÝØÞÔÝÞÓÞáÛãçÐï,ÚÞÓÔÐ
íääÕÚâØÒÝëÙßÞâÕÝæØÐÛÝÐáäÕàÕ¿ãÐááÞÝÐØÜÕÛÑë ÑÞÛÕÕÔÕáïâØÚàØâØçÕáÚØåâÞçÕÚ.
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ÀØá.6. ±ØäãàÚÐæØÞÝÝëÕÔØÐÓàÐÜÜë.ÁÛãçÐÙr 2 = r3 = 0:

A

B

D1

D1

A

AA

A AA

Ð Ñ

ÀØá.7. »ØÝØØãàÞÒÝïäãÝÚæØØUg(
 ) ÝÐáäÕàÕ¿ãÐááÞÝÐ.

² áÛãçÐÕ,ÚÞÓÔÐàÐáßàÕÔÕÛÕÝØÕÜÐááÒàÐéÐîéÕÓÞáïÓØàÞáâÐâÐãÔÞÒÛÕâÒÞàïÕâãáÛÞÒØïÜ(1.3),
(5.1), áãéÕáâÒãîâÒáÕâØßëÝÕÞáÞÑëåÜÝÞÓÞÞÑàÐ×ØÙQ3

h;g ; Uh;g ; ßÕàÕçØáÛÕÝÝëÕÒ âÐÑÛØæÕ4.
½ÕÞáÞÑëåØÝâÕÓàÐÛìÝëåÜÝÞÓÞÞÑàÐ×ØÙQ3

h;g ÑÞÛÕÕáÛÞÖÝÞÙâÞßÞÛÞÓØçÕáÚÞÙáâàãÚâãàëÒàÐá-
áÜÐâàØÒÐÕÜÞÙ×ÐÔÐçÕÝÕâ. ¸× àÕ×ãÛìâÐâÞÒ[5] áÛÕÔãÕâãâÒÕàÖÔÕÝØÕ:ÕáÛØæÕÝâàÜÐááÓØàÞáâÐâÐ
àÐáßÞÛÞÖÕÝÒÓÛÐÒÝÞÙßÛÞáÚÞáâØØÝÕàæØØ,âÞØÝâÕÓàÐÛìÝëÕÜÝÞÓÞÞÑàÐ×ØïàÞÔÐl = 4 áãéÕ-
áâÒãîâ, ßÞÚàÐÙÝÕÙÜÕàÕ,ßàØÜÐÛëå×ÝÐçÕÝØïåj� j. ¿àÕÔÕÛìÝëÙáÛãçÐÙe{ ! 1 áÞÞâÒÕâáâÒãÕâ
ÔÒØÖÕÝØîÓØàÞáâÐâÐßÞØÝÕàæØØ.±ØäãàÚÐæØÞÝÝÞÕÜÝÞÖÕáâÒÞØâÞßÞÛÞÓØïØÝâÕÓàÐÛìÝëåÜÝÞÓÞ-
ÞÑàÐ×ØÙÔÛïíâÞÙ×ÐÔÐçØÑëÛØØ×ãçÕÝëÒàÐÑÞâÐå[19, 25].

ÂÐÑÛØæÐ4. ½ÕÞáÞÑëÕØÝâÕÓàÐÛìÝëÕÜÝÞÓÞÞÑàÐ×ØïØØåßàÞÕÚæØØÝÐáäÕàã

(h; g) 2 i ii iii iv v vi vii
l 1 11 2 0 3 111 12

Uh;g D 2 D 2 [ D 2 D 1 � S1 S2 D 2
2 D 2 [ D 2 [ D 2 D 2 [ (D 1 � S1)

Q3
h;g S3 S3 [ S3 S1 � S2 RP3 N 3

2 S3 [ S3 [ S3 S3 [ (S1 � S2)
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