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ABSTRACT
We investigate classes of the so-called ring Q-homeomorphisms includ-
ing, in particular, @Q-homeomorphisms, various classes of homeomorphisms
with finite length distortion, Sobolev’s classes etc. In terms of the majo-
rant Q(z), we give a series of criteria for normality based on estimates of
the distortion of the spherical distance under ring @Q-homeomorphisms. In
particular, it is shown that the class g A of all ring Q-homeomorphisms
f of a domain D C R™ into R™, n > 2, with h(R™\f(D)) > A > 0, forms
a normal family, if Q(x) has finite mean oscillation in D. We also prove
normality of #g A, for instance, if Q(x) has singularities of logarithmic
type whose degrees are not greater than n — 1 at every point € D.
The results are applicable, in particular, to mappings with finite length

distortion and Sobolev’s classes.

1. Introduction

The study of ring Q-homeomorphisms began in the plane, see [38]-[35], cf.
also [32] and [40] . Ring @-homeomorphisms induce @-homeomorphisms arisen
earlier in [24]-[26] and [13]-[14]. The theory of ring @-homeomorphisms is
applicable to various classes of mappings with finite distortion, intensively in-
vestigated in many recent works, see, e.g., [3], [8], [12], [15], [16], [19], [20],
[21], [25], [28] and [29]. In particular, the normality theorems can be applied
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to the theory of the local and boundary behavior of mappings, see, e.g., [9] and
[10]-[11].

Given a family of paths I in R™, n > 2, a Borel function p : R" — [0, 00] is
called admissible for I', p € adm T, if

(L.1) [ otz = 1

for each v € I'. The modulus of T" is the quantity

(1.2) M) = pei%an/Dp"(z) dm(x) .

Recall the following concept, see [24]-[26]. Let D be a domain in R",
n > 2, and let @ : D — [1,00] be a measurable function. A homeomorphism
f:D — R"=R"U {oco} is said to be a Q-homeomorphism if

(1.3) Mm»sémwwwwmw

for every family of paths I in D and every admissible function p for T'.

Given a domain D and two sets £ and F in R, n > 2, T'\(E, F, D) denotes
the family of all paths v : [a,b] — R™ which join E and F in D, i.e., v(a) €
E, v(b) € F and y(t) € D for a < t < b. We set I'(E,F) = I'(E, F,R") if
D = R". A ring domain, or shortly a ring in R", is a domain R in R™ whose
complement has two connected components. Let R be a ring in R?. If C; and
Cy are the connected components of R” \ R, we write R = R(Cy,C2). The
capacity of R can be defined by the equality

(14) cap R(Cl,CQ) = M(F(Cl,OQ,R)),
see, e.g., [5]. Note that
(1.5) M(T(Cy,C2,R)) = M(T(Cy,Cy)),

see, e.g., [41, Theorem 11.3].

The following notion is motivated by the ring definition of quasiconformality
in [6]. It extends the above notion of a @-homeomorphism, cf. [38]. Let D be
a domain in R, @ : D — [0, 00] be a (Lebesgue) measurable function. Set

(1.6) Alry,ra,x0) = {x € R i ry < |x — x| < r2},

(17) S(J’J(),Ti):{IGRnZ |$7$0|:T1‘} s Z:1,2
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We say that a homeomorphism f : D — R" is a ring Q-homeomorphism
at a point zg € D if

(18) M(T (S, £S2)) < /A Q@) - 1" (1 — z0]) dm(x)

for every ring A = A(rq1,r2,2¢), 0 < 11 < ro < 1o = dist(xg,0D), and for every
measurable function 7 : (r1,r2) — [0, 00] such that

(1.9) /7-2 n(r)dr = 1.

Note that every Q-homeomorphism f : D — R” is a ring Q-homeomorphism
at every point g € D, but the inverse conclusion, generally speaking, is not
true. Examples of ring @-homeomorphisms at zg with Q(z) € (0, 1) on a set
for which z¢ is a density point can be found in [38]-[35].

2. On normal families of maps in metric spaces

First, we give some general facts about normal families of functions in met-
ric spaces. Let (X,d) and (X’,d’) be metric spaces with distances d and d’,
respectively. A family § of continuous mappings f : X — X’ is said to be nor-
mal if every sequence of mappings f,, € § has a subsequence f,,, converging
uniformly on each compact set C' C X to a continuous mapping. Normality is
closely related to the following. A family § of mappings f : X — X' is said to
be equicontinuous at a point xy € X if for every € > 0 there exists 6 > 0
such that d'(f(z), f(zo)) < € for all f € § and x € X with d(z,2z) < ¢. The
family § is equicontinuous if § is equicontinuous at every point xg € X.

2.1 PROPOSITION: Let (X,d) and (X',d’) be arbitrary metric spaces and let
§ be a normal family of mappings f : X — X'. Then § is equicontinuous.

Proof. Indeed, let us assume that there exist g € X, g9 > 0 and sequences of
mappings f,, € § and points x,, € X such that x,, — x¢ and

dl(fm(xm)a fm(z())) > €9-

Without loss of generality, we may consider that f,,, — f uniformly on each
compact set C C X where f is a continuous mapping. However, | J{z,,} is a

compact set. Hence d'(fm (o), f(20)) < €0/3 and d'(fum(xm), f(zm)) < €0/3
for all m large enough. Moreover, d'(f(zm), f(z0)) < €0/3 by the continuity
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of the mapping f and, consequently, d’(fm (Zm ), fm(20)) < €0 by the triangle
inequality. The latter estimate contradicts the assumption. |

A family § of mappings f : X — X' is said to be uniformly equicon-
tinuous on a set £ C X if for every ¢ > 0 there is § > 0 such that
d'(f(z), f(z')) < e for all f € §F and for all z and 2’ € E with d(z,z") < 4.
The following results are also well-known, cf., e.g., [23].

2.2 LEMMA: Let (X,d) and (X',d’) be metric spaces and let § be a family of
equicontinuous mappings f : X — X'. Then § is uniformly equicontinuous on
every compact set C C X.

2.3 COROLLARY: Normal families of mappings between metric spaces are uni-
formly equicontinuous on compacts.

Proof of Lemma 2.2. Let us assume that there exist a compact set C' C X, a
number €9 > 0 and sequences of mappings f,, € § and points z, , z,, € C
such that d(xm,,z)) — 0 as m — oo and d'(fm(Tm), fm(x),)) > 0. Without
loss of generality, we may consider that x,, — z¢ and z/, — x¢ € C since C
is compact. Then d’(fr(zm), fm(20)) < €0/2 and d’(fm(z0), fm(x),)) < €0/2
for m large enough and hence d’ (fm (Tm), fm (2,,)) < €o that contradicts the
assumption. |

The function

(2.4) wp(t) = wi(t) =sup d'(f(z), f(2)),

where the supremum is taken over all z,z € E such that d(z,z) < ¢ and all
f € § is called the modulus of continuity of the family § on the set E.
Similarly, the function

(2.5) Wao (1) = Wi, (t) = sup d'(f(x0), f(x)),

where the supremum is taken over all z € X such that d(z,z9) < ¢ and all
f € § is called the modulus of continuity of § at the point z;, € X.

Note that by definition wg and w,, are nonnegative, nondecreasing and con-
tinuous from the right. Note also that w,,(t) — 0 as t — 0 for every zg € X if
the family § is equicontinuous. Moreover, the following statement follows from
Lemma 2.2.
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2.6 COROLLARY: If a family § of mappings f : X — X' is equicontinuous,
then we(t) — 0 ast — 0 for every compact set C C X.

The next statement is also obvious.

2.7 PROPOSITION: Let (X,d) and (X',d’) be metric spaces and let § be a
closure of a family § of mappings f : X — X' with respect to the pointwise
convergence in X. Then the moduli of continuity (2.4) and (2.5) of § and §

coincide.

2.8 COROLLARY: If a sequence of mappings fm, : X — X', m = 1,2..., Is
equicontinuous and f,,(x) — f(x) as m — oo for every x € X, then the limit
function f: X — X' is continuous.

A sequence of mappings f, : X — X', m=1,2..., is called continuously
convergent to f : X — X' if f,,, () — f(x0) as m — oo for every convergent
sequence of points x,, — o in X.

2.9 Remark: The uniform convergence of continuous mappings on compact sets
always implies the continuous convergence, because |Jo._ {zm} is a compact
set as x,, — o and because, by the triangle inequality,

(2.10) d’ (fm(zm), f(20)) < d’ (fm(zm), f(2m)) + d’ (f(xm), f(z0)) -

If the second space X’ has a countable basis at each point, for example, if
X' is separable, then the convergences are equivalent, see, e.g., [4, p. 268]. It
is also obvious that the continuous convergence implies pointwise convergence.
The converse conclusion is, generaly speaking, not true as it is shown by the
example fp(x) = 2™, z € [0,1] : f(z) — 0 for z < 1 and fr(1) — 1, but
fm(@m) = 1/2 for 2, =27/™ — 1 as m — oc.

The following theorem shows that all three convergences are equivalent for
equicontinuous families of mappings in arbitrary metric spaces.

2.11 THEOREM: Let (X,d) and (X',d’) be metric spaces and let § be an
equicontinuous family of mappings f : X — X '. Then the following statements
are equivalent for all sequences f,, € §:

1) fm converges uniformly on every compact set;

2) fm converges continuonsly;

3) fm converges at every point x € X.
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2.12 COROLLARY: The closeres § of equicontinuous families § with respect to
the pointwise convergence and the uniform convergence on compact sets coincide
in arbitrary metric spaces.

Proof of Theorem 2.11. The implications 1) = 2) = 3) are obvious, see Remark
2.9. Thus, it remains to prove the implication 3) = 1). Indeed, let us assume
there is a sequence f,, € § such that f,(x) — f(z) as m — oo for every
x € X and, simultaneously, for a compact set C C X, there is a number
go > 0 such that d’ (fim(@m), f(zm)) > o for some sequence of points
Ty € C. Without loss of generality, we may consider that z,, — x¢ €
C as m — oo. However, by the triangle inequality d’ (fm(zm), f(zm)) <

d’ (fon(m), fn(20)) +d’ (fin(x0), f(0)) +d’ (f(20), f(xm)) and by Corollaries
2.6 and 2.8 we come to a contradiction. [ |

2.13 LEMMA: Let (X,d) be a metric space and a set E C X be dense ev-
erywhere in X and (X',d’) be a complete metric space. If an equicontinuous
sequence of mappings f,, : X — X' is pointwise convergent on the set E, then
fm converges uniformly on every compact set C C X.

Proof. In view of Theorem 2.11 it is sufficient to prove that the pointwise con-
vergence of f,,, on E implies the pointwise convergence of f,, on X. Indeed, for
every o € X\ E, there exists a sequence x, € E such that xp — z¢ as k — co.
By the equicontinuity of f,,, for every € > 0, there exists K = K(¢) such that
d" (fm(xk), fm(xo)) <e/3forallk > K and allm =1,2.... Let us fix kg > K.
Then by the Cauchy Criterion we have that d’ (f,,(zk, ), fm (2k,)) < /3 for all n
and m > N = N(e, ko). Finally, by the triangle inequality d’ (f,,(x0), fm(20)) <
d’ (fn(z0), fr(Tk)) + " (fu(Tky)s fin(Thy)) +d" (fim(Tho), fm(w0)) < € for all n
and m > N, i.e., the sequence f,,(z¢) is fundamental and hence it is convergent
by the completeness of the space X '. |

As is well-known, every compact metric space is complete, see, e.g., Theorem
3 in Section 33, II, [22]. Thus, applying the diagonal process, we obtain the
following consequence of Proposition 2.1 and Lemma 2.13, cf. Section 20.4 in
[41].

2.14 COROLLARY: If(X,d) is a separable metric space and (X', d’) is compact
metric space, then a family § of mappings f : X — X' is normal if and only if

§ is equicontinuous.
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In what follows, we use in R = R” U {oo} the spherical (chordal) metric
h(z,y) = |r(z) — 7(y)| where 7 is the stereographic projection of R™ onto the
sphere S™(1e,41, %) in R™H1:

h(z,y) = k] , T,y F# 00
V14 221+ [yl
(2.15) .
h(z,00) = —m
1+ |z

Thus, by definition h(z,y) < 1 for all z and y € R™. The spherical (chordal)
diameter of a set £ C R" is

(2.16) h(E) = sup h(z,y).
z,yel

Note that

(2.17) h(z,y) < |z -yl

for all z,y € R™ and
1
(218) M) > gl —y

for all  and y in the unit ball B* C R™ with the equality in (2.18) on B".

3. Characterization of ring Q-homeomorphisms.

Below we use the standard conventions a/oco = 0 for a # oo and a/0 = oo if
a>0and 0-0c0 =0, see, e.g., [39, p. 6].

3.1 LEMMA: Let D be a domain in R™, n > 2, Q : D — [0,00] a measurable
function and g, (r) the average of Q(x) over the sphere |x — x| = r. Set

To d
(32) I == I(Tl,?"g) = / TT
"orgg, (1)
and S; ={z € R": |z —xo| =7;}, j = 1,2 where g € D and 0 < r; < rp <
ro = dist (xo,0D). Then
(3:3) M (T (51, £S2)) <

Wn—1
In—l

whenever f : D — R” is a ring Q-homeomorphism where w,_1 is the area of

the unit sphere in R™ .
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Proof. With no loss of generality, we may assume that I # 0 because otherwise
(3.3) is trivial and that I # oo because otherwise we can replace Q(z) by Q(z)+¢
with arbitrarily small 6 > 0 and then take the limit as § — 0 in (3.3). The
condition I # oo implies, in particular, that ¢(r) # 0 almost everywhere in
(ri,72). Set

1ltady  (B)], € (r,m),

(3.4) P(t) = ,
0, otherwise.
Then
(3.5) /Q "z — o)) dm(z) = wnil
where
(3.6) A = A(ri,re,x0) = {v €R™:ry < |z — 0| <12} .

Let T be a family of all paths joining the circles S7 and S5 in A. The function

n(t) =(t)/1
is measurable and satisfies to condition (1.9). Since f is a ring @-homeomor-
phism, we get by (3.5) that

Wn—1

)< [ Q@) (e - o)) dm(e) =Tt

The following lemma shows that the estimate (3.3) cannot be improved for

ring Q-homeomorphisms.

3.7 LEMMA: Fixzo € R",0<ri<ra<r9, A={x € R":r1 < |[z—x0|< 12}, B =
B(zg,r0) = {z € R" : |x — 20| < 10}, and suppose that Q : D — [0,00] is a
measurable function. Set

(3.8) no(r) = ——

Irqsy* (r)
where q(r) Is the average of Q(x) over the sphere |x—xo| = r and I as in Lemma
3.1. Then

(39) St /Q " (|2 — o]) dm(x /Q " (|2 — z0|) dm()

whenever 1 : (r1,r2) — [0,00] is such that

(3.10) /7.2 n(r) dr =1.
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Proof. If I = oo, then the left side in (3.9) is equal to zero and the inequality

is obvious. If I = 0, then g, (r) = oo for almost every r € (ry,r2) and the both

sides in (3.9) are equal to co. Hence we may assume below that 0 < I < co.
Now, by (3.2) and (?.10) 4z, (r) # 0 and n(r) 17& oo almost everywhere in

(r1,72). Set a(r) = rgz, * (r)n(r) and w(r) = 1/rqs, ' (r). Then by the standard
conventions 7(r) = a(r)w(r) almost everywhere in (r1,72) and

(3.11) C: :/ Q(z) - n"(|z — zo]) dm(z) = anl/ a™(r) - w(r) dr.
A T1
By Jensen’s inequality with weights, see, e.g., [30, Theorem 2.6.2], applied to
the convex function ¢(¢) = ¢™ in the interval Q = (rq,r2) with the probability

(3.12) v(E) - /Ew(r) dr

we obtain that

(3.13) (][ a” (r)w(r) dr) o > ][a(r)w(r) dr = %

where we also used the fact that n(r) = a(r)w(r) satisfies (3.10). Thus,
(3.14) C > wp1/I" 1

and the proof is complete. |

3.15 THEOREM: Let D be a domain in R™, n > 2, and Q : D — [0, 0] a mea-
surable function. A homeomorphism f : D — R" is a ring Q-homeomorphism
at a point xo if and only if for every 0 < ry < rqo < 1o = dist (xg,0D),

(316) M(F (fsla fSQ)) S ‘-Unfl/]’ni1

where w,,_1 is the area of the unit sphere in R"™, q,,(r) is the average of Q(x)
over the sphere |t — x| =7, S; ={x e R" : |z — x| =7}, j = 1,2, and

T2 d
I = I(Tl,rg) = / TT
morgg, (r)
Moreover, the infimum from the right hand side in (1.8) holds for the function
1

(3.17) no(r) = ———— .
Irgzs " (r)
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4. Estimates of distortion

4.1 LEMMA: Let D be a domain in R®, f : D — R" be a homeomorphism
with h(R™ \ f(D)) > A > 0 and let xo be a point in D, y € B(xo,70),
ro < dist (Zl'o,aD),

={zeR":|Jz—xo|=10} and S={zeR":|z—xo|=|y—xol}

Then
1
ay, Wn—1 w1
12 e < % oo (- (et}
a2 ) < Gow (- {5 e
where wy_1 is the area of the unit sphere S™ ! in R", o, = 2)\%, An €

[4,e"), Ao =4 and A} — e asn — oo.

Proof. Let E denote the component of R™ \ fA containing f(z¢) and F the
component containing co where A = {z € R" : |y — xo| < |z — 29| < r0}. By
the known Gehring lemma

(4.3) cap R(E,F) > cap RT(ih(E)lh(F))

where h(E) and h(F') denote the spherical diameters of the continua F and F,
correspondingly, and Rr(t) is the Teichmiiller ring

(4.4) Rp(t) = R"\ ([-1,0]U[t,00]), fort>1,
see, e.g., [42, Section 7.37] or [7]. It is also known that

(4.5) cap Rp(t) =

Wn—1
{log (1)}
where the function ® admits the good estimates:
(4.6) t+1<P@H) <A - (t+1)<2X2-t, fort>1,

see, e.g., [7, pp. 225-226] and [42, (7.19) and (7.22)]. Hence the inequality (4.3)
implies that

(4.7) cap R(E,F) 2 —— s
[IOg R(E >h<F>}
Thus,
2)\2 Wn—1 ﬁ
4. WE) < o Y L N
(48) E) <3 eXp( {cap R(E,F)} >

that implies the desired statement. |
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Now, combining Lemmas 3.1, 3.7 and 4.1, we have the following lemma.

4.9 LEMMA: Let f : D — R®, n > 2, be a ring Q-homeomorphism with
hR™\ f(D)) > A>0.If

(4.10) /<| . Q) - Y (Jx — mo|) dm(x) < c-IP(e), €€ (0,¢0),

for xo € D and 0 < gg < dist(xg,0D) where p < n and . (t) is a nonnegative
function on (0, 00) such that

(4.11) 0<I(e / Ye(t) dt < oo, €€ (0,¢0),
then
an
(112) M), 100) € S exp{—ul (2 — o))}
for all x € B(xzg,eo) where
- Wn—1 ﬁ 1 p— 1
(413) O‘n*2)‘n; ﬂn* ( c ) ) ’Yn,p*l n_1’

An € [4,€™), Ay =4 and A" e asn — .

4.14 COROLLARY: Under the conditions of Lemma 4.9 and p=1

(4.15) h(f (), f(x0)) < J exp {=Fnl(|z — zol)}.
From Lemmas 3.1 and 4.1 we also obtain the following estimate.

4.16 THEOREM: Let f : D — R", n > 2, be a ring Q-homeomorphism with
h(R™\ f(D)) > A > 0. Then, for every xgp € D and x € B(zg,e(x0)),
e(zo) < d(zo) = dist(xo,0D),

o, £(o) dr
(4.17) h(f(z), f(z0)) < N {/ 17@} ;

where «,, is given by (4.13) and g4, (r) Is the average of Q(x) over the sphere

|z — zo| =7

4.18 Remark: Of course, the average ¢,(r) of Q(xz) over some spheres
|z — 29| = r can be infinite. However, ¢,,(r) is measurable in the parame-
ter r because Q(z) is measurable in . Moreover, at every point x #

&(zo) d
(4.19) / <

ool rgzi " (1)
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for any ring -homeomorphism because in the contrary case we would have from
(4.17) that f(x) = f(zo). The integral in (4.19) can be equal to 0 if g5, (r) = co
almost everywhere but then the inequality (4.17) is obvious, because o, > 32
and § as well as h(f(z), f(xo)) is less or equal to 1.

4.20 COROLLARY: If

21) o) < [l 2]

for r < e(xp) < min{1, r(zo)}, then

an 198 Ty
(4.22) h(f(z), f(wo)) = — rr—

for all x € B(xg,e(x0)).

4.23 COROLLARY: If

(4.24) Qz) < {10g r_l, z € B(zo,¢(x0)),

then (4.22) holds in the ball B(xg,e(xo)).

|z — 20|

4.25 Remark: If instead of (4.21) and (4.24) we have the conditions

1 n—1
(1.26) tno(r) < - o 1|
and, correspondingly,
1 n—1
4.27 r)<c- |log—— ,
(1.27) Q) < e flog = |
then
@ log = ey
(4.28) h(f(@), f(z0)) < — 2
A |log =0l

Choosing in Lemma 4.9 ¢(t) = 1/t and p = 1, we also have the following

conclusion.

4.29 COROLLARY: Let f : B® — B”™ be a ring Q-homeomorphism such that
f(0) =0 and

(4.30) /< KlQ(ac) dm(z) Sclogé7 e €(0,1).

|z
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Then
(4.31) ()] < 20y - |2|™,
where the constants o, and 3, are defined by (4.13).

4.32 Remark: Note that, if Q(z) > 1 or at least ¢g, () > 1 almost everywhere,
then one may use any degree § > 1/(n — 1) and, in particular, 8 = 1 instead of
1/(n — 1) in inequalities (4.17) and (4.19). Indeed, for the function

1
(4.33) D(t) = { o ®)’ t€ (0,20,
0, t € [eg,00),

we have that
dr

(| — d — W, C_dr
/g<|w|<EOQ(z) (1@ — xol)dm(z) = was / —i

0 dr
o [
" € quo (7’)

and, thus, the statement follows immediately from Corollary 4.14.

(4.34)

5. Finite mean oscillation

Recall that a real valued function ¢ € L}, (D) is said to be of bounded mean

oscillation in a domain D C R", denoted ¢ € BMO(D) or simply ¢ € BMO,
if

6.1) liell = sup | [o(a) = ol dmo) < oc,
BCDJB

where the supremum is taken over all balls B in D and

(5.2) o5 = ]{3 () dm(z) = |—;| /B () dm(z)

is the average of the function ¢ over B. It is well-known that L>°(D) ¢ BMO(D)
C LY (D) for all 1 < p < o0, see, e.g., [17] and [31]. For connections of BMO
functions and quasiconformal and quasiregular mappings, see, e.g., [1], [2], [6],
[18],[27] and [31].

Following [13]-[14], we say that a function ¢ : D — R has finite mean
oscillation at a point xg € D if

(5.3) lim |p(z) = Peldm(z) < oo,
e—0 B(IU,E)
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where
(5.4) o= ][ o(z) dm(z)
B(zo,¢)

is the average of the function ¢(x) over B(zp,e). Note that under (5.3) it is
possible that Tz — oo as € — 0. We also say that a function ¢ : D — R is of
finite mean oscillation in the domain D, and write ¢ € FMO(D) or simply ¢ €
FMO, if ¢ has finite mean oscillation at every point x € D. Note that FMO
is not BM O, , see examples in [34]-[37].

Recall some facts on finite mean oscillation from [13].

5.5 COROLLARY: If, for some numbers . € R,e € (0, 0],

(5.6) T (@) — ol dm(z) < o,
=0 JB(z0,e)

then ¢ has finite mean osillation at x.

5.7 COROLLARY: If, for a point xg € D,

(5.8) Tim lp(x)] dm(x) < o0,

=0 JB(xo,e)
then ¢ has finite mean oscillation at xg.

5.9 LEMMA: Let ¢ : D — R,n > 2, be a nonnegative function with a finite
mean oscillation at 0 € D. Then

(5.10) /E ) dm(z) =0 (loglog %)

<|z|<eo (|$|509\71-\)"

as e — 0, for some g¢ < dist (0,0D).

Thus, from Lemma 4.9 we obtain the following.

5.11 THEOREM: Let f : D — R", n > 2, be a ring Q-homeomorphism with
h(R™\ f(D)) > A > 0. If Q(x) has finite mean oscillation at a point o € D,
then, for some g < dist(xg,dD),

an log% 50
(5.12) h(f(x), f(z0)) < K{m}

for x € B(xg,e0), where «,, depends only on n and 8y > 0 depends only n and
the function Q.
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6. On normal families of @-homeomorphisms

Let D be a domain in R™ and @ : D — [0, 0] be a measurable function. Let
Rq.a(D) be the class of all ring Q-homeomorphisms f : D — R", n > 2, such
that h(R"\ f(D)) > A > 0. The above results now yield:

6.1 THEOREM: If Q € FMO, then R (D) is a normal family.

6.2 COROLLARY: The class Rg.a(D) is normal if

(6.3) Tim Q(z) dm(z) < oo forevery xg € D.
e—0 B(IU,E)

6.4 COROLLARY: The class Rg a(D) is normal if every zo € D is a Lebesgue
point of Q(z).

6.5 THEOREM: Let A > 0 and @ : D — [0, 00] be a measurable function such
that

(o) d
(6.6) / — T -
0

raz " (r)
holds at every point xy € D where e(xg) < dist(xo, D) and gy, (r) denotes the
average of Q(z) over the sphere |x — x| = r. Then R, a is a normal family.

6.7 COROLLARY: The class R A (D) is normal if Q(x) has singularities of the
logarithmic type of the order which is not more than n—1 at every point x € D.

6.8 Remark: In view of Remark 4.32, if Q(x) > 1 almost everywhere in D, then
one may use any degree 8 > 1/(n — 1) and, in particular, 8 = 1 instead of
1/(n—1) in condition (6.6) . In particular, all the above results hold for homeo-
morphisms f of the Sobolev class W™ with f~! € W™ under the condition
that almost everywhere

(6.9) Ki(z, ) < Q(x)

where Kj(z, f) is the so-called inner dilatation of the mapping f at the point
x € D because such f are -homeomorphisms, see, e.g., [25, Theorems 4.6
and 7.10]. Note that, for homeomorphisms f € W, with K; € L}, f~!
belongs to Wlicn , see [21, Corollary 2.3]. Moreover, the results can be applied

to the classes of homeomorphisms f with finite length distortion which are also
Q-homeomorphisms with Q(z) = K (z, f), see [25, Theorem 6.10] .
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PoOSTSCRIPT: As in the classical case of Q-quasiconformal mappings, cf., e.g.,

[23,

Theorem I1.5.1], a family R of ring Q-homeomorphisms f : D — R™ in a

domain D C R", n > 2, is normal under every condition given above for @ if

there is a number A > 0 such that one of the following conditions holds:

1) Every mapping f € R omits two values whose spherical distance is
greater than A.

2) Every mapping f € R omits one value wy and h(w(z;)),wg) > A,
1 =1,2, at two fixed points xy and x5 € D.

3) At three fixed points z1,x2 and xs € D, h(w(x;),w(z;) > A, i # 7,
1,7=1,2,3.

In particular, 9 is normal if all mappings f € 9 omit two fixed values in R”.
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